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PREFACE 


The concept of a continuous, or what is the same thing, topological group, 
arose in mathematics from the study of groups of continuous transformations. 
A group of continuous transformations, e.g. geometric transformations, con- 
stitutes in a natural way a topological manifold. It appeared later that for 
the treatment of the greater part of the problems arising in this connection it is 
not necessary to consider a group as a group of transformations, but merely to 
study the group intrinsically, remembering however that there is defined in it 
an operation of passage to a limit. Thus arose a new mathematical concept — 
topological group. 

From a purely logical point of view the topological group is simply a com- 
bination of two fundamental mathematical concepts, group and topological 
space. Therefore the axiomatization of the concept of topological group is a 
natural procedure. In considering groups we study in purest form the alge- 
braic operation of multiplication, while in considering topological spaces we 
investigate in just as pure a form the operation of passage to a limit. Since 
both these operations are among the fundamental operations of mathematics, 
they often occur together. The topological group is precisely that concept in 
which these two operations are united and interrelated. From the construc- 
tive point of view the axiomatization of topological groups is not interesting 
since in substance it is the same as for abstract groups. The first steps of the 
theory of topological groups are likewise devoid of specific interest. We devote 
the third chapter of this book to the exposition of this almost trivial part of 
the theory. In the first two chapters we have collected such information about 
groups and abstract spaces as will be needed throughout the book. 

Once we possess the axiomatization and general theory of topological groups 
we come to a more interesting problem : to give a constructive development of 
this new abstract concept, i.e. to correlate it with older and more concrete con- 
cepts. In doing this new light is thrown from the new and more general 
point of view on the old concrete concepts, and at the same time the new ab- 
stract concept becomes more concrete. This is where the theory of representa- 
tions, given in the fourth chapter of the book, plays a leading part. Indeed 
this theory enables us to study in detail the structure of compact topological 
groups and commutative ones. This is done in the seventh and fifth chapters. 

One of the concrete concepts of the theory of topological groups is the con- 
cept of Lie group. In fact the theory of topological groups first arose in the 
theory of Lie groups. As is usual in relatively older theories, the theory of Lie 
groups left unsolved some of its fundamental problems. We devote the sixth 
chapter of this book to the solution of these problems. We also give there the 
required preliminary material for the seventh chapter since we investigate 
compact topological groups by means of their relation to Lie groups. The lat- 
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ter are investigated in greater detail in the ninth chapter where we give the 
foundation of the theory of Lie groups and formulate without proof certain 
results whose proofs are too complicated to be included. In the eighth chapter 
we define the concept of a universal covering group, which establishes a link 
between local properties of topological groups and their properties in the large. 

Almost every section of this book ends in examples of various kinds — nearly 
trivial illustrations of the theoretical material on the one hand and on the other 
short proofs of theorems which are of interest in themselves. 

The book need not be read in order. The interdependence of chapters is ex- 
plained by the plan at the end of the table of contents. 

The book is intended for the reader with rather modest mathematical prepa- 
ration. On the whole we merely presuppose the knowledge of quite elementary 
mathematical material such as analytic geometry, theory of matrices, theory of 
ordinary differential equations, etc. Besides this elementary information, the 
book makes use of the following less elementary material: 

1) The theory of integral equations, needed for Chapter IV. As a refer- 
ence we may recommend W. V. Lovitt's Linear Integral Equalions f New York, 
McGraw-Hill, 1924. 

2) The theory of partial differential equations, in particular the conditions 
for solvability of equations in total differentials, this being needed for Chapter 
IX. As a reference we may recommend the chapter on this subject in de la 
Valtee-Poussin’s Cours d’ Analyse infiniUsimale , vol. 2. 

All necessary material along the lines just mentioned will be precisely formu- 
lated in the book in the form of theorems given without proof. * 

Numbers written in square brackets throughout the book refer to the biblio- 
graphical list at the end. 

L. Pontrjagin 

The V. A . Stekbff Mathematical Institute 
of the Academy of Sciences of the U.S.S.R. 
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BASIC NOTATION 


The notion of set or aggregate is fundamental in the exposition of this book, 
and it is assumed as known. We shall give here some definitions connected 
with the concept of set and with elementary operations on sets. 

A) The notation a e M means that the element a belongs to the set M. If 

the set M is finite or countable, it will sometimes be given simply by enumer- 
ating its constituent elements. In symbols we would write M =» ai, a*, • • • , 

a», • • • , which means that the set M is composed of the elements Oi, a*, • • • , 

On, * * * • 

B) The notation M = N implies that M and N coincide. 

C) The notation M c N or N d M means that every element of the set M 

is contained in the set N , i.e., that the set M is a subset of the set N. Here the 
possibility of the equality of M and N is not excluded. 

D) M n N denotes the intersection of the sets M and N , i.e. the set com- 
posed of all the elements which belong simultaneously to both M and N. 

E) M u N denotes the sum of the sets M and N , i.e. the set composed of all 
elements which belong to at least one of the sets M and N. 

F) M — N denotes the difference between the set M and the set N, i.e. the 
set composed of all the elements of M which are not contained in N . Defined 
in this way the operation of subtraction is always possible, whether the set N 
is a subset of the set M or not. If M c N the result of subtraction is the null 
set, i.e. the set which contains no elements. 

G) Let M and N be two sets. Suppose that to each element x of the set M 
there corresponds a definite element y = f(x) of the set N. We shall then say 
that there exists a mapping f of the set M in the set N. The element y is 
called the image of the element x under the mapping /, while the element x is 
the inverse image or one of the inverse images of the element y . 

We say that /is a mapping of the set M on the set N if each element y of the 
set A"has at least one inverse image x under the mapping/, i.e. for each y there 
is at least one x such that y — fix). 

If A is a subset of the set Af, i.e. A c M, then by /(A) we shall designate the 
set of all those elements of N which are images of the elements of A, and we 
shall call F(A ) the image of the set A. If B c N, we shall designate by 
/~ ! ( B ) the set of all those elements of M which go over into the set B under the 
mapping/. We shall call the set f~ l {B) the complete inverse image of the set B 
under the mapping /. 

The mapping/ of the set M on the set N is called one-to-one if every element 
of the set N has a unique inverse image under the mapping/. If / is one-to-one 
the equation y =* f(x) can be solved for x } i.e. given y we can determine x 
uniquely; we express the solution as x ** f^iy). The mapping /* 1 is called 
the inverse of /. 
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CHAPTER I 


ABSTRACT GROUPS 

The theory of abstract groups investigates an algebraic operation in its pur- 
est form. The elements which compose the group are considered only from 
the point of view of the group operation; all other aspects of these elements are 
laid aside. 

The present chapter is dedicated to the exposition of the fundamental con- 
cepts of the theory of abstract groups. 

1. The Concept of a Group 

Definition 1. A set G of elements is called a group if the following condi- 
tions, known as group axioms, are satisfied : 

1) There exists an operation in G which associates with each pair of elements 
a, b of G a third element c of (7. This operation is usually called multiplication 
and the element c is called the product of a and 6, written c = ab. (The prod- 
uct ab may depend on the order of the factors a and b; ab, in general is not equal 
to ba.) 

2) The multiplication is associative, i.e., if a, b, and c are any three elements of 
G, then (< ab)c = a(bc). 

3) The group G contains a right identity, which is the same for all elements 
of the group, i.e., an element e such that ae = a for every element a of (7. 

4) For each element a of G there exists a right inverse element, i.e., an element 
cr 1 such that aa~ x = e. 

The set of elements of the group G can be either finite or infinite. If the 
set G is finite, then the group itself is also called finite, and the number of ele- 
ments of the group G is called the order of the group G . Otherwise the group G 
is called infinite . 

If besides the four axioms given above the group also satisfies the commuta- 
tive law, i.e., if for any two elements a and b of G it is true that 

(1) ab = ba, 

then the group is called commutative or abelian. 

In abelian groups the multiplicative notation is often replaced by additive 
notation, i.e., instead of the product ab we write the sum a + b, in which case 
the group operation is called addition instead of multiplication. The identity e 
is then called zero and denoted by 0, and the element or 1 , the inverse of a, is 
called the negative of a and denoted by —a. 

A) Since by axiom 2) (ab)c = a(bc) we designate this element simply by abc. 
In exactly the same way a product of four elements, say (( ab)c)d, can be written 
simply as abed, for, as can be seen easily, this product does not depend on the 
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distribution of parentheses. The same rule holds for the product of any num- 
ber of factors. 

B) A right identity e of a group is likewise a left identity , i.e., ea » a for every 
element a. A right inverse element a** 1 of the element a is also a left inverse 
element, i.e., ar l a * e. An element inverse to the element or 1 coincides with 
the element a, i.e., (a -1 )*” 1 “ <*• 

We shall now prove B) . It follows from axioms 3) and 4) that a*’ 1 oa~ l = ar l . 
Multiplying this equation on the right by the right inverse of the element a" 1 , 
we get a -1 a = e 9 i.e., the right inverse is a left inverse. This also shows that 
the element inverse to a~ l is a. Moreover we see that ea = aa~ l a = ae = a, 
i.e*, a right identity is also a left identity. 

C) In the group 0 each of the equations 

(2) ax — b 
and 

(3) ya - b 

has a unique solution with respect to the unknowns x and y. From this fol- 
lows, in particular, the uniqueness of the identity and of the inverse element, 

since e is the solution of the equation ax = a, and the element a” 1 is the solution 
of ax « e. 

To establish the solvability of (2) and (3) it is sufficient to point out that the 
element a~ l b is a solution of (2), while the element ba~ l satisfies (3). It is obvi- 
ous that the above solutions are unique, for multiplying (2) on the left by a" 1 
we get x a“ l 6, while multiplying (3) on the right by a” -1 We obtain y = ba~ l . 

D) After we have proved the uniqueness of the identity and of the inverse 

element (see C)), it is natural to introduce the notations of elementary algebra. 
If m is a natural number, then a m+1 is determined by induction from the equa- 
tion a"* 1 = a m a, with a 1 — a. We determine negative powers of a by defining 
a~ m » while a 0 = e. If p and q are two integers, it is easy to show that 

the ordinary rules of algebra hold, namely: a v a q = a***, ( a p ) q = a pq . In the 
additive notation we write na for a n . 

E) We shall say that an element a of a group is of finite order if there exists a 
natural number m such that a m = e. Otherwise we ascribe to the element a 
an infinite or aero order, or we say that the element a is free. 

If the element a is of finite order, then we take for the numerical value of this 
order the least natural number r for which a r = e. It turns out that if a n » e 
fojr an integer n, then n is divisible by r. To prove this assertion let us divide n 
by r,i.e*, write n in the form n = pr + q r where q is the remainder on division, 

(4) 0 g q < r. 

' * 

Then we have e «= a* «= o» r+ « - (a r )*a« = a®. Hence o« = e and, therefore, 
from the inequality (4), q m 0, i,e., n is, divisible by r. 
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Example 1. Let M be a set. We shall call any one-to-one mapping of the 
set M onto itself a transformation of the set M. If a is a transformation of M r 
then every element a of M is associated with some definite element $(a) of M . 
The result of the transformation s as applied to a is also written so, s(o) « aa. 

The aggregate G of all the transformations of the set M forms a group. Let 8 
and t be two transformations of M . We shall define their product r =* st by 
means of the condition r(o) = s(t(a)) for every element a of M. It is easy to 
see that we have so determined r that it is a one-to-one mapping of M onto it- 
self. 

The law of multiplication of transformations given above is associative since 
(rs)t = r(st). To prove this we operate with both sides of this equation on an 
arbitrary element a of M: 

(rs)t(a) = (rs)(t(a)) = r(s(f(a))), 

r(st)(a) = r(st(a )) = r(s{t(a))) f 

i.e., in both cases we get the same result. 

The identity of the group G of transformations of the set M is the identity 
transformation, i.e., a transformation e under which every element a of M is 
transformed into itself, e(a) — a. The inverse of the transformation s is the 
transformation s'* 1 which transforms every element s(a) of the set M into a. 
Since the transformation s is a one-to-one mapping, it follows that every ele- 
ment of M can be written in the form s(a) and therefore the transformation r~ l 
is determined for all the elements of the set M. 

Hence all the axioms of a group are satisfied by the set G of transformations. 

Let H be an aggregate of transformations of the set M which need not con- 
tain all the transformations of M. H forms a group by virtue of the same law 
of multiplication which operates in G if H contains the product of any two 
transformations of H and also contains the inverse of every transformation 
of H. 

Example 2. Let G be the totality of all n-rowed square matrices (jsjJJ whose 
elements are real numbers and whose determinant is different from zero. We 
define as the product of two matrices ||sj|| and ||fj|| the matrix ||rj||, where 
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The group G defined in this way can be regarded as the group of all linear 
transformations of the n-dimensional Euclidean space R n which leave fixed a 
certain point 0. Let the point t) be the origin of our coordinate system, and 
let a be any point of R* with coordinates a% i = 1, 2, • • • , n. Denote by s(a) 
the point whose coordinates are b* — 2, • • • , n. We thus ofc3 

tain a one-to-one mapping s of the space R n into itself. In fact if we regard the 
last set of equalities as a system of linear equations with respect to a k , th^il t$$f 
system has a unique solution since the determinant Js/| 
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It is easily seen that if s and t are two transformations of the space R" de- 
termined by the matrices |jaj|| and ||<j||, then the product at = r is determined 
by the matrix^! | which is the product of the matrices |Js*|| and We have 

proved in example 1 that the totality of transformations obeys the associative 
law. Hence, the associative law holds in the totality of matrices discussed 
above. 

The identity of the group of matrices is the unit matrix = 1, b) = 0, 

for * ?*£ j. In order to find the matrix (Ml inverse to the matrix ||sj||, it is suffi- 
cient to solve the system of equations 2^J_ i s*/J = <5‘. Since the determinant 
| «*| 0, this system of equations has a solution. 

2. Subgroup. Normal Subgroup. Factor Group 

& & 

In what follows we shall frequently have to consider different subsets of a 
group, and several operations on these subsets. We give here a notation for 
these operations. 

A) If A and B are two subsets of a group G , we denote by A B the subset 
composed of all the elements of the form xy , where x s A, y e B. We denote 
by A*” 1 the subset composed of all the elements of the form ar 1 , where x e A. 
For a natural number m we determine the subset A m+1 by induction from 
A m+1 = A m A with A 1 = A. The -subset A~ m is determined by letting 
A~ m = (A~ 1 ) m , while the subset A 0 = {e}. The notation above enables 
us to form the product of any number of subsets raised to arbitrary integral 
powers. In what follows we shall sometimes fail to distinguish between a set 
containing a single element, and that element itself. It therefore makes sense 
to write Ab, where A c G, b e G. We note that if A is not the null set, then 


(1) 

ii 

ii 
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(2) 

G~ l = G 

(3) 

II 

II 


Using the additive notation we would write A + B for AB and nA for A n . 

Given a group G we can construct from it other groups. The easiest con- 
struction is the following: 

Definition 2. A set H of elements of a group G is called a subgroup of G 
if H forms a group under the same law of multiplication which operates in (?. 

B) In order that the subset H of the group G be a subgroup it is necessary 
and sufficient that one of the two following conditions be fulfilled: 

a) If H contains any two elements a and b, it must contain the element aft”* 1 . 
Malting use of the notation in A) this condition can be written in the form 

(4) HH-'cH. 

b) If H contains any two elements a and 6, it must contain the element ab 
and the element a~ l . In symbols this condition can be written 

(6) H*cH 



§2] 

SUBGROUP. FACTOR GROUP 

7 

and 



(6) 

H-'cH. 



The necessity of the above conditions is obvious. We shall now prove their 
sufficie ncy. If a e H, then by a) we have aa~ l = e e H. Further since e e H 
and a e H it follows from condition a) that ea~ l = ar l e H. If a and b are two 
elements of H, then b~ l e H, and therefore from a) we have ab = aty* 1 )" 1 e H. 
Therefore, if the condition a) is satisfied, H is a subgroup. The proof of the 
sufficiency of b) is quite analogous. 

Every group contains as one of its subgroups the set consisting of all integral 
powers of a given element. A group which consists exclusively of integral 
powers of one of its elements is called cyclic . Infinite cyclic groups are called 
free groups; all their elements (with the exception of the identity) are free 
(see §1, E)). 

In constructing new concepts modern mathematics often makes use of a 
relation of equivalence, which can be formulated as follows: 

C) We say that a relation of equivalence has been established in a set M if 
it is possible to assert whether any two elements a, b of M are equivalent or not, 
in symbols a ~ b or a not ~ 6, where the relation of equivalence is 

a) reflexive: a ~ a; 

b) symmetric: If a ~ 6, then b ~ a, 

c) transitive: If a ~ b and b ~ c f then a ~ c. 

If the above conditions hold, then the relation of equivalence established in 
M automatically divides M into disjoint classes of equivalent elements. 

Let us now apply this general concept of equivalence to groups. 

* D) Let G be a group and H a subgroup. If a and b are two elements of G, 
then we shall say that a~b if and only if ab' 1 e H. It turns out that this 
relation of equivalence established in G satisfies the conditions of Definition C), 
and therefore G is divided into classes of equivalent elements. Each of the 
classes thus obtained is called a right coset of the subgroup H relative to the 
group G. It turns out that if A is a right coset of the subgroup H and if a e A, 
then A = Ha (see §2, A)); moreover, every subset of the form Hb is a right 
coset. Since H = He, the subgroup H itself is one of the cosets. 

We shall show first of all that the relation of equivalence given in D) satisfies 
the conditions of definition C). 

First a ~ a, since acn 1 — e e H . If a ~ 6, then a6~ x e H; hence (ab*” 1 )" 1 
= ba - 1 e H, so that b ~ a. If a ~ b and b ~ c, then o6~ x e H and bc~ l t H; 
hence ac~~ x = ab~ l bc~~ l e H , that is a ~ c. Thus all three conditions are satis- 
fied. 

We show further that if A is any right coset of the subgroup H and if at A, 
then A = Ha. In fact, let x e A ; then xcr 1 e H f and hence x e Ha. If y t Ha, 
then ya~ l e H, and hence y e A. 

Finally we prove that every set Hb is a coset. In fact, the element b be- 
iwags to one of the cosets, say B, and, therefore, from what we have just proved, 
B - Hb. 
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Hence D) is established. 

E) “Besides the definition of equivalence given in D), we can give another 
entirely analogous definition by saying that a ~ b if and only if a~ l b e H. The 
classes obtained in this way are called left cosets of the subgroup H. Just as in 
D), it can be proved that every left coset can be written in the form aH, and 
conversely every subset of the form bH is a left coset. 

We shall now ask under what conditions the right and left cosets of the sub- 
group H coincide. If A is both a right and a left coset of H, then A — Ha = aH , 
where a e A. If every right coset is also a left coset, then Ha — aH for every 
a e G. Multiplying the last relation on the left by a~ l we get a~ l Ha = H. 
Subgroups which possess this property are characterized by the following prop- 
erty. 

Definition 3. A subgroup N of a group G is called an invariant or normal 
subgroup of G if for every n e N and every a zG we have a~ l na z N, or what is 
the same, a~ l Na c N for every a zG. 

If N is a normal subgroup, i.e., a~ l Na c N for every a zG, then a~'Na = N 
for every a e G. In fact, let a = ir 1 ; we then have bNb~ l c N. Multiplying 
this relation on the left by b~ l and on the right by b we get N c b~ l Nb. But 
since a was arbitrary, b is an arbitrary element of G, and therefore b~'Nb = N 
for an arbitrary b zG. The last relation can be written 

(7) Nb = bN. 

F) In order that the right and left cosets of the subgroup N coincide it is 
necessary and sufficient that N be a normal subgroup. 

The necessity of this condition was shown above. We shall now prove the 
sufficiency. If A is a right coset of N, then A = Na, but Na = aN (see (7)), 
and therefore A is a left coset. 

The following definition gives a second method for the construction of groups 
from a given group G. 

Definition 4. Let JV be a normal subgroup of the group G, and let A and B 
be tvo cosets of N, A = Na, B — Nb. We form the product AB (see A)), 
and obtain AB — NaNb = NNab = Nab, that is, the product AB is also a 
coset of N. Thus we have established a law of multiplication in the totality 
of cosets, and, as we shall show presently, this multiplication satisfies the group 
axioms. The set of all cosets thus obtained is called the factor group of G by 
the normal subgroup N and is denoted by G/N. 

We shall show that the axioms 2), 3), and 4) of Definition 1 are satisfied in 
G/N. 

Associativity is obvious, as it holds in G. The identity of the group G/N 
is N. For if aN is a coset, then ( aN)N = aN. The inverse of Na is a~ l N, 
for (Na){a~ l N) = N. 

G) Every group G has at least two normal subgroups, namely the subgroup 
consisting only of the identity, and the subgroup which coincides with the 
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group G. If G has no normal subgroups other than these two trivial ones, G is 
called a simple group. 

Example 3. Let G be the group of all transformations of the set M (see 
Example 1), and let a be an element of M. Let us denote by H the totality 
offitff transformations which leave a fixed. It is easy to see that H is a sub- 
giA of G. 

Wm contains more than two elements, then H is not a normal subgroup of G. 
In the first place H G. In fact, let b e M , where b -A a. We shall now de- 
termine the transformation t by means of the conditions t{a) — b and 1(b) * a, 
while t(x) = x if x 7 * a and x ^ b. Further let 6' be an element of M different 
from a and b. Such an element exists since M is supposed to contain more than 
two elements. We now determine a transformation s by prescribing s(6) * b\ 
s(fc') = b; for all other elements, s is the identity. Then s(o) = a, that is seH. 
Consider now t~ l st(a) : we have t~ 1 st(a) — t~ l s(b ) =* = b', and therefore 

< -1 s< is not an element of H. 

Example 4. Let G be the group of matrices of example 2. The set H of all 
orthogonal matrices (see below) forms a subgroup of the group G. Let us con- 
sider the matrix s = ||*J||. The matrix l = (|<J|| determined by t( = sj is called 
the transpose of s and is denoted by s*, t = s*. The matrix s is called orthogonal 
if 88 * = H 6)11 = e. 

It is obvious that the unit matrix ||s)|| = e is orthogonal, and e e H. If s is 
an orthogonal matrix, then s~* = s*, since ss* — e. We shall show that s* is 
also orthogonal. The tranpose of s* is s, i.e., s** = s. Hence s*s** * s*s. 
But since s* — s~ l , it follows that s*s** = e, i.e., s~ l = s* is an orthogonal 
matrix. Hence if s is in H, so is s~ l . Now let s and t be two matrices. It is 
easy to see that ( st )* — t*s*. If s and t are orthogonal, we have (st)(st)* 
= stt*s* — e, i.e., the matrix st is also orthogonal. Therefore if s and t are 
matrices in H, so is their product st. Hence H is a subgroup of G. It is easy 
to show that H is not an invariant subgroup of the group G. 

Example 5. Let G be the group of matrices given in example 2. Denote 
by H the aggregate of all those matrices in G whose determinant is unity. 
Since in multiplying matrices the associated determinants are also multiplied, 
it is not hard to see that H is a normal subgroup of the group G. 

3. Isomorphism. Automorphism. Homomorphism 

We pointed out at the beginning of this chapter that the abstract theory of 
groups considers a group only from the point of view of the group operation. 
This situation is clearly expressed in the following definition. 

Definition 5. A mapping/ of a group G on a group G' is called isomorphic 
or an isomorphism, if it is 

1) one-to-one, and 

. 2) such that the operation of multiplication is preserved, i.e.,f(xy) = f(x)f(y) 
tor any two elements x, y, of G. 
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It is easy to see that if the mapping / is isomorphic then its inverse mapping 
f~ l is also isomorphic. 

Two groups 0 and G' are called isomorphic if there exists an isomorphic 
mapping of one group upon the other. 

If two groups G and G' are isomorphic, then they are identical from the point 
of view of abstract group theory. In other words, the theory of abstract 
groups studies only those properties and concepts which remain unchanged 
under isomorphic transformations. 

A) Consider the isomorphic mappings of a group G onto itself. Such iso- 
morphic mappings are called automorphisms of G. Since every automorphism 
of G is one-to-one, it follows that an automorphism of G is a transformation 
of G (see example 1). Hence two automorphisms can be multiplied, and the 
resulting product gives a transformation of the group G which is also an auto- 
morphism of G. It is clear, moreover, that the identity transformation is an 
automorphism, and that a transformation inverse to an automorphism is also 
an automorphism. Therefore the aggregate of all automorphisms of a group G 
forms a group. 

B) Let a be a fixed element of the group G. We determine from it an auto- 
morphism/, of the group G by letting 

(1) f a {x) — axa~ l 

for every x e G. The automorphism thus obtained is called an inner auto- 
morphism. The aggregate of all inner automorphisms of the group G forms a 
subgroup of the group of all automorphisms. Moreover 

(2) fofb = fab* 

Let us show that the relation (1) really gives an automorphism. First of all 
the mapping f a has an inverse fa 1 defined by 

(3) /r 1 =/■-!. 

In fact/, (/,- i(x)) = a{a- l xa)a~ l = x, and therefore,/, is one-to-one. Further 

fa(xy) = axyor x = axa~ l aya~ l = f a (x)f a (y). 

To prove that the totality of all inner automorphisms forms a group one has 
only to prove (2), (see §2, B)). We have 

Mfb(x)) - a(bxb~ l )a~ 1 = (ab)x(ab)~ l * fab(x). 

A relation between two groups which is weaker than the isomorphic mapping 
is established by the so-called homomorphic mapping. 

Definition 6. A mapping g of a group G into a group G* is called homo - 
marphic or a homomorphism if it preserves the operation of multiplication, i.e., if 

(4) g(xy) = g(x)g(y) 

for.any two elements x, y of G. The set of all the elements of the group G 
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which go into the identity of the group G* under the homomorphism g is called 
the kernel of this homomorphism. 

If g is a homomorphism of the group G into the group G* then 

(5) g(e) = e*, 

i.e., the identity e of the group <5| goes into the identity e* of the group (?*. 
Moreover 

(6) g{x~ l ) = 0 g(x ))~ 1 


for any x z G. In fact g(x)g(e) — g(xe) = g(x), so that g(e) = e*. Further 
g(x)g(x~ l ) = g(xx~ l ) = #(e) = e*, which means that ^(ar 1 ) = 

The following theorem establishes the connection between homomorphic and 
isomorphic mappings. 

Theorem 1. Let the group G he homomorphically mapped on the group G* by 
a homomorphism g , and let N he the kernel of the homomorphism g . Then N is a 
normal subgroup of the group G and G* is isomorphic with the group G/N (see 
Definition 4). 

This can be stated more explicitly as follows: If x* is an element of the group 
G *, and X is the set of all elements of the group G which go into x* under the 
homomorphism g, then X is a coset of the subgroup N, i.e., X z G/N . The one-to- 
one relation thus obtained between the elements of the groups G/N and G * is an 
isomorphism . 

We shall call this the natural isomorphism to distinguish it from other possible 
isomorphisms between the two groups. 

Proof. We shall show that N forms a group. If x z N and y e N, it follows 
that p(x) = e *, g{y) = e*. Then g(xy) = g(x)g(y) = e*e* = e*, i.e., xy e N. 
Furthermore, if x e N, then g(x) = e*, but then (see (6)) g(x~ l ) = (ff(a;))~ l 
= e*~ l = e *, i.e., x* 1 e N. Therefore, (see §2, B)) N is a subgroup of the group 
G. 

We show next that N is an invariant subgroup of the group G. Let x e N 
and a e G, then g(ar l xa) = g(a~ l )g(x)g(a) = {g{a))'~ 1 e*g{a) — e*,i.e.,a~ 1 xaeN. 

Let a* be an element of G *, and A the totality of all the elements of G which 
map into a* under the homomorphism g. If a and a' are two elements of A, 
then 

g(a'a~ l ) = g{a')g(a- 1 ) = 9f(a')(^(a))~ 1 = a*a*~ l == e*. 

Hence a 1 or 1 z N, i.e., a and a' belong to the same coset of N . Conversely, if x 
belongs to the same coset as a, that is, if xa~ l z N, then g(x)g*~ l «■ g(x)g{ar l ) 
= g{xa~ l ) = e*, i.e., fif(x) = a*. Hence A forms a complete coset of N f and 
we have a one-to-one correspondence between cosets of N on the one hand and 
elements of G* on the other. In fact, to every element a* of G* there corre- 
sponds a coset formed from all the elements which map into a* under the 
homomorphism g. But every coset is an element of the group G/N (see Defini- 
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tion 4) and, therefore, to every element A tO/N there corresponds an element 
f(A) * a* e G*, where / is a one-to-one mapping. We shall show that / is an 
isomorphic mapping. Let A and B be two elements of G/N, and a e A,b e B. 
Suppose that 0 (a) = a*,g(b) = b*; then f(A) = a*,f(B) = b*. Furthermore, 
ab t A B; therefore 

f(AB) = g(ab) = a*6* = f(A)f(B), 

and the conditions for isomorphism are satisfied. Hence G * and G/N are iso- 
morphic. 

The next proposition is closely connected with theorem 1 . 

C) Let G be a group, and N a normal subgroup of G. Construct the map- 
ping g of the group G on the group G/N by associating with every element 
xtG that element g{x) = X e G/N which contains x, xtX. The mapping 
of the group G on the group G/N which we thus obtain is homomorphic. We 
shall call this mapping the natural homomorphism of a group on its factor group 
to distinguish it from other possible homomorphisms. 

Let a and b be two elements of G. Suppose that a e A e G/N, b e B e G/N. 
Then by definition 

(7) g(a) = A, 

(8) g(b) = B. 

On the other hand ab t A B, and therefore 

(9) g{ab) = AB. 

Combining (7), ( 8 ), and (9) we get g{ab) = g(a)g(b), which means that g is a 
homomorphism. 

D) We note that if the homomorphism g has the identity for its kernel, i.e., 
N = { e } , then g is an isomorphism. In fact in this case there is mapped upon 
every element of G* only one element of G, since every coset contains just one 
element. 

E) If the homomorphism g maps the group G in (part of) the group G* in- 
stead of on (all of) the group G*, then the set of all the elements of G* which 
are images of the elements of G forms a subgroup of the group G* 

Let us denote the above set by H*. If x* and y* are two elements of H*, 
then x* — g(x) and y* = g(y), and x*y*~ l = g(xy~ l ), i.e., x*y*~ l e H*. There- 
fore, (see §2, B)) H* is a subgroup of the group G*. 

F) Let g be a homomorphism of the group G on the group G*. If H is a 
subgroup of G, then g(H) is a subgroup of G*. If H is a normal subgroup of 
the group G, then g(H) is a normal subgroup of the group G*. 

The fact that g(H) is a subgroup follows from proposition E), since g is a 
homomorphism of the group H in the gioup G*. Let us consider the case 
where H is a normal subgroup. Let x* e G*; then there exists anreO such 
that g(x) = x*. We have x~ l Hx c H, from which it follows that z*~ l g(H)x* 
* g{x~ x Hx) c g(H). Therefore g(H) is a normal subgroup of the group G*. 
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G) Let g be a homomorphism of the group G in the group <?*. Denote by 
g~ l (H*) the set of all those elements of G which go into H* c G* under the 
homomorphism g. If H* is a subgroup of the group G*, then g-^H*) is a sub- 
group of the group (?. If H* is a normal subgroup of the group (?*, then 
g~ l (H*) is a normal subgroup of the group G. 

Let H* be a subgroup and let azg^ i (H*) ) bzg~ l {H*). Then g{ab~ l ) 
= g(d)(g(b))^ 1 z H *, i.e., ab" 1 e g~ l (H*). Hence (see §2, B)) g~ l (H*) is a sub- 
group. Let H * be a normal subgroup, and a t g~ l (H*) } x z G. Then 
g(x~ l ax) = (g(x))~ l g(a)g(x) e H*, i.e., x” l ax z g~ l (H*). Hence g~ l (H*) is a 
normal subgroup of the group G. 

H) It is not hard to see that if g is a homomorphism of the group G on the 
group G*, and g* is a homomorphism of the group G * on the group (?**, then 
the mapping h(x) = g*(g(x)) is a homomorphism of the group G on the group 
G**. 

Example 6. Let G be the additive group of all real numbers, and G' the 
multiplicative group of all positive real numbers. The groups G and G f are 
isomorphic. Let us construct the isomorphic mapping f(x) = e* which assigns 
to every element x z G a corresponding element f(x) e G'. Clearly the mapping 
f(x) is one-to-one and is isomorphic, since f(x + y) = f(x)f(y). 

Example 7. Let G be the group of matrices given in example 2, and let G* 
be the multiplicative group of all real numbers different from zero. We shall 
give a homomorphic mapping of the group G on G *. If s is a matrix of G y we 
will suppose that g(s) = | s\ , where \s\ is the determinant of the matrix s. 
Then we have g(st) = jsij = | sj 1 1 \ . Moreover, G contains matrices with ar- 
bitrary determinants different from zero. Hence g is a homomorphic mapping 
of the group G on G*. Since the identity of the group G* is the number I, the 
kernel of the homomorphism g is the totality of all matrices whose determinant 
is equal to unity. 


4. Center. Commutator Subgroup 

In this section we investigate the question of the dependence of the produci 
on the order of its factors. 

A) Two elements a and b of the group G are said to commute if their product 
does not depend on the order of the factors, ab = ba. 

Definition 7. An element z of the group G is called central if it commutes 
with each element of the group G, i.e., zx = xz for every x e (?, or equivalently, 
x~ x zx = z . The set Z of all central elements of the group G is called the center 
of the group G. 

We shall now show that the center Z is a subgroup of the group G . In fact, 
if z and z' are two elements of Z f then for every x zG, xzz f « zxz' ** zz*x y that 
is zz' z Z. We next raise both sides of the relation xz = zx to the power — 1, 
and obtain z^x* 1 = x^z* 1 , and on replacing x~ 1 by y we obtain z~ l y » 
but since x is an arbitrary element, y is also an arbitrary element, i.e., z~ l z Z» 
Hence Z is a subgroup of the group G. 
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B) Every subgroup H of the group Z is a normal subgroup of the group G. 
In fact if hzH, then h e Z, and hence x~ l hx = h e H for every xzG. In par- 
ticular the center itself is a normal subgroup. The subgroups of the group Z 
are called central normal subgroups. 

C) In order to settle the question whether the elements a and b commute 
or not, it is sufficient to form the product ab(ba)~ x — a6a" _I 6~ 1 ; if this product 
is equal to unity, then a and b commute, if not, they do not commute. The 
product aba is called the commutator of a and b. 

Definition 8. Let us form the set Q of all the elements of the group G which 
can be written in the form q\q 2 * • • qm } where each qi is the commutator of some 
pair of elements of G. The set Q is called the commutator subgroup of the 
group G. 

We shall show that the commutator subgroup Q of the group G is a normal 
subgroup of the group G. 

Let x and y be two elements of Q, x — q% • • • q m , y = q[ • • ■ %> where the 
factors on the right are commutators. Then xy = q\ • • • q m q[ • • • q ny and 
therefore xy zQ. If q is a commutator, then q = abar l b~ l , and q~ l = 6a6~ 1 a“ 1 , 
i.e., qr 1 is also a commutator. Hence >x~ l = q^ * * • tff 1 belongs to Q , and 
therefore Q is a subgroup of the group G. If q — aba- l b~ l } then 
b~ l qc » (c"" 1 ac)(c~ 1 6c)(c“ 1 ac)“ 1 (c"' 1 6c)~ 1 . Hence c~ l qc is also a commutator. 
If x = q% • • • q m , then c~ l xc = (c~ l qic) • • • ( c~ l q m c ), and therefore c~ l xc z Q 
for every czG f and every x z Q, and the proposition follows. 

D) The factor group G/Q of the group G by its commutator subgroup Q is 
commutative; moreover, Q is the least normal subgroup of the group G which 
has this property, i.e., if G/N is commutative, then Q c N. 

Let A and B be two cosets of Q. We form the product AB A" 1 !?” 1 . This 
product contains a commutator, namely aba-'b^y where a z A, b z B. Then, 
aince ABA^B* 1 is a coset, we have ABA~ x B~ l = Q (see Definition 4). Hence 
if we consider A and B as elements of the group G/Q y then ABA- l B~ l is the 
identity of this group, i.e., A and B commute in G/Q, and G/Q is a commutative 
group. 

Let N be a normal subgroup of G such that N t> Q. Then N cannot con- 
tain all the commutators of the group G; otherwise N would contain all the 
products of all the commutators, and so would contain Q. Let a and b be two 
elements of G such that aba~ l b~ l is not an element of N. Denote by A and B 
the cosets of the subgroup N which contain a and b respectively. Then 
a6<r’ 1 6~ 1 does not belong to N and therefore ABA^B" 1 is not the identity 
of the group G/N , i.e., A and B do not commute in G/N. Hence the group 
G/N is not commutative. 

E) Let N be a normal subgroup of the group G and Q the commutator sub- 
group of N . Then Q is a normal subgroup of the group G . 

It is obvious that Q is a subgroup of the group G Let q be a commutator 
of two elements of N, q =» abarty* 1 , where a z N, b zN. Then we have for 
eyery c e<?, cr l qc » (<r l ac) (c^bc) (c~ x ac) - 1 (c~ “ 1 , but since AT is a normal 
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subgroup of (?, cr l ac e N, cr l bc e N, i.e., c~ l qc is a commutator of elements of N. 
Hence Q is a normal subgroup of the group G. 

Definition 9. Let G be a group. We form the sequence of subgroups 
Qh * • • i Qi> * • • i where Qi is the commutator subgroup of G , while Qhi i* 
the commutator subgroup of Q%. All Q 1 s are normal subgroups of the group G 
(see E)). If the above sequence contains the subgroup composed only of the 
identity of the group (?, then the group G is called solvable . 

The concepts of center and commutator play an important role in the theory 
of continuous groups. 

Example 8. Let G be the group of matrices given in Example 2. Let us 
denote by Z the aggregate of all the diagonal matrices of G which are such that 
each matrix has all its diagonal elements equal. It is easy to see that Z is a 
central normal subgroup of the group G. It can readily be shown that Z is 
the center of the group G. Let us denote by Q the normal subgroup of G com- 
posed of all the matrices with determinant unity (see Example 5). Since 
G/Q is evidently a commutative group (see Example 7), it follows that the 
commutator subgroup of G is contained in the group Q (see D)). It can be 
shown that Q is the commutator subgroup of the group G . 

5. Intersection and Product of Subgroups. Direct Product 

The concept of direct product plays an important part in the theory of 
groups: by decomposing a group into a direct product of other groups we re- 
duce the study of the group to the consideration of simpler groups; on the other 
hand, by forming the product of given groups we have a method of constructing 
new groups. 

We shall prove some properties of intersections and products of subgroups of 
a given group. 

A) Let M be an aggregate of subgroups of G and let D be the intersection 
of all the subgroups in M; then D is a subgroup of the group G t If all the sub- 
groups of M are normal subgroups of G f then D is also a normal subgroup of G . 

In fact let a and b be elements of D. Let H be a subgroup in M ; then azH 
and b e H so that air 1 e H. -Hence ab~ l belongs to an arbitrary subgroup of M, 
i.e., ab~ l e D. Therefore, (see §2, B)) D is a subgroup of G. If all the elements 
of M are normal subgroups of the group G , then we have for an arbitrary x z (?, 
x~ l ax e H f but since H is an arbitrary subgroup of M, it follows that x~ l ax e D . 

B) Let R be a subset of elements of a group G. We denote by M the set of 
all the subgroups of G which contain R. The intersection of all subgroups of 
the set M is the minimal subgroup of the group G which contains R. In the 
same way we define the minimal normal subgroup of the group G which con- 
tains R. 

C) If H is a subgroup and N a normal subgroup of the group G, then the 
intersection H fl N = D of the groups H and N is a normal subgroup of the 
group H . 

We have already shown (see A)) that D is a group and is therefore a sub- 
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group of H . Let hzH and nzD ; then h-'nh z H , since all the factors belong 
to H , But A -1 nA e N since nzN and N is a normal subgroup. Therefore 
A~ l nA z D , and hence D is a normal subgroup of the group H. 

D) Let H be a subgroup and N a normal subgroup of the group G. Then 
the product HN = NH (see Definition 3) is a subgroup of the group G . In 
case H is a normal subgroup of G f HN is also a normal subgroup of G . 

If a and b are elements of HN, then a = hn, b = A V, where A and A' be- 
long to H, while n and n' belong to W. Therefore air 1 = hnn’- l h f ~ l 
== AA'^KA'nn'^A^ 1 ) , but since W is a normal subgroup, h'nn'-'h'" 1 = n" zN 
and at*” 1 = (hh'- x )n n z HN. Hence (see §2, B)) tfW is a subgroup of the 
group <?. 

If is a normal subgroup and a = An, then for any x zG we have 
ar l ax = (x^ArXar^nr) e i.e., is a normal subgroup of the group G. 

E) If JVi, • • • , A^* are normal subgroups of the group G , then it follows by 
induction from what we have shown in D) that A\ • • Nu is also a normal sub- 
group of the group G. 

Theorem 2. Let H be a subgroup and N a normal subgroup of the group G. 
Put D = H fl AT, and P = HN. Then the factor group H/D is isomorphic with 
the factor group P/N 

Proof. Let A be an element of H/D , then A = Da, where at H. Suppose 
A f « Na, where A.' is an element of P/N. Since D c AT, A c A'. Hence 
every element of H/D is contained in one and only one element of P/N. 
Now let B' * bN = Nb, where b z H. Then B == Db is an element of the 
group H/ D and BcB'. Hence every element of the group P/N is contained in 
at least one element of the group H/D; we shall prove that it is contained in 
only one. Let A and B be two elements of H/D which are contained in the 
same element C f of P/N . We have AB~ l c C'C'~ T = N, moreover AB~ X c H, 
hence AB~ l cD, i.e., A = B. This establishes a one-to-one correspondence 
between the elements of the groups H/D and P/N . 

Let us show that this correspondence between the elements of H/D and 
P/N is an isomorphism. Let A and B be two elements of H/D, A * and B ' 
the corresponding elements of P/N, i.e., A c A', B c B'. Then AB c A'B ', 
and hence to the element A B of the group H/D corresponds the element A'B' 
of^he group P/N , and we have an isomorphism between these groups. 

We shall now take up a more special type of product of subgroups, namely 
the direct product. 

Definition 10. Let H and K be two normal subgroups of the group G . 
We say the G is decomposed into the direct product of H and K if HK = G and 
E? ftK** {e}. 

F) We shall show that if G is decomposable into the direct product of H 
fcnd K, then every element of H commutes with every element of K and every 
element of G can be represented uniquely in the form hk, where hzH and 
NX. 
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Let hzH and kzK, and let us consider the commutator hkh~ l k~ l *• q. 
Since K is a normal subgroup, AM -1 t K, and hence q = (hkh~ l )k~ l e K. On' 
the other hand since H is a normal subgroup, kh~ l k~ 1 e H, and q = h(kh~ l k~ l ) e H. 
Hence q = e, i.e., hk — kh. 

Let xzG. Since G = HK it follows that x = hk, where hzH, and k zR. 
Suppose at the same time that x = h'k', where h' e H and k' e K. Then 
hk — h'k'. Multiplying this equation on the left by h~ l and on the right by 
k'~ l , we get kk'~ l = A -1 A'. But the left side of this equation belongs to K, 
while the right side belongs to If; hence fcfc' -1 = A _1 A' = e, i.e., h = h‘, and 
k = k\ 

In Definition 10 we started with a given group G. Let us now take the op- 
posite point of view, and construct G from the groups H and K. 

Definition 10'. Given two groups H and K, let us construct the set G of 
all pairs of elements (A, k), where hzH, and kzK. We define as the product 
of two pairs (A, k) and (A', k'), the pair (AA', kk'). Under this law of multi- 
plication, G forms a group. The group G is called the direct product of the 
groups H and K. 

It is obvious that the associative law holds in G, since it holds in the groups 
H and K. The identity of G is the pair (e, e'), where e is the identity of H, 
and e' is the identity of K. The element inverse to the pair (A, k) is the pair 
(A -1 , A -1 ). 

The two following propositions, G) and H), establish a connection between 
Definitions 10 and 10'. 

G) Let G be decomposed into a direct product of normal subgroups H and K 
(see Definition 10). Denote by ff' a group which is isomorphic with the 
group H, and by K' a group isomorphic with the group K, and let us form the 
direct product G' of the groups H' and K' (see Definition 10'). Then the 
group G' is isomorphic with the group G. 

In fact let /be an isomorphic mapping of the group H' on the group H, and 
let g be an isomorphic mapping of the group K' on the group K. The iso- 
morphic mapping A of the group G' on the group G is determined by the rela- 
tion A((A', A')) =f(h')g(k'). 

H) Let G be the direct product of H and K (see Definition 10'). Let us 
denote by H ' the set of all elements of the group G which are of the form (A, e'), 
and by K' the set of all the elements of the group G which are of the form (e, k). 
Then H' and K' are normal subgroups of the group G, and G is decomposed 
into the direct product of H' and K', moreover H' is isomorphic with H, and 
K' is isomorphic with K. 

Let us show that H' is a normal subgroup. If (A, e') and (A', e') are two 
elements of H', then (A, e')(A', e') -1 = (AA' -i , e') z H' and therefore H' is a 
subgroup. If (a, b) is an arbitrary element of G, then (a, 6)~*(A, e') (a, b) 
= (a~ l ha, e') z H', and therefore H' is a normal subgroup. In the same way 
it can be proved that K' is a normal subgroup. The intersection of the groups 
H' and K' contains only the identity, since if (A, e') — (e, k), then A => e, 
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k ** e'. The product of the groups H' and K f coincides with 0 since every ele- 
ment ( h , k) eG can be written in the form (h, k) » ( h , e')(e, k). Furthermore 
if we associate with every element h z H the element ( h , e) e H', we obtain an 
isomorphism between the groups H and H'. In the same way we can establish 
the isomorphism of the groups K and K\ 

I) Let G be decomposed into the direct product of normal subgroups H 
and K. Then the group H is isomorphic with the factor group G/K. 

We can prove 1) by applying Theorem 2. In fact H f\ K — {e} and 
HK = (7, and therefore H/{e } is isomorphic with G/K. 

The definition of a direct product given here can be extended in a trivial 
way to the product of a finite number of factors. In what follows, however, 
we shall have to do with a countable number of factors and to avoid misunder- 
standing we pause here to discuss the matter. 

Definition 10*. Let G be a group, and let M be a countable set of normal 
subgroups of (?, M = {(?i, •••,(?„,•• • }. We say that G is decomposable 
into the direct product of the subgroups of the set M , if the following conditions 
are fulfilled. 

1) The minimal normal subgroup of the group G (see B)) which contains all 
the subgroups of the set M coincides with G . 

2) If we denote by H n the minimal normal subgroup of the group G (see B)) 
which contains all the subgroups of the set M with the exception of the sub- 
group G nj then the intersection of all the subgroups H ny n = 1, 2, • • • , contains 
only the identity e of the group G. 

A*) The group G can be decomposed into the direct product of its two sub- 
groups G n and H n (see Definitions 10* and 10). 

The product G n H n is the normal subgroup of the group G (see D)) which, 
as can easily be seen, contains all the subgroups (■?,. Therefore by condition 1) 
of Definition 10*, G n H n = G. Denote by G' n the intersection of all the groups 
Hk, k — 1, 2, • • • , with the exception only of the group H n . It is obvious that 
G n c G^. From condition 2) of Definition 10* it follows that the intersection 
G' n (\H n = {c}. Hence the intersection G n l\H n ~ { e }, and G can be de- 
composed into the direct product of the groups G n and H n . 

B*) For i 9 * j *very element of the group G{ commutes with every element 
of the ^oup Gj. Furthermore, every element x zG can be uniquely repre- 
sented as a product x = x\ • • • x n where x % z G i} i = 1, 2, • • , n, and n is a 
sufficiently largdtoumber depending on x. 

Since (?< c Hj, the commutativity of the elements of the groups <?*• and Gj 
follows'from A*) (see F)). We remark further that the set (?' of all products 
of the form x « • • • x n) where x, c i = 1, • • • , n, n = 1, 2, • • • , is a 

normal subgroup of the group (?, and every group Gk belongs to (?'. In this 
way it follows from condition 1) of Definition 10* that G' » G and therefore 
every element xzG can be written in the form of the product given above. 
The uniqueness of such a decomposition into a product follows easily from F) 
and A*). 
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Definition 10*'. Let M be a countable aggregate of groups 
M = {(?i, • • • , G nf • • • }. We shall construct a new group G from the 
groups of the set M , which we call the direct product of the groups of the 
set M. The elements of G will be the sequences x = {an, • • , x n , • • * }, 
where x n e G n , n = 1, 2, • • • , and only a finite number of the z» are not identi- 
ties. The product of two sequences x and y = {yi, * • • , ^ n , * • • } is defined 
as the sequence 

xy - {xiVi, * * • , x n y n) • • • }. 

It is not hard to see that the group G obtained in this way does not depend on 
the way in which the groups of the set M are numbered. The identity of G is 
e = { ci, • • • , e n , • • • } , where e n is the identity of the group G n , n = 1, 2, • • • . 
The inverse of the element x is the element ar 1 = {xr 1 , • • • , a^ 1 , • • • }. It 
is easy to see that all the group axioms hold in the set G. 

The equivalence of Definitions 10* and 10*' is established without difficulty 
in the same way as was done above for Definitions 10 and 10' (see G) and H)). 
Because of the triviality of these generalizations, we shall not stop here to con- 
sider them. 

Example 9. Let G be a countable commutative group all of whose elements, 
with the obvious exception of the identity, are of prime order p. It is not hard 
to show that the group G can be decomposed into the direct product of a 
countable number of cyclic subgroups of order p, i.e., subgroups of the form 
H = { e , a, a 2 , • • • , a p-1 }, where a fi = e. 

Example 10. Let G be the group of matrices given in Example 2. The total- 
ity (?' of all matrices with a positive determinant forms a subgroup of the 
group G. Let us decompose G ' into a direct product. 

Let us denote by Z the totality of all diagonal matrices of G' which are such 
that the diagonal elements of each matrix are equal and positive. We denote 
by Q the totality of all matrices whose determinant is unity. It is easy to see 
that Z and Q are normal subgroups of G and that G' is decomposed into the 
direct product of Z and Q. In fact, the intersection of Z and Q contains only 
the unit matrix, while every matrix of G' can be represented asjbhe product of a 
matrix Z by a matrix Q. 


6. Commutative Groups ^ 

t 

In this section we give a proof of the fundamental theorem of commutative 
groups (see F)). We shall use this result in Chapter 5 only, and it is not essen- 
tial to an understanding of the other parts of this book. 

We consider here commutative groups only, and we shall use the additive 
notation. 

A) A finite system of elements gi, g*, • • • , p* of the group G is called linearly 
independent if the equation 


Utfl ■+*••*+ dkffk = 0, 
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where a\ } • • • , a* are integers, implies that 

a\ o* 0, • • • , dk =* 0. 

An infinite system of elements of the group G is called linearly independent if 
all its finite subsystems are linearly independent. The maximal number of lin- 
early independent elements of G is called the rank of G. It is obvious that a 
linearly independent system cannot contain elements of finite order. 

B) A finite or infinite system 

( 1 ) 9b * * ' > Q*> 

of elements of a group G is called a system of generators of this group if every 
element g e G can be written in the form 

(2) g = + • * • + Q*#*, 

where ai, • ■ , a* are integers. If the system (1) of generators of the group G 

is linearly independent, then the representation (2) of every element g is, as 
can easily be seen, unique. 

C) Let G be a group having a finite system 

(3) gi, * * -,9k 

of linearly independent generators. Then every subgroup H of the group G 
also contains a finite system of linearly independent generators, whose number 
does not exceed k . 

The proof is by induction. For k = 0 the statement is obvious, as in this 
case G contains only zero, and H coincides with G. Suppose that the proposi- 
tion is proved for k = m; we shall then prove it for k = m + 1. Let k = m + 1, 
and let us designate by G f the subgroup of the group G with the generators 
gi , * • , 0 m , and by H' the intersection of H and G' f H ' = H n G '. From the 
hypothesis of the induction the subgroup ff ' of the group G f has a finite system 
of linearly independent generators 

(4) h lf -,h n 
with n g m. Now let 

s h = a, 0i + • • • + a m g m + a m +i0 m +i 

be an arbitrary element of the group H'. Because of the condition of linear 
independence, the number a M +i is uniquely determined by the element A. If 
for every choice of the element h, the number a m +i is equal to zero, then 
H c <?', i.e., H « H' and hence H has a system of linearly independent gen- 
erators (4). Suppose that for some elements hzH t the number a n u is differ- 
ent from zero. Then there exist elements h for which the number a w +i is posi- 
tive, since for every element h of the group H there is an element —A. Let 
m denote by h n +i the element for which the number Om+i achieves its least posi- 
tive value a’ m + u 
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h „+ 1 = a'lQi + • • • + a m g m + a m +ig m+ i. 

We shall show that for every h e H the number a m +i is divisible by a m+l . We 
write the number Om+i in the form a m +i = bn+iOm+i + r , where b n +i and r are 
integers and 0|r< a m+ Then 

h — bn+lh n+ \ = (di — + • • • + (dm bn+ld m )g m + r g*n+l 

is an element of the group H for which a m+l has the value r. Since 
0 <; r < a m+ 1 , and a n+1 is the least positive value of the number a m+i , we 
have r = 0. Hence o m +i is divisible by a m+ , and the element h — b n+ ih n+l be- 
longs to <?', i.e. belongs to H', and we have 

h — b n+ ih„+i = bihi + • • • + b K h n 
(see (4)), and therefore 

h = b\hi + • • • + b„h„ + b n +ih n +i- 

Hence the system h u ■ ■ • , K, h n+i is a system of generators of the subgroup H. 
The linear independence of this system follows from the linear independence 
of the system (4) and the definition of the element hn+ 1 . 

The following proposition D) forms a basis for the proof of theorem F). 

D) Let a = ||a„|| be a matrix with p rows, q columns, and integer elements. 
Then there exist two unimodular matrices (i.e., square matrices whose elements 
are integers and whose determinants are + 1) s and t of order p and q respec- 
tively which are such that the matrix b = ||&„|| = sat (see Example 2) has a 
so-called canonical form, i.e., it satisfies the following conditions: a) for i ^ j, 
b ti = 0, b) the number 6 i+ i,.+i is divisible by the number bu, c) the numbers 6„ 
are non-negative. 

To prove this we introduce the so-called elementary operations on a matrix x 
with integer elements. Operation 1 consists in multiplying any row of the 
matrix x by — 1, operation 2 consists in an interchange of any two rows of the 
matrix x, operation 3 consists in the addition to any row of the matrix x of 
an integer multiple of some other row. Analogously, we define operations 1', 
2', and 3' as applied to columns rather than rows of the matrix x. It is easy 
to see that each one of the operations 1, 2, or 3 can be effected by multiply- 
ing the matrix x on the left by a unimodular matrix. Analogously, each one 
of the operations 1', 2', and 3' can be effected by multiplying the matrix x 
on the right by a unimodular matrix. In this way to prove D) it is sufficient 
to show that the matrix x can be reduced to the canonical form by means of 
successive applications of the elementary operations. 

We shall show that if in the matrix x = ||x„|| the element x u divides all the 
elements of the first row and column, then by successive application to x of a 
series of elementary operations the matrix x can be transformed into a matrix 
V “ IMI which is such that y n = x u , and all the other elements of the first 
row and the first column of y are equal to zero. 
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Since x a is divisible by xu, we may write xa = — rx u , where r is an integer. 
Add in g to the i-th row of the matrix x the first row multiplied by r we get a 
new matrix which has a zero in the i-th place of the first column. Applying 
this operation to every row, beginning with the second, and then to every 
column, beginning with the second, we obtain the desired result. 

Let us denote for brevity by ( x ) the minimum of the positive absolute values 
of tiie elements of x, and show that if it is false that every element of the 
matrix x is divisible by (x), then the matrix x can be transformed by means of 
elementary operations into a matrix y which is such that (y) < ( x ). 

It is easy to see that by means of an interchange of rows, and of columns, 
and also by changing sign in some row, the matrix x can be reduced to a matrix 
which satisfies the condition (x) = x n . If now the first column of the matrix x 
contains an element Xu which is not divisible by x n , then we shall have 
xa = — rxu + n, where 0 < n < x u . Adding to the i-th row of the matrix x 
its first row multiplied by r, we shall get a new matrix y for which (y) ^ n < (x). 
If now Xu divides all the elements of the first column, but not all the elements of 
the first row, we can apply a similar operation and obtain a matrix y which 
satisfies the condition (y) < (z). If, however, all the elements of the first row 
and the first column are divisible by Xu, this matrix can be reduced to the form 
in which the only element different from zero in the first row and column is 
the element xu. If the resulting matrix contains an element x„- which is not 
divisible by Xu, we add the i-th row to the first row and obtain a matrix not all 
of whose elements in the first row are divisible by x n) i.e., a matrix to which can 
we can again apply the reasoning above. 

It follows from what we have just proved that by means of elementary opera- 
tions the matrix x can be transformed into a matrix a all of whose elements are 
divisible by (z). In fact, if not every element of the matrix x is divisible by (x) 
then, as we have just shown, the matrix x can be transformed into a matrix y 
with (y) < (x). Since we are dealing here with whole numbers only (x) can 
be diminished in this way only a finite number of times, and therefore after a 
finite number of steps our process will terminate by reducing the matrix to the 
desired form. 

Hence by means of applications of elementary operations it is possible to 
reduce the matrix x to a form in which all of its elements are divisible by (x). 
Moreover, also by means of elementary operations, it is possible to get xu = (x) 
and all other elements of the first row and column equal to zero, without de- 
stroying the divisibility of the elements of x by (x). The matrix thus obtained 
is said to be in semi-canonical form. Let us denote by x' the matrix obtained 
from the matrix x by crossing out the first row and column. Every element of 
x' is divisible by x«. Reducing the matrix x' to a semi-canonical form, and 
repeating the process we shall finally reduce the matrix x to the canonical form. 

In this way, the proof of D) is completed. 

E) Let X be a group having a system of linearly independent generators, and 
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let Y be a subgroup. Then we can select in X a system x { , • * * , of linearly 
independent generators which are such that the elements 


&\X]y * * * | drXrj r j~s (]j 

form a system of generators of the group Y where d x > 0, i = 1, 2, • • , r, 
and di+i is divisible by d*, i * 1, • • , r — 1. 

Let 

(5) * * y X q 

be a system of linearly independent generators of the group X , and 

( 6 ) yi, • • • iVv 

be an arbitrary system of linearly independent generators of the group Y 
(see C)). Then we shall have the following relations, 

( 7 ) Vt = + • ■ • + a lq x qf i = 1 , • • • , P, 

where ||a„|| = a is a matrix with integral elements. Let us further denote by 
s = |M| and t = ||f/i|| two unimodular matrices of orders p and q respectively. 
Making use of these matrices we introduce into the groups X and Y new sys- 
tems of generators 


(8) x h • • • , x q 
and 

(9) y[, • • • ,y' P 
by means of the relations 

(10) Xj = tj\X) + • • * + tjqXq, i * 1) 2, • * * , ?, 

(11) yi = Skiyi + • • • + Sk P y P i fc = 1, • • • , p. 

It is permissible to introduce new systems of generators in the groups X and Y 
by means of these relations because the matrices t and s have unimodular 
determinants, so that relations (10) and (11) can be solved for the elements (8) 
and (6) ; hence these elements can be expressed in terms of linear forms of the 
elements of (5) and (7) with integral coefficients. For the new system of gen- 
erators we get instead of (7), the following relation: 


yk 


i=i 


X) Skiaatjix'i = a'kix[ + • • • + a' kq x' q , 

l~ I 


A? ** 1, * * * i p, 


where ||a w || = a' is a matrix with integer elements, and a' « sat. Choosing 
the matrices s and t in such a way that the matrix a f has a canonical form 
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(see D)), we arrive at a new system of generators x{, ■■■ , of the group 0 
which satisfies the assertion E). 

F) A group G having a finite system of generators is decomposable into the 
direct sum of cyclic subgroups 

U u • • • , U m ; Vi, • ■ • , V n , 

where Ui, i ■» 1, • • • , m, is a free cyclic group and V„ j = 1, • • • , n, is a 
cyclic group of finite order r,- > 1 with t m divisible by t* j = 1, • •• , » - 1 
(see §2, B)). In case G has a finite system of linearly independent generators, 
then G has no summands of finite order. 

Let Qi, • • • , g t be a finite system of generators of the group G. Let us de- 
note by X the set of all linear forms of the type 

(12) x = a t x, + • • • + a 9 x„ 

with integral coefficients a it ■ ■ ■ , a, and variables xt, ■ ■ ■ , x t . We can define 
naturally in X an operation of addition, so that X becomes a group having a 
system Xi, ■ ■ ■ , x q of linearly independent generators. With every element 
xeX (see (12)) we associate the element /(a;) = aig x + • • • + a<jg q of the group 
G. The mapping /is obviously a homomorphism of the group X on the group 
G. The kernel of the homomorphism f we denote by Y. Let us now choose 
in X the system 


of linearly independent generators which was constructed in E ). Suppose that 
Qi — /(*< )» * * 1» * • • > f. Then g[ , ■ • • , g' is a system of generators of the 
group G. These generators satisfy the following relations : 

dxgl - 0, • • • , drgl = 0 
(see E)). On the other hand if the relation 

f>101 + • • • + brfg = 0 

holds, then bt is divisible by d { for i = 1, • • • , r and is equal to zero for 
t -> r + 1, • • • , q. In fact suppose that 

x = b x x[ -)-••• + 

then f(x’) = 0 and hence x' e Y, i.e., the numbers bi, • • • , i> { satisfy the above 
relations since the system of generators (13) is linearly independent, and 
d\X \ , • • • , drxf form a system of generators of the group Y. Let now d\, ■ • • , d, 
be those numbers of the system d x> ■ ■ ■ , d, which are equal to unity. Let 
us denote the numhers d, +t , - ■ • , d, by n, • • • , r„. Further suppose that 
ffWi ~ v i> 3 ~ 1 >•••»«> Qt+i * Ui, i * 1, ■ ■ • , q — r «* m. The subgroup of 
the group Q with the generator «< we denote by Ui, and the subgroup with the 
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generator v,- we denote by Vj. It is easy to see that the subgroups constructed 
in this way give a decomposition of the group G into a direct sum. 

If G has a finite system of linearly independent generators, then each of its 
subgroups has the same property (see C)), and therefore G has no elements of 
finite order. In this case the decomposition into a direct sum contains no sum- 
mands of finite order. 

Hence the proposition F) is completely proved. 

In conclusion we remark that the decomposition of G into a direct sum which 
we have obtained is unique up to an isomorphism, which means that the num- 
ber m and the system r i, • • • , r» are invariants of the group G. The unique- 
ness of decomposition will, however, not be used by us in the future, and 
therefore I shall leave this fact without proof. 



CHAPTER II 
TOPOLOGICAL SPACES 

Just as the theory of groups studies the algebraic operation of multiplication 
in its purest aspect, so abstract topology sets as its goal the investigation of 
the operation of passing to the limit, disregarding all other properties of the 
elements under consideration. If a group can be regarded as a generalization 
of the concept of real numbers, then a topological space should also be treated 
as a generalization of these same real numbers. Only in the first case the oper- 
ation of multiplication is generalized, while in the second it is the limiting 
operation, or, what is the same, the concept of limit point which is generalized. 

Given a set M of real numbers it is possible to ascertain of any real number 
whether it is or is not a limit point of the set Af. It is possible to formulate 
in terms of limit points the condition for convergence of a sequence of real 
numbers, and in general all concepts connected with passing to a limit. The 
concept of a limit point is at the foundation of the structure of a topological 
space. It seems more practical, however, to axiomatize not the concept of 
limit point, but the entirely equivalent concept of closure. Adding to agiven 
set Af all its limit points we get the so-called closure 27 of the set Af . 27 con- 

sists of all the numbers which belong to Af, together with the limits of the 
numbers of Af. Hence, knowing what a limit point is, we also know what 
closure is. Conversely, it is possible to formulate the concept of a limit point 
in terms of closure. If the point a does not belong to the set Af, then it is a 
limit point of Af if and only if a s 27. However, in case a e Af , this criterion 
is insufficient, since a can be an isolated point of the set Af . But if a belongs 
to Af and is at the same time a limit point of Af, then a is a limit point of 
Af — a, i.e., a e Af — a; this condition is sufficient, moreover it is applicable 
also when a does not belong to M , since in that case Af = Af — a. Hence it 
follows that a is a limit point of Af if and only if a z Af — a. 

7. The Concept of a Topological Space 

Axiomatizing the concept of closure, we arrive at the concept of topological 
space. 

Definition 11. A set R of arbitrary elements is called a topological space if: 

1) To every set M of elements of the space R there corresponds a set 27 
which is called the closure of Af . 

2) If M contains only one element a, then 37 — Af, or what is the same, 

d =» a, 

3) If Af and N are two sets of elements of the space R, then M u N * 37 u 27, 
i.e. the closure of the sum of two sets is equal to the sum of the closures. 

4) 3? =* H, i.e., the operation of closure applied twice gives the same result 
as a single application of the operation. 
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§7] CONCEPT OF A TOPOLOGICAL SPACE 

The elements of a topological space are called points, A point a of thejpace 
R is called a limit point of the set M of elements of R if a e M — a. 

A) Let us show that M c IF. 

In fact, let a zM, then M =_Iua, Taking the closure of both sides of 
this equation we get 37 = Af u a = = lua, that is a e 37, and M c 37. 

B) If McN, then M cN. 

In fact, N — Af u N. Taking the closure of both sides of this equation we 
get 7? = 57 u 3?, i.e., McW. 

Definition 12. A set F of elements of a topological space R is called closed 
if F = F. A set G of elements of a topological space R is called open if R — G 
is a closed set. 

As can be seen from Definition 12 closed sets and open sets are complements 
of one another in the space R, Therefore to every statement concerning closed 
sets corresponds some statement concerning open sets. We shall take this 
remark into consideration in the proofs of some simple theorems which follow, 

C) The sum of a finite number of closed sets is a closed s et. ^ 

In fact if E and F are two closed sets, then E u F = EuF = 2?uF, 
E u F is closed. By induction this assertion can be extended to any finite 
number of summands. 

The corresponding proposition for open sets is the following : 

D) The intersection of any finite number of open sets is an open set. 

The proof of this proposition is quite trivial, and in the future similar proofs 

will be omitted, but it is worth while to carry out the proof once. Let G and H 
be two open sets of R. Then E = R — G and F « R - H are closed sets. 
The intersection G n H is the complement of E u F, i.e., G n H = R — (E u F). 
But E u F is a closed set (see C)), and hence G n H is an open set. 

E) Let 2 be a system of closed sets of the space R f and let D be the inter- 
section of all the sets contained in 2. Then D is a closed set. 

In fact, let F be a set of the system 2. Then DcF, and hence D c T * F. 
Since F is an arbitrary set of the system 2,DcD. But D n D (see A)), hence 
D = D. 

The corresponding proposition for open sets is the following: 

F) The sum of an arbitrary number of open sets is an open set. 

G) We remark that, except for the trivial case in which the space R contains 

only a single point every space R contains two closed sets: R itself, and the 
null set. Therefore in every set R there are also two open sets, the set R and 
the null set. _ 

In fact, the closure of every subset of R is in R , and therefore RcR, and from 
this together with A) it follows that Tl = R t i.e., R is closed. Further if R con* 
tains two distinct points a and 6, then the null set, being the intersection of the 
two sets each containing the one point a or b is closed (see E)). 

Example 11. Let R be an infinite set. Let us define in R the operation of 
closure by means of the following conditions. If M is a finite subset of R 9 
we shall suppose that TH *= M, If M is an infinite subset of R we shall sup* 
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pose that 37 * R. It is easy to check that the operation of closure which we 
have just defined satisfies the conditions of Definition 11. 

Example 12. Let B be a set. We shall define in R the operation of closure 
by supposing that 57 « M for every subset M of R. It is easy to see that by 
this operation R becomes a topological space, since, as can easily be verified, 
conditions 2, 3, and 4 of Definition 11 are satisfied. Every subset of the space 
R is closed. A space R defined in this way we shall call discrete . 


8. Neighborhoods 

In this section we shall give a method of defining a topological space by 
means of neighborhoods rather than by means of the operation of closure. 
This method is rather important and is often used as the foundation of the 
axiomatic treatment of the concept of a topological space. 

According to Definition 11, in order to determine a topological space R f it 
is necessary to associate with each subset M of R its closure 37. It can be seen, 
however, that it is not necessary to give the closure of every set but it is suffi- 
cient to specify the family of all the closed sets in order to determine the 
closure of every set of R uniquely. The justification of this statement can 
be found in the following proposition. 

A) Let M be some set of R and let 2 be the totality of all the closed sets of R 
which contain Af. If we denote by D the intersection of all the sets of 2, 
then 37 = D. In other words 37 is the minimal closed set containing Af. 

Since M = 57, it follows that M is a closed set. Moreover Af 3 Af and hence 
37 c 2, that is D cJtf. Furthermore D d Af , but since D is the intersection of 
closed sets, D = D 3 37. Hence D — M. 

In order to give all the closed sets of the space R it is sufficient to give all the 
open sets of the space R, since every closed set is the complement of some open 
set, and the complement of every open set is a closed set. Hence in order to 
determine the topological space R it is sufficient to give all the open sets of R. 
Making use of the fact that the sum of an arbitrary number of open sets is 
also an open set we arrive at the following simplification. 

Definition 13. A system 2 of open sets of a space R is called a basis of R 
if every open set of R can be obtained as a sum of open sets belonging to 2. 
A basis 2 of a space R is also called a complete system of neighborhoods of the 
space R f while every open set of the system 2 is a neighborhood of every point 
contained in this open set. 

The simplest example of a basis of a space R is the totality of all the open 
sets of R . 

Knowing a basis of the space R we thereby know all the open sets of R and 
therefore closure is uniquely determined in R . Hence in order to determine a 
space R it is sufficient to specify one of its bases. 

As is seen from ^Definition 13 the concept of neighborhood is not completely 
ietermined by the operation of closure in R, but it also depends on the choice 
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of the basis 2. Therefore, when speaking of neighborhoods in the future we 
shall keep in mind that some definite basis 2 has been chosen. 

B) In order that a system of neighborhoods 2 form a basis of the space B 
it is necessary and sufficient that for every open set G and element a belonging 
to G , there exist an open set U of the system 2 such that atlJcG . 

If 2 is a basis of R, then there exists a system 2' of open sets of 2 such that G 
is the sum of all the open sets of 2'. Then there exists an open set U e 2' 
such that a e U. Since G is a sum of open sets among which is U, it follows 
that U c G. 

Let us now suppose that the condition formulated above is satisfied for 2, 
and let G be an arbitrary open set of R. Then for every x eG, there can be 
found an open set U, e 2, which is such that x e U x cG. The sum of all the 
open sets U' x with an arbitrary x e G is obviously equal to (?, and hence 2 is a 
basis of the space R . 

By analogy with the criterion B) we give the following definition. 

B') A system 2' of neighborhoods of a point a is called a basis about the 
point a or a complete system of neighborhoods of the point a if for every open set G 
containing the point a a neighborhood U e 2' can be found such that V cG. 
It follows directly from B) that if 2 is a basis of the whole space, then the total- 
ity of the open sets of the system 2 which contain the point a forms a basis 
about the point a. 

As we have remarked above, the knowledge of a complete system of neigh- 
borhoods 2 in the space R enables one to determine uniquely the operation of 
closure in this space. We shall show concretely how the above transition from 
neighborhoods to the operation of closure can be accomplished^ 

C) Let a be a point, and M a set of R. Then a belongs to M if and only if 

every neighborhood U of the point a contains a point belonging to Af. By a 
neighborhood of the point o, we understand here any element of a basis about 
the point a (see B')). _ 

For suppose that a does not belong to M . Then R — H is an open set con- 
taining a, and hence there exists an open set U e 2' such that a e U c R — 3? 
(see B')). Hence there exists a neighborhood U of the point a which does not 
intersect M . If further V is a neighborhood of the point a which does not in- 
tersect M , then M c R — V = F, where F is a closed set since V is an open set. 
Then IS c F = F, i.e., 37 does not contain a. Hence in order that IS should 
not contain a, it is necessary and sufficient that a should have a neighborhood 
which does not intersect M. But this assertion is equivalent to C). 

D) If 2 is a complete system of neighborhoods of a topological space R (see 
Definition 13), then the following conditions are fulfilled: 

a) If a and b are two distinct points of the space R , then a neighborhood 
U e 2 of the point a can be found which does not contain the point 5. 

b) If U e 2 and V e 2 are two neighborhoods of the point a zR $ then a 
neighborhood W e 2 of the same point a can be found such that Wc U ft V* 

To prove condition a) we observe that R — b is an open set, and hence 
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from B) there exists a neighborhood U of the point a which is contained in 

— To prove condition b) we apply the same remark B) to the open set 
V H V , which contains the point a. 

Conditions a) and b) are important inasmuch as they in turn can be taken 
as axioms for neighborhoods in a topological space. In greater detail this 
thought is expressed in Theorem 3, which is at the same time a converse of the 
propositions C) and D) taken together. 

Theorem 3. Let Rbe a set f and let X be a system of its subsets for which the fol- 
lowing conditions are satisfied : 

a) For any two distinct points a and b of R there exists a set V of the system X 
which is such that a zU f but b i U. 

b) For any two sets U and V of the system X which contain the point a z R, 
there exists a set W of the system which is such that a z W c U n V. 

We shall now define in R the operation of closure of an arbitrary set M c R, 
by stating that at HI if and only if every subset of the system X which contains a 
intersects M. The operation of closure thus defined satisfies Definition 11, and 
hence R is a topological space. Moreover the system X is a complete system of 
neighborhoods of the space R . 

Proof. Condition 1) of Definition 11 is satisfied in R, since the operation of 
closure is defined. We now proceed to show that conditions 2), 3), and 4) are 
also satisfied. We shall call the set U zX a neighborhood of the point azR 
if a z U. 

Let M contain only a single point a. Since every neighborhood of the point 
a contains a, then a z M. Let b be a point of R distinct from a. By condi- 
tion a) of the theorem there exists a neighborhood U of the point b which 
does not contain a. Hence b does not belong to M , and M = a, so that condi- 
tion 2) of Definition 11 is satisfied. 

Let M and N be two subsets of R. If a e M u N, then every neighborhood U 
of the point a intersects either M or N, but in that case U intersects M u N, 
i.e., a e M u N. If now a does not belong to M u N, there exist neighborhoods 
U and V of the point a which are such that U, V do not intersect M and N 
respectively. By condition b) of the theorem there exists a neighborhood W 
of the point a which is contained in U n V. W do es not intersect M u N, and 
hence a does not belong to M u N. Hence M u N *= M u N, and condition 3) 
of Definition 11 is satisfied. 

Before taking up the proof that condition 4) of Definition 11 is satisfied, we 
remark that under the operation of closure introduced in Theorem 3, NcH. 
In fact, if x e N, then every neighborhood of x intersects N , since it contains x . 
Hence zzH, i.e., N c 37. 

Let del, This implies that every neighborhood U of the point a inter- 
sects 7H, i.e. there exists a point b , which is such that bzU and bzM. But 
then U is a neighborhood of the point 6, and since 5 e 37, it follows that U 
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intersects M . In this way, an arbitrary neighborhood U of the point a inter- 
sects M , i.e., a e 37 and hence M c 37. On the other hand we have shown above 
that 37 c ilf. Hence M = 37, i.e., condition 4) of Definition 11 is satisfied* 

We shall now show that 2 is a complete system of neighborhoods of the 
space R. Let us show first of all that every set U e 2 is an open set of the 
space R. To do this, it is sufficient to prove that F = R — U is closed. If 
the point x does not belong to F , then x e U, and hence the neighborhood U 
of the point x does not intersect F . Hence x does not belong to F. There- 
fore F = F, and hence U is an open set. If now G is an arbitrary open set of R , 
and a e <?, then 72 — (? = E is closed and does not contain a. Hence there 
exists a neighborhood W of the point a which does not intersect E . In this 
way for an arbitrary open set G and point a e G, there exists a neighborhood W 
which is such that a t W c G, i.e., 2 is a basis of R (see B)). 

Hence the proof of Theorem 3 is complete. 

E) Theorem 3 enables us to define a topological space R by means of a sys- 
tem 2 of subsets of the space R which satisfies conditions a) and b) of Theorem 
3 rather than by means of the operation of closure. Given the system 2, the 
operation of closure in R is determined by the method given in Theorem 3, 
and this system 2 is called the defining system of neighborhoods of the space 72. 

If the space R is given by means of a defining system of neighborhoods, then 
the operation of closure in R is uniquely determined. The converse is not 
true, however. If R is given by means of the operation of closure then the 
defining system of neighborhoods is not uniquely determined. Therefore, the 
question arises under what conditions two different systems of defining neigh- 
borhoods of the same set R lead to the same operation of closure. 

F) Two defining systems of neighborhoods 2 and 2' are called equivalent if 
they lead to the same operation of closure in 72. In order that two systems 2 
and 2' of defining neighborhoods be equivalent, it is necessary and sufficient 
that for every point a and neighborhood U t 2 of the point a there can be 
found a neighborhood U r t 2' of the point a such that U' c U, and conversely, 
for every neighborhood V f e 2' of the point a there can be found a neighbor- 
hood V e 2 of the same point such that VcV'. 

The necessity of this condition is obvious. In fact, since U is an open set 
containing a, and 2' is a basis of 72, there exists a U f t 2' such that at U' cU. 
In the same way we can prove the existence of V for a given V '. Supposing 
now that the conditions of equivalence of 2 and 2' are satisfied; we shall show 
that 2 and 2' lead to the same operation of closure. Suppose that ae3ST, 
where the closure is constructed with respect to the system 2. Let V * be an 
arbitrary neighborhood of the point a in the system 2'. From the condition of 
equivalence there exists a neighborhood V e 2 of the point a such that V c V\ 
but V intersects M, and therefore V intersects M. Since V ' is an arbitrary 
neighborhood of the point a in the system 2', it follows that a e IF, where the 
operation of closure is defined with respect to the system 2'. 

We now formulate in terms of neighborhoods a necessary and sufficient con- 
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dition that a subset 0 of the space ft be an open set. This condition is as 
follows: 

G) The subset G of a space R is an open set if and only if for every point 
azG there exists a neighborhood U of the point a which is contained in G. 

The necessity of this condition follows directly from the fact that the defining 
system of neighborhoods is a basis of the space ft. If now G satisfies the above 
condition, we shall prove that R — G = F is a closed set. Suppose that a does 
not belong to F. Then a zG, and hence there exists a neighborhood U of the 
point a which does not intersect F. Hence a does not belong to F, and F is, 
therefore, closed. 

We now give in terms of neighborhoods a necessary and sufficient condition 
for a point a to be a limit point of a set M . This condition can be formulated 
as follows: 

H) In order that a point a be a limit point of a set M , it is necessary that 

every neighborhood of the point a contain infinitely many points of M , and 
it is sufficient that every neighborhood of the point a contain at least one point 
of M distinct from a. 

In fact, suppose that a z M — a, and that some neighborhood U of the point 
a contains only a finite set N of points of the set M — a. Then U — N is an 
open set containing a , and hence there exists a neighborhood V of the point a 
which is contained i n U — N, i.e., a neighborho od V w hich does not intersect 
the set M — a; but this is impossible, since ae M — a. If conversely, every 
neighborhood of the point a contains a point of M distinct from a, this m eans 
that every neighborhood of the point a intersects M — o, i.e., a z M — a, and 
hence a is a limit point of M . 

Example 13. Let R n be the n-dimensional Euclidean space. Every point 
of R n is determined by its n cartesian coordinates. We consider the sequence 
of points Xky k = 1, 2, • • • . The coordinates of the point x* we denote by x\> 
i = 1, • • • , n. We say that the sequence x k converges to the point x with co- 
ordinates x\ if limjb^oc, x\ = x { for every i. Let M be a set of points of R n . 
We say that x is a limit point of the set M if there exists in M a sequence of 
points distinct from x which converges to x. We define as the closure U of the 
set M the totality of the points which either belong to M or are limit points of 
Af. It follows readily that the operation of closure thus defined satisfies all 
the conditions of Definition 11. Hence R n becomes a topological space. 

Since R n is a Euclidean space, in it is defined the distance between any two 
points. The set of all points of R n whose distance from a fixed point a is less 
than a given number r is called the sphere with center a and radius r. It is 
easily seen that every sphere is an open set in R n . It can also be shown that 
the aggregate of all spheres forms a basis of ft*. Similarly, the aggregate of all 
spheres with rational centers and rational radii forms a basis of ft n . 

Example 14. In this section we have given a method of defining the opera- 
tion of closure by means of neighborhoods. Another rather important way of 
defining the same operation is by means of a metric. It is not possible, how- 
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ever, to define the operation of closure in all topological spaces by means of a 
metric. Therefore the important class of metrizable topological spaces is 
singled out. 

The set R of elements is called a metric space if to every pair x , y of its points, 
corresponds their distance , i.e., a non-negative real number p(x> y) which satisfies 
the following conditions: a) p(x , y) = 0 if and only if x = y; b) p(x, y) « p(y, x) ; 
c) p(z, y) + p(y, z) £ p(x, *)• 

The operation of closure satisfying the conditions of Definition 11 can be 
introduced naturally into a metric space so that a metric space is transformed 
into a topological space. Let M be a subset and a a point of a metric space JB. 
We shall call the distance from the point a to the set M the lower bound p(o, M) 
of the numbers p(a } x) for x e ikf. The closure 57 of the set M is defined as the 
totality of all the points whose distance from M is equal to zero. A topological 
space in which the operation of closure can be defined in this way by means of 
a metric is called metrizable. 

By the sphere of center a and radius € > 0 in a metric space R we understand 
the set of all points whose distance from a is less than €. It follows that every 
sphere in R is an open set and that the aggregate of all spheres forms a basis 
of the topological space R. 

Fundamental examples of metric spaces are the Euclidean spaces of finite 
dimension (see Example 13), and their generalization to infinitely many dimen- 
sions, known as Hilbert space H. 

The elements of the space H are all the sequences x = {xi, • * • , x nt • • • } of 
real numbers for which the series x* +•■•+£»+•• • is convergent. Dis- 
tance in H is defined by the relation 

P (x, y) = V [(*1 ~ 2/0 s + •+(*,- VnY +•••]. 

9. Homeomorphism. Continuous Mapping 

From the point of view of abstract topology two topological spaces having 
the same operation of closure are identical, or making use of the adopted termi- 
nology, homeomorphic. This is expressed more precisely in the following defi- 
nition. 

Definition 14. A mapping/ of a topological space R on a topological space 
R' is called homeomorphic or topological if it is 

1) one-to-one, and 

2) preserves the operation of closure, i.e., for every McR , we have 

f(M) = /(M). 

Obviously, if the mapping / is homeomorphic, then the inverse mapping f~ l 
is also homeomorphic. 

Two topological spaces R and R f are called homeomorphic if one of them can 
be homeomorphically mapped on the other. 

The concept of homeomorphism for topological spaces is an analogue pf the 
concept of isomorphism for groups. As topological properties of topological 
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spaces we count only those which remain invariant under a homeomorphic 
mapping. It follows from Definition 14 that topological properties are those 
and only those which can be expressed in terms of closure. In this way the 
property of sets of being open or closed is topological, while the property of 
being a neighborhood is not topological, since an open set may enter into one 
:>asi s of a space but not into* another. In view of non-invariance of the con- 
cept of neighborhoods, we shall have to verify the topological invariance of all 
iefinitions formulated in terms of neighborhoods, i.e., if we replace a system of 
aeighborhoods by an equivalent system the definition will have to remain un- 
altered (see §8, F)). 

A weaker connection between two spaces than homeomorphic mapping is 
jiven by a continuous mapping. If homeomorphic mapping is an analogue of 
somorphism, then continuous mapping is an analogue of homomorphism. 

Definition 15. A mapping g of a topological space R into a topological 
pace R' is called continuous , if for every M cR we have 

g(M) c g(M). 

A) We shall prove that if the mapping g is one-to-one and bicontinuous , i.e., 
f both g and gr 1 are continuous, then g is jiom eomo rphic. 

Since the mapping g is continuous, g(M) c g{M)> We den ote the set g(M) 
>y Af', and applying to it the mapping g~ l jve o btain g~ 1 (M / ) c g~ x (M '). But 
ince the mapping gn 1 is continuous, g~ l {M f ) c g~ l (M')- The last two rela- 
ions taken together give g- l (M') = gr l (M f ), i.e., the mapping g~ l is homeo- 
aorphic, since the set M y and hence also the set M is arbitrary. Since g~ l 
5 a homeomorphic mapping, g is also homeomorphic. 

We now formulate the condition for continuous mapping in terms of neigh- 
borhoods. As a matter of fact this condition is rather important since it is 
ised in practise to determine a continuous mapping. 

Theorem 4. In order that a mapping g of a space R into a space R' be continu - 
us it is necessary and sufficient that the following condition be fulfilled : F or every 
mnt a e R and every neighborhood U' of the point a' = g{a) t R 7 there exists a 
neighborhood U of the point a such that g(U) c [/'. 

Proof. Suppose that the mapping g is continuous, and let U ' be an arbitrary 
neighborhood of the point a' = g(a). Put F' = R f — U f and denote by F the 
omplete inverse image of the set F f under the mapping g, F = firHF')- Then 
7 does not contain the point a. _ 

Furthermore, because g is a continuous mapping we have g(F) c. g(F) cF' 
» F since F ' is closed. Hence T cF, i.e., F is also closed, and there exists a 
neighborhood U of the point a which does not intersect F, and this means that 
(17) c £/'. And so the necessity of the condition formulated above is estab- 
ished. We now prove its sufficiency. Suppose that this condi tion i s fulfilled, 
md let MoR. We shall show that if a t 3?, then a' = g{a) e g(M). Let U r 
m an arbitrary neighborhood of the point a'. Then by the condition above 
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there exists a neighborhood U of the point a such that g(U) c U'. Since 
aelf, U intersects M, but then XJ f intersects g{M) } i.e. a' e g(M ). Hence 
g(M)<zg(M). 

We give two other necessary and sufficient conditions for a continuous map- 
ping, which are also rather important. 

Theorem 5. In order that a mapping g of a space R in a space R ' be continu- 
ous it is necessary and sufficient that one of the two following conditions be fulfilled: 

1) If F f is a closed set of 22', then the complete inverse image F of the set F' under 
the mapping g is a closed set in R. 

2) If G' is an open set of R f , then the complete inverse image G of the set G f under 
the mapping g is an open set in R. 

Proof. We shall show first of all that the conditions 1) and 2) are equiva- 
lent. Let F f and G f be two non-intersecting sets of R f , whose sum is equal to 22'. 
Let us denote by F and G the complete inverse images of the sets F f and G' 
under the mapping g. It is obvious that F and G do not intersect, and that 
their sum is equal to R . Suppose now that condition 1) is fulfilled and that 
G' is an arbitrary open set of 22'. Then F f is a closed set (see Definition 12), 
and from condition 1) it follows that F is also closed, so that G is an open set. 
In this way 2) follows from 1). The fact that 1) follows from 2) can be proved 
in a similar way. 

We shall now prove the necessity of condition 2). Let G ' be an arbitrary 
open set of R' and G be the complete inverse image of G f . Let a be an arbi- 
trary point of G and let a' = (7(a). Since (?', is an open set, there exists a 
neighborhood U' of the point a' which is entirely contained in G' (see §8, G)). 
By Theorem 4 there exists a neighborhood U of the point a such that g(JJ) c U\ 
but since U ' c G f and G is the complete inverse image of G ' we have U cG. 
Hence G is an open set (see §8 G)). 

We finally prove the sufficiency of condition 2). Let a be an arbitrary point 
of R f a ' = g(a) and U ' an arbitrary neighborhood of the point a'. Since U ' 
is an open set in 22', it follows from condition 2) that the complete inverse image 
G of the set C7' under the mapping g is an open set in R, and hence there exists 
a neighborhood U of the point a which is entirely contained in G (see §8, G)). 
Hence g{JJ) c U', and the mapping g is by reason of Theorem 4 continuous. 

B) It is easy to see that if g is a continuous mapping of the space R in the 
space R r , and g ' is a continuous mapping of the space R f in the space 22", then 
the mapping h{x) = g'(g(x)) is also a continuous mapping of the space R in 
the space 22". 


10. Subspace 

If we want to carry out an analogy between the second and first chapters, 
then homeomorphic and continuous mappings become analogues of isomorphic 
and homomorphic mappings. We shall now proceed to construct an analogue 
of a subgroup. 
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Definition 16 . Let £ be a topological space, and R* a subset of the set R. 
We can introduce a topology into R* in a natural way by deducing it from the 
topology of the space R, so that the set R* itself will become a topological 
space, a subspace of the space R. The concepts of closure, closed sets, and 
open sets, and other concepts which arise in this way in R* are called relative. 
The relative operation of closure M* of the set M in the space R* is defined as 
follows: H* = H n R*. 

Hence condition 1) of Definition 11 is fulfilled in R*. We shall prove that 
conditions 2), 3), and 4) of this definition are also fulfilled. 

If M contains only one element a, then M* = 3? ft R* = M n R* — M . 
Hence condition 2) holds. 

Let M and N be two sets of R*. Then 

(Af u N)* = (M vW) nR* - (Mu77)n£* = (InH')u (NnR*) = U*uTf*, 

i.e., condition 3) holds. 

In proceeding to establish condition 4) we remark that it follows from 
the construction of the operation of closure in R* that N c N*, since 
"N* — T7 nR*oN nR* = N. Furthermore, we have M n R* c M, so that 
w nR* cH, and hence 


M* = M* n R* = (M n R*) n R* c M n R* = M*. 

_____ BancSjC ■■■ 

But we have just shown that M* c M *, hence M* = M* and condition 4) holds. 

We give now some elementary properties of subspaces. 

A) Let R* be a subspace of the space R (see Definition 16). If F is a closed 
set in R, then E = F n R* is a relative closed set in R*, and conversely, every 
relative closed set E of R* can be obtain*- H as the intersection with R* of some 
closed set F of R. 

In fact, let F be a closed set of R an^ let E = F n R*. Then EcF and 
~EcF = F. Taking intersections with R* on both sides of the last relation we 
get EnB*cFn R*, i.e., E* c E, but since E c E*, it follows that E* = E, and 
hence £ is a relative closed set of R*. 

Conversely let E be a relative closed set of R*. This implies that 
E ** IS* = E n R*, i.e., E is the intersection of a closed set E and R*. 

B) Let R* be a subspace of the space R. If G is an open set of R, then 
H == G n R* is a relative open set of R*. Conversely, every relative open set 
H of R* can be obtained as the intersection with R* of some open set G of R. 

Let G be an arbitrary open set of R. Then F = R — G is a closed set. Sup- 
pose that H = G ft R* and E — F n R*. It follows readily that H = R* — E, 
but from what we have just shown (see A)), E is a relative closed set and hence 
H is a relative open set. 

If conversely, H is a relative open set, then E — R* — H is a relative closed 
set and hence E = F n R*, where F is closed in R (see A)). Then G * R — F 
is an open set and H <= G n R*. 
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C) Let B be a topological space, R* a subspace of R and 2 a b asis of R. 
If we denote by 2* the totality of all sets of the form G' n R*, where O' e 2, 
then 2* forms a basis of R*. An analogous proposition holds for a basis about 
a point. 

In fact since all the elements of 2 are open sets, it follows from what we have 
already shown (see B)) that 2* is composed of relative open sets. We ab all 
prove that every relative open set H of R* can be obtained as the sum of rela- 
tive open sets belonging to the system 2*. We have shown (see B)) that 
H = GnR*, where G is an open set. Since 2 is a basis of R, it follows that 
G can be written as the sum of some system A of open sets of 2. We denote 
by A* the totality of all sets of the form G' n R* with G' e A. Then A* c 2* 
and H is the sum of all the sets contained in A*. 

D) Let R* be a subspace of the space R. We shall associate with each point 
x e R* the point fix) = x e R. Then the mapping / is a continuous mapping 
of the space R* in the space R. 

In order to prove this, we make use of condition 1) of Theorem 5 and re- 
mark A) . If F is a subset of the space R, then the complete inverse image of 
the set F under the mapping / is F n R*. If F is closed, then the set F n R* 
is closed in R*, and hence the mapping / is continuous. 

E) Let g be a continuous mapping of the space R in the space R' ■ Suppose 
that g(R) c R* c R'. Since R* is a subset of the space R', it is also a topological 
space. It follows that g is a continuous mapping of the space R in the space R*. 

To prove this it is sufficient to remark that if FcR' then the complete in- 
verse image of the set F under the mapping g coincides with the complete in- 
verse image of F n R*, and then to apply this remark to the case when F is 
closed. 

Propositions D) and E) show that Definition 16 was given, so to speak, cor- 
rectly. For if we were faced with the problem of assigning the topology of a 
subspace, we would aim to do so in such a way that propositions D) and E) 
would hold. It is interesting to notice that from this point of view the topol- 
ogy of a subspace is determined uniquely, that is, if we insist that propositions 
D) and E) be fulfilled, we will arrive at Definition 16. 

Example 15. Let R be the totality of all real numbers. R can be treated 
as the set of all points on a line. We define in R the operation of closure as 
in Example 13 (for the case n = 1) . Let R* be the subspace of the space R 
which is composed of all numbers y such that — 1 < y < + 1. We shall show 
that R and R* are homeomorphic. Let y = (e* — e~ x )/{e* + c - *). This rela- 
tion associates every point x of the line R with some point of the interval R* . 
This correspondence is one-to-one and bicontinuous. 

Example 16. Let R be a plane with its usual topology (see Example 13). 
We denote by R* the subspace of the space R which is composed of all points 
on the unit circle, i.e., of all points (x, y), which satisfy the equation x* + y* = 1. 
By R** we denote the set of all points on the axis of abscissas whose abscissas <p 
satisfy 0 g < 2*. We obtain a one-to-one continuous mapping of the space 
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R** on the space R* by means of the relations x = cos <p 9 y = sin It is not 
difficult to verify that this mapping is continuous and one-to-one. What is 
interesting is the fact that this mapping is not bicontinuous, i.e., the inverse 
mapping of the space R* on the space R ** is not continuous. In fact the map- 
ping has a discontinuity at the point whose coordinates are (1, 0). 

x 11. Connectedness 

In this and the two following sections some additional restrictions will be 
pointed out which we shall impose at times on a general topological space. 
Connectedness is one of these restrictions which, however, does not play a very 
important rdle. 

A) A topological space R is called connected if it cannot be decomposed into 
the sum of two non-null and non-intersecting closed sets A and B . Obviously 
the same definition can be given in still another form: a topological space R is 
connected if it cannot be decomposed into the sum of two non-null and non- 
intersecting open sets A and B. 

Applying this definition to a subspace we obtain the concept of a connected 
set; namely, a set M of points of the space R is called connected when it can be 
thought of as a connected subspace (see Definition 16). 

A more useful definition of a connected set can, however, be given directly 
as follows: 

B) A subset M of a space R is called connected if it cannot be decomposed 
into the sum of two non-null and non-intersecting sets A and B which are such 
that (A ft B) n M is a null set. If M = R, then obviously this definition coin- 
cides with definition A). 

C) Let A be the totality of connected subsets of the space R (see B)) which 
have a point a in common. Then the sum M of all the sets contained in A is 
connected. 

Suppose that M is not connected. Then M can be decomposed into the 
sum of two non-null and non-interesting sets A and B which are such that 
(A n 3) ft M is a null set. Let at A, b eB, and P be an element of the system A 
which contains the point 6. Let A' = A n P, and B f = B n P. Then A ' and 
B f are two non-null and non-intersecting sets whose sum is P. Moreover, 
A' cA 9 Fc 3 (see §7, B)), and PcM. We have therefore (A r n TP) nP 
c (J n 2?) ft M y but since the right side of this relation is zero by assumption, 
the left side is also zero. In this way P appears not to be connected, which con- 
tradicts the hypothesis. 

D) Let a be a point of a topological space R . Then there exists in R a 
maximal connected subset K which contains the point a. The set AT is a maxi- 
mal set in the sense that every connected subset of the space R which contains a 
is in K. The set K is always closed and is called the component of the point a 
in the space R. 

In fact let A be the totality of connected subsets of the space R which con- 
tain the point a. The sum K of all the sets contained in A is connected by 
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virtue of remark C), and is by construction the maximal connected set which 
contains a . We shall show that the set K is closed. To do this, it is sufficient 
to show that X is connected, since in that case, K being a maximal set, we 
shall have XcX, and hence X = X (see §7, A)). Suppose X were not con- 
nected. Then X is decomposable into the sum of two non-null and non-inter- 
secting sets A and B such that A ft B n X is null. Suppose that A' = A n X, 
B' = B n K, and that a e A'. We shall then show that B' is empty. In fact, 
if B' is not empty, then K could be decomposed into the sum of two non-null 
and non-intersecting sets A ' and B ' such that 1' n B' n K is empty, since the 
last intersection is contained in A n B n X, which is empty by hypothesis. 
Hence we have arrived at a contradiction and B' is empty. But this means 
that K c A and hence the intersection JnJnlaXnJnX = XnlDXnB 
is not empty, since the set B is not empty and is contained in X. 

E) If there exists a continuous mapping g of a connected topological space R 
on some space R' y then the space R ' is connected. 

Suppose the contrary were true. Then the space R' can be decomposed into 
two non-intersecting closed non-null subsets E' and F'. The inverse images E 
and F of these subsets in R are also closed (see Theorem 5) and add up to R. 
Hence the space R is decomposed into the sum of two non-intersecting non-null 
closed sets, which contradicts the assumption that R is connected. 

12. Regularity. The Second Axiom of Countability 

In this section we shall consider rather important further restrictions, namely 
regularity and the second axiom of countability, which we shall impose at times 
upon the topological spaces to be considered. Although we shall not make use 
of the first axiom of countability, in the future, we give it here for the sake of 
completeness. 

We say that a topological space satisfies the first axiom of countability if each 
of its points admits a countable basis. 

Definition 17. A topological space R is called regular if for every neighbor- 
hood U of an arbitrary point a there exists a neighborhood F of the same point 
such that V c [/. 

The invariance of this definition follows readily (see §8, F)). Let S and S' 
be two complete systems of neighborhoods of the space R (see Defi- 
nition 13). Supposing that the system S is regular, we prove the regularity of 
the system S'. Let U' e S' be a neighborhood of the point a. Since S and 
S' are equivalent (see §8, F)), there exists a neighborhood U e S of the point a 
such that U c {/'. Since S is regular, there exists a neighborhood F e S of 
the point a such that F c [7. Furthermore, because of the equivalence of S 
and S', we can find a neighborhood F' e S' of the point a such that F' c F, 
so that we have F' c F c U c {/', i.e., S' is regular. 

In the future proofs of this type will be omitted because of their triviality. 

A) In a regular space R each pair of distinct points a and a' have neighbor- 
hoods F and F' whose closures do not intersect. 
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Let U be a .neighborhood of the point a which does not contain o' (see §8, 
D).). Since R is regular, there exists a neighborhood V of the point a such that 
y c U. The open set R - V contains o', and therefore there exists a neighbor- 
hood U' of the point a’ which is contained in R - V. Because of regularity 
there also exists a neighborhood F' of the point o' such that F' c U' ■ Obvi- 
ously V and V' do not intersect. 

Definition 18. We say that the topological space R satisfies the second 
axiom of counlability if it contains a basis having not more than a countable 
number of open sets (see Definition 13). 

B) If a topological space R is regular then each of its subspaces R* is regular, 
and if R satisfies the second axiom of countability then each of its subspaces 
satisfies the second axiom of countability (see Definition 16). 

Suppose that R satisfies the second axiom of countability. Let 2 be a count- 
able basis of the space R. The basis 2* of the subspace R* which corresponds 
to the basis 2 (see §10, C)), is also countable, and hence R* satisfies the second 
axiom of countability. Suppose that R is regular, and let U* = U n R* be a 
neighborhood of the point a in the space R*, while U is a neighborhood of this 
point in R. Since R is regular, there exists a neighborhood ^F of the poin t a in 
R such that VcU. Suppose that V* — V n It*. Then V = (F ft R*) n R* 
cf cf/, and F : c R*, hence V s c U*, i.e., the space R* is regular. 

In what follows in this section we shall consider only regular topological 
spaces which satisfy the second axiom of countability, although some of the 
propositions which we shall prove hold in a more general case. For brevity 
we introduce the following notation: 

C) A regular topological space which satisfies the second axiom of counta- 
bility will be called an S-space. 

D) In an /S-space R there exists for every point a a basis composed of open 
sets 

1) W t , ■ ■ • , W n , • • • 

which are such that 

2 ) fn+icFn, n = 1, 2, • • ■ • 

Let 2 be a countable basis of the space R. We denote by C/i, - * * , ■ 

the open sets of 2 which contain the point o, and by F „ the intersection of all 
the open sets lh, ■ ■ ■ , U n . It is easy to see that the open sets 

3) Fi, • • , F n , • 

form a basis about the point o, with F n +i c F», n = 1, 2, • • • . In fact, if G 
is any open set containing the point o, there exists a number p such that Up c G, 
but then also V,cG. We now select from the sequence 3) the sequence 1), 
i.e., Wi = F.„ i = 1,2, -, which satisfies condition 2). To do this suppose 

that Wi * F t , and that the open set,TF< is already chosen. JJecause of regular- 
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ity, there exists a number + k for which V nt +k c Letting Wi+i « F w< +*, 
the sequence 1) is determined by induction. 

We shall now introduce the concept of a convergent sequence of points. 
This concept could be introduced into an arbitrary topological space, but in all 
its generality it does not prove valuable. We shall use it only in connection 
with 5-spaces. 

E) We say that a sequence of points 

4) 0>if , Un, 

of an 5-space R converges to the point a of this space if for every neighborhood U 
of the point a there exists an integer k such that U contains all the points a n of 
the sequence 4), with n > k. In particular, all the points of sequence 4) may 
coincide with the point b, in which case a =» b. 

F) If in an 5-space R the sequence 4) converges to a, then the set N of points 
of this sequence cannot have a limit point a' a. Furthermore, the sequence 
(4) cannot converge to a point a" ^ a. 

In fact, let V and V' be two non-intersecting neighborhoods of the points a 
and a' (see A)). Since the sequence (4) converges to a, it follows that all of 
its points, except a finite number, belong to V, and hence a' cannot be a limit 
point of N. In the same way we can prove that the sequence (4) cannot con- 
verge to a". 

G) Let R be an 5-space and let M c R. The point a t R belongs to M if 
and only if M contains a sequence of points which converges to a. 

For if M contains a sequence which converges to a, then every neighborhood 
of the point a intersects M, and hence cel (see §8, C)). If conversely 
at My we construct for a the basis (1) which satisfies condition (2). Since 
every neighborhood W n of the point a intersects M (see §8, C)), there exists a 
point a n e W n which belongs to M. It is easy to see that the sequence 
«i, * * * > a ny • * • thus obtained converges to a. 

H) Let R be a topological space which satisfies the second axiom of counta- 
bility, let M be one of its subsets, and let 12 be a set of open sets whose sum con- 
tains M. Then we can select from the system 12, a countable system 12' of 
open sets whose sum also contains M . 

In short, from an arbitrary covering we can always select a countable cover- 
ing. 

Let 2 be a countable basis of the space R . Denote by 2' = { Ui f lh> • • • , 
£/„,• ••} the totality of all open sets of 2 which are such that each of them is 
contained in at least one open set of the system 12. Every open set 0 of the 
system 12 can be represented as the sum of some system 2<? of open sets of 2. 
But since each open set of the system 2<? is contained in (?, 2<?c 2'. Hence 
every open set of 12 can be represented as a sum of open sets of 2'. Because 
the system 12 covers M, the system 2 ' possesses the same property. Denote 
by G n an open set of the system 12 which contains the open set t/ n . The sys- 
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tem O' * {Gi, *••,<?*,••• } covers the set M. Hence from an arbitrary 
covering 0 we have selected a countable covering O'. 

Example 17. Let R be the topological space defined in Example 12. Since 
a complete system of neighborhoods 2 of R can be assigned in such a way that 
every open set of 2 contains only one point, the regularity is obvious. On the 
other hand, if R contains a non-countable number of points, the second axiom 
of countability is not satisfied, since every basis of the space R must contain all 
the open sets having one point each. 

Example 18. Let R be the topological space defined in Example 11. Every 
non-null open set 0 of R can be obtained by removing from R a finite set N f 
G = R — N. It follows from this directly that R satisfies the second axiom of 
countability if and only if the number of points in R does not exceed a count- 
able number, and that R is regular only if it has a finite number of points. In 
fact, let a be a point and U a neighborhood of a. Let V be another neighbor- 
hood of a. If R contains an infinite number of points, then V = R, and hence 
7 c U only when U = JR, but, of course, every point a has a neighborhood U 
distinct from R. 


13. Compactness 

We shall consider here the rather important restricting condition of compact- 
ness, which we shall impose at times on the topological spaces under considera- 
tion. It is worth noting that the condition of compactness alone is not a 
sufficient restriction, and, therefore we shall discuss primarily compact 5-spaces 
(see §12, C)). Together with compactness an important part is played by local 
compactness. 

Definition 19. A subset M of a topological space R is called compact if 
every infinite subset N cM has at least one limit point in M. A topological 
space R is called compact , if the set R is itself compact. A topological space R 
is called locally compact if each of its points has a neighborhood whose closure 
is compact. 

A) A closed subset M of a compact topological space R is compact. In par- 
ticular it follows that every compact space is at the same time locally compact. 

For, every infinite subset N c M has a limit point in R since R is compact; 
but since M is closed, this limit point belongs to M. 

B) Every compact subset AT of an 5-space is closed. 

Suppose the contrary to be true. Then there exists a point a contained in M 
but not belonging to M. By §12, G), M contains a sequence 

I) ®i, * * * > i 

which converges to a. But (1) has to contain an infinite number of distinct 
points, for in the contrary case all the points of the sequence 1), with only a 
finite number of exceptions, will have to concide with a. But a does not belong 
to Af. Hence (1) is an infinite set, and as such must have a limit point in M , 
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but its only limit point is the point a (see §12, F)). Hence a e M f which con- 
tradicts the assumption. 

Theorem 6. Let 


2) F u * • * , F n} • • • 

be a sequence of compact non-null subsets of an S-space such that F n +i c F n , 
^ == 1> 2, • • • . Then the intevsection F of all sets of the sequence 2) is non-empty 
and compact. 

Proof. If the sequence 2) is stationary beginning with a certain subscript t, 
i.e., if F n = F n+ i for every n i, then F = F t -, and F< is by assumption not 
empty. If this does not happen, then we can choose from the sequence 2) a 
subsequence 

3) 1 E u • ,£„, ••• 

such that E n + 1 ^ E nf with E n + X c E n , n = 1, 2, • • • . Let a n eE n - J? n+1 . 
All the points a n , n = 1 , 2, • • • , are distinct and therefore the set 
Af n = { a n , a n+1 , • • } is infinite. We remark that the limit points of the 

sets Mi and Mj coincide because these sets differ by only a finite number of 
points. We shall therefore designate the totality of limit points, of M { by N. 
The set N is not empty, since E { is compact. Furthermore N c E it since 
M % cEi, and E { , being compact, is closed (see B)). Hence NcF and F is 
non-empty. Being the intersection of closed sets of the sequence (2), F is 
closed, and being a subset of a compact set F h the set F is also compact (see A)). 
As a consequence of Theorem 6, we prove the following proposition. 

C) If G is an open set containing the intersection F of the sets of sequence 2) 
(see Theorem 6), then there exists a number k such that for every n §; Jfc, we 
have F n c G . 

We shall suppose that E n = F n - G , and show that E n is compact. For the 
sets R — G and F n are closed (see B)), and hence their intersection E n is closed. 
But, being a closed subset of a compact space F n> the set E n must be compact 
(see A)). We have E n+1 cE n , n = 1, 2, • • • . If all sets E { of the sequence 

4) E u • , E n , • 

with i exceeding some integer n, are zero, then the assertion C) is proved; if 
all the sets of the sequence 4) are non-empty, then the intersection E is also 
non-empty (see Theorem 6). It is easy to see that E = F — G, but since we 
have supposed that F c G, it follows that E is empty, i.e., w f e have arrived at a 
contradiction. 

Theorem 7. Let R be an S-space , M a compact subset of R and 12 a system of 
open sets whose sum contains M. We can then select from the system 12 a finite 
system of open sets whose sum contains M. In short, we can select from an arbi- 
trary covering 12 a finite covering. 
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Proof. From the covering ft we select a countable covering 

ft' - {G u ■ ■ • • • } 

(see §12, H)). Suppose that H n = Giu G 2 u •• • u G n , and F n = M — H». 
Then F« + icF n and F n is compact, n = 1, 2, • • (see B), A)). If beginning 
with a certain number k, all sets of the sequence 

5) F h • • , F n , • • • 

are empty, then H* 3 AT, and hence a finite system <?i, • • • , Gk of open sets of ft 
covers Af, i.e., the theorem is already proved. If all the sets of the sequence 5) 
are non-empty, then their intersection is also non-empty by Theorem 6. This 
means that there exists a point in Af which does not belong to any open set of 
the system ft', which contradicts the condition that ft' covers the set Af. 

Theorem 8. Let f be a continuous mapping of a compact space R on R f . 
Then R ' is also compact. If, moreover, the mapping f is one-to-one, and if R' is 
an S-space , then f is a topological mapping. 

Proof. If R' is non-compact, then there exists in R' an infinite subset N ’ 
having no limiting point in R\ We shall show that this is impossible. We 
select for every point x' of the set N ', a point x of R such that/(x) = x'. The 
totality of all points x thus obtained we denote by N . Then N is an infinite 
set and has a limit point a in R, since R is compact. We shall show that 
a' * f(a) is a limit point of the set N '. Let U' be an arbitrary neighborhood 
of the point o', and let U be a neighborhood of a for which /([/) c U'. Such a 
neighborhood exists, since f(x) is continuous (see Theorem 4). Since a is a 
limit point of the set N , there exist in U two distinct points p and q of N. The 
points /(p) and /(g) are distinct and both belong to U ', Hence at least one of 
these points is distinct from a and belongs to both U' and AT', so that a' is a 
limit point of JY', and we have arrived at a contradiction. 

Suppose now that the mapping f(x) is one-to-one, and that R' is an 5-space. 
We shall show that in this case the inverse mapping/" 1 ^') is also continuous. 
To do this, it is sufficient to show that if F is an arbitrary closed subset of R, 
then its complete inverse image F' is closed under the mapping f~ l (x') (see 
Theorem 5). Since /(x) is one-to-one, it follows that F' = f(F). But F, being 
a closed subset of a compact space, is compact. We have in this way a con- 
tinuous mapping of a compact space F on the space F', and hence, by what we 
have just shown, F ' is compact. But as such, it is closed in R' (see B) ). 

D) If 

6) Uj, • • , a H , 

is a sequence of points of a compact S- space R, then we can select from it a 
convergent sequence. 

Let iY be the set of all points of the sequence 6). If the set N is finite, then 
the sequence 6) has an infinite number of points which coincide with some 
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point a. The points of the sequence 6), which coincide with a form a subset 
quence which converges to a. Suppose now that N is infinite. Then N has a 
limit point a, and it follows from remark Q) of §12 that three exists a sequence 
of points of N which converges to a. This gives us the desired subsequence. 

For many constructions of converging sequences in mathematics the so-called 
diagonal process is often used. We shall formulate it here by means of the fol- 
lowing theorem. 

Theorem 9. Let R l , • • • , R*, • • • be a sequence of compact S-spaces , and let 
c£, n = 1, 2, • • • , i a 1, 2, • • * , be a system of points such that a\ e R *. Then it 
is possible to select an increasing sequence n(l), n( 2), • • • , n(fc), - of natural 
numbers such that for a fixed i f every sequence <4 (2) , • • , a£ (Jk) , • • • converges 
in the space R\ 

Proof. Since the space R l is compact, it follows from D) that there exists 
an increasing sequence 

7) n( 1, 1), n(l, 2), ■ • • , n( 1, fc), • • • 

of natural numbers such that the sequence aJ Cl>4) , fc = I, 2, • • * , con- 
verges in i? 1 . Since the space ft 2 is compact, we can select from the se- 
quence 7), a subsequence n( 2, 1), n( 2, 2), • • • , n( 2, fc), • • • of natural numbers 
such that the sequence of points fc = 1, 2, • • • , converges in /Z*. 

Continuing this process of selection we construct increasing sequences 
A* = \n{if 1), n(if 2), • • , n(t, fc), • • • } of natural numbers, which are such 

that the sequence of points 

8) fc = 1, 2, ■ • • , 

converges in R\ for i = 1,2, • , and the sequence A* +1 is a subsequence of the 

sequence A'. We now write n(fc) = n(fc, fc), and let A = {n(l),n(2), • • • ,n(fc)}. 
If we strike out the first i — 1 terms from the sequence A, we obtain a sequence 
which is a subsequence of the sequence A*, and since the sequence of points 8) 
converges, it follows that the sequence fc = 1, 2, * • , also converges. 
Hence we have constructed the desired increasing sequence of natural numbers. 

Example 19. Let R be a Euclidean space with its usual topology (see Ex- 
ample 13). It is easy to see that R is regular, and that it satisfies the second 
axiom of countability. But R is not compact, since there exists in it an infinite 
sequence of points having no limit point. However, every closed bounded 
subset of the space R is compact. And conversely, every compact subset of R 
is a closed bounded set. 

14. Continuous Functions 

In what follows an important rdle will be played by continuous functions de- 
fined on a topological space. It is easy to prove for these functions the usual 
propositions of analysis concerning continuous functions (see below, A) and 
B)). The main purpose of this section is to give a proof of a rather important 
and non-trivial lemma of Urysohn. 
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Definition 20. We say that a real- valued function fix) is defined on a topo- 
logical space R if to every element xeR corresponds a real number fix) . The 
function fix) is called continuous at the point a f if for every positive number e 
there exists a neighborhood U of the point a such that for every x e V we have 
1/0*0 — /(a) | < €. The function fix) is called continuous if it is continuous at 
every point x of the space R . 

This definition expresses with precision the fact that the function fix) gives 
a continuous mapping of a topological space R in the space of Teal numbers 
(see Definition 15) 

A) Let fix) be a continuous real-valued function defined on a connected 
topological space (see §11, A)). If the function fix) assumes the values a and 
6, then it assumes every intermediary value c, a < c < b. 

For if we assume the contrary to be true, it will follow that a continuous 
function fix) gives a mapping of a connected topological space R on a non- 
connected set of real numbers, which is impossible (see §11, E)). 

B) A real-valued function fix) given on a compact topological space R (see 
Definition 19) is bounded and achieves its maximum and minimum. 

We denote by R r the set of all values assumed by the function/(:r), R' = /(/?). 
The set R' y being an aggregate of real numbers, is a topological space. Since R 
is compact, it follows from Theorem 8 that R' is also compact. As a compact 
set of real numbers R' must be closed and bounded, and hence the function 
fix) is bounded. We now denote by s and t the greatest lower and least upper 
bounds of the set R\ Since R f is bounded and closed, s and t belong to R\ 
and hence the function fix) achieves its maximum and minimum. 

Propositions A) and B) make it clear what type of lemmas we shall use to 
prove some of the well known theorems of analysis concerning continuous func- 
tions. 

Urysohn’s Lemma. Let Rhea compact regular topological space satisfying the 
second axiom of countability (see Definitions 17, 18, 19) and let E and F be two 
of its non-intersecting closed subsets. Then there exists a continuous function f(x) 
defined on G such that 0 g f(x) g 1 for every x e R, f(x) = 0 for every x e E f and 
fix) = 1 for every xzF. 

The idea of the proof of this lemma depends on the following construction. 
Every binary fraction r, 0 < r < 1 is put into correspondence with an open 
set G r of the space R such that E c <3> and G r does not intersect F. Moreover, 
<? r *c(3>#, if r' < r". After such a system of open sets has been constructed, 
the construction of the function can be accomplished without difficulty. 

Proof. We show first of all that if A and B are two non-intersecting closed 
subsets of Rj then there exists an open set G such that AcG f and 5 does not 
intersect B. 

Let x be an arbitrary point of A, and R — B an open set containing x. Since 
R is regular there exists a neighborhood U x of the point x such that U x c R — B, 
i.e., (7* does not intersect B . When x assumes all the values of the set A , the 
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system of open sets U x covers A> Being a closed subset of a compact space! 
A is compact (see §13, A)). By Theorem 7 we can select from the cover- 
ing of the set A by open sets U x a finite covering U \ , £/*, * • • , £7*. The 
sum G = Ui u C /2 u jj- • u U ^contains A , and S does not intersect B since 
G = C/iU C/ 2 U • • uC/jfe, and C/» does not intersect B for any i. 

We now construct in R a finite system 2 n of open sets G f , where r is a rational 
number, written in the form q(\ 2 n , g = 1, 2, • • • , 2" - 1, and possessing the 
following properties : a) E c G rj G r does not intersect F , b) for r ' < r", 5 r , c G f ". 

We shall carry out the construction by induction on n, and 2 n+1 will be ob- 
tained by enlarging 2». 

2i contains only one open set Gj. To construct G* we let A = E and B ~ F. 
Thereby what we have just proved, there exists an open set G such that A c G, 
and G does not intersect with B. Let G* = G, then condition a) for 2 is satis- 
fied, while condition b) has as yet no meaning. 

Suppose that 2 n is already constructed, we then proceed to construct 2 n +i. 
Let r = q/2 n+1 . If q is even, let q = 2p; then r = p/2 n and we have in this case 
G r e 2 n; so that G r has already been constructed. Now let q = 2p + 1, and 
let s = p/2 n and t = (p + l)/2 n . We have to distinguish three cases: 1) 8 > 0, 
t < l^in this case G, and G t have already been constructed, and we can let 
A = G„ B = R — G ly then A and B are closed non-intersecting sets, since 
G, c G,. 2) s » 0; in this case G t exists and we let A = E, B = R - G h and A 

and B are closed non-intersecting sets since E cG t . 3) t = 1; then G , exists and 
we let A = G af B = F, and A and B are again two closed non-intersecting sets 
since S, and F do not intersect. It follows that in all three cases there exists 
an open set G such that A c G, and G does not intersect B. Let G r = G; in 
this way the system of open sets 2 n+1 is constructed. 

We now show that in the system 2 n4l thus constructed condition a) is satis- 
fied. In case 1) we have E c G, c G r , G r c G t c R — F, and hence Ec G r and 5 r 
does not intersect F. In case 2) E c G r and G r c G t c R — F, and hence F c G r 
and G r does not intersect F. Finally in case 3) E c G« c G r , while 5 r c F — F, 
and hence E c G r and G r does not intersect F. Hence condition a) is satisfied. 

We now pass to condition b). Let r' < r", where r' = g'/2 n+1 and 
r" = g"/2 n+1 . If g' and g" are both even, then G r > and G r " belong to 2 n , 
and hence by the hypothesis of the induction 7} r c G r ". Let g' = 2p ; , 
g" = 2p" + 1, and let s = p"/2 n . Then r' ^ s and we have S f 'cS, cG r ", 
i.e., Gr f c G r t> , If g' = 2p' + 1, and g" = 2p", we let t = (p' + l)/2\ 
Then ^ ^ r" and we have S r 'CG<cG r ", i.e., S r /cG f ". If g' = 2p' + 1, 
g" ==^2p" + 1, we let s = p"/2 n . Then r' < s and we have cG 9 cG, ' f 
i.e., G r ' c Gr"'. Hence condition b) is also fulfilled. 

Let now 2' be the totality of all open sets which belong to all the systems 2*, 
n = 1, 2, •. • • . We enlarge 2' by the open set Gi = R } and denote this en- 
larged system by 2". Then 2" contains all the open sets G r where r is an 
arbitrary binary fraction not exceeding unity. Also EcG r and S f does not 
intersect F, with the single exception when r = 1 ; moreover S f ' c G r " for r' < r". 
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Let x be an arbitrary point of R. We denote by f(x) the lower bound of 
all values of r for which x e G>. The function f(x) thus obtained satisfies the 
conditions of the lemma. In fact, if x e E, then x e G r for every r, and since the 
lower bound of all possible values of r is zero, f(x) =0. If xeF, then x z G f 
only when r = 1, and hence f(x) = 1. Moreover, since r takes on only posi- 
tive values not exceeding unity, it is true for all values of x that 0 f(x) ^ 1. 
We shall now prove the continuity of f(x) for an arbitrary point x = a in R. 
Let « be an arbitrary positive number. Let us first suppose that /(a) = 0. 
Let r be a positive binary fraction less than e. Then a e G r . We denote 
by U a neighborhood of a such that U c G r . Then for any x e U we have 
f(x) g r £ c since x e G ry but since f(x) ^ 0, \f(x) — /(a)| < t. Let /(a) > 0 
and let r, $, and t be three positive binary fractions not exceeding unity, and such 
that /(a) — e < r < s < f(a) ^ t < /(a) + Obviously a does not belong 
to G» f and since r < s, a does not belong to S r , but a e G % . Hence a belongs 
to the open set G t — 5 r . We denote by U a neighborhood of the point a 
such that U cG t — S r . For every x e U we have r g /(x) g t and hence 
j/(x) — /(a) | < e. It follows that the function f(x) is continuous. 

We remark that in the construction of fix) the compactness of R was used 
only in the first point of the proof. 

Example 20. We give here by way of an example a brief exposition of a theo- 
rem of Urysohn having to do with metrizability. 

In connection with Example 14, the question naturally arises under what 
conditions a space R is metrizable. It turns out that a compact topological 
space R is metrizable if and only if it is regular and satisfies the second axiom 
of countability. We shall sketch here the proof of only the following proposi- 
tion: 

A compact regular topological space R satisfying the second axiom of counta- 
bility is metrizable. 

Let 2 be a countable basis of the space R. We denote by (£/„, F„), 
n — 1, 2, • • • , the totality of all pairs of_open sets of the system 2 such 
that I In and F n do not intersect. Let E = I7n and F = "Kn and denote by / n (x) 
the continuous function constructed in Urysohn's lemma for the sets E and F . 
We associate with every point x e R the sequence of numbers x n = (1 /ri)f n (x), 
n ** 1, 2, • • • . We also associate with every point x e R the point g(x) 
« {xi f • • - , x n , • • • } of Hilbert space (see Example 14). The mapping g 
of the space R on Hilbert space turns out to be continuous and one-to-one. 
Hence by Theorem 8 the space R is homeomorphically mapped on a subspace R r 
of the Hilbert space, and hence R is homeomorphic with a metric space R\ 

15. Topological Products 

Some analogies between the* theory of topological spaces and the theory of 
groups have been pointed out before. This analogy is most pronounced in the 
concept of topological product, which appears to be an exact repetition of the 
concept of direct product. 
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Definition 21 . Let R and S be two topological spaces. From them -we con* 
struct a new topological space T called the topological product of the spaces R 
and 8 , T — R - S. By a point of the space T we understand any pair of points 
(x, y) where xzR and y e S. The topology of T can be given by means of the 
definition of a topological space based on neighborhoods. Let McR and 
N cS. We define as the product of the sets M and N the set P = M-N com* 
posed of all pairs ( x , y) where xzM and y e N; then M -N cRS. If now 2 
is a basis of R and 2' a basis of S, we define the basis 2" of the space T as the 
totality of all sets of the form W = U-V, where U e 2, and V e 2'. 

The topological space T is given by means of the defining system of neighbor- 
hoods 2" (see §8, E)). We now have to show that the conditions of Theo- 
rem 3 hold for the system 2". 

Let (x, y) and (x' t y') be two distinct points of T. Then either x 9* x' or 
y 5* y'. Suppose that x ^ x', and let U be a neighborhood of the point x not 
containing x', and 7 be an arbitrary neighborhood of y. The product U-V 
gives a neighborhood of the point (x, y) not containing (x\ y'). Hence con- 
dition a) of Theorem 3 is satisfied. 

Let U - V and U' V' be two neighborhoods of the point (x, y) in the space T. 
We denote by U" a neighborhood of the point x such that U" c U n U' t and 
by V " a neighborhood of y such that V" c V n V' . Then the neighborhood 
U" V" of the point (x, y) satisfies the relation U" V" c U- V n U'- V' and 
hence condition b) of Theorem 3 is also satisfied. 

It is not hard to see that the definition of topological product given here is 
a topological invariant, i.e., if we replace the systems 2 and 2' by equivalent 
systems, 2” will also be replaced by an equivalent system (see §8, F)). 

A) If G is an open set of the space R and H an open set of the space S, then 
the product G H is an open set of the space T. 

For, let (x, y) be a point of G-H, so that xeG,yeH, and there exist neigh- 
borhoods U and V of the points x and y such that UcG, and V c Ii. But then 
U - V is a neighborhood of the point (x, y) belonging to G H and hence G H 
is an open set (see §8, G)). 

B) If E and F are two closed sets of the spaces R and S, then the product 
E-F is a closed set in T. 

Let G = R - E and H - S — F. It can readily be seen that E-F — R -8 
— (G-Su R-H). But G-S and R-H, being products of open sets, are them- 
selves open sets and hence E-F is closed in R-S. 

C) If the second axiom of countability holds in R and S it also holds in T. 
This follows directly from the construction of a basis for T. 

D) If R and S are regular, then their product T is also regular. 

Let (x, y) be a point in T and let U V be one of its neighborhoods in the sys- 
tem 2 ". Since R and S are regular, there exist neighborhoods U'jxidV' of the 
points x and y such that U' cl/, V' cV. Then U'-V'cU -V cU-V. 
Since U f,r V r is the product of two closed sets, it is also closed and hence 
Wv'c U'V', and TFV'cU V. 
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E) If R and S are compact regular topological spaces satisfying the second 
axiom of countability then their product T is compact. 

Let M be an infinite set of T. We shall prove that M has a limit point in T. 
Without loss of generality we may suppose that M is countable, for if M were 
non-countable, we could prove the existence of a limit point for some countable 
subset of M. Let us number all the points of M, M = {c 3 , c 2 , • • • , c», * • • } 
and let us suppose that c n = (a n , b n ). Since R is compact, regular, and 
satisfies the second axiom of countability, we can select from the sequence 
ax, • • • , a„, • • * a convergent subsequence a nv • • • , a nt , • • • (see §13, D)), 
converging to the point a. Since S is compact, regular, and satisfies the second 
axiom of countability, we can select from the sequence b nv • • • , b n% , • • • a con- 
vergent subsequence. Let this subsequence converge to the point 6. Then it 
follows readily that the point c = (a, b) is a limit point for the set M . 

F) If R and S are locally compact, regular, and satisfy the second axiom of 
countability, then their product T is also locally compact. 

Let c = (a, b) be a point of T. Since R and S are locally compact, there 
exist neighborhoods U and V of the points a and b such that JJ and "V are com- 
pact. It follows from what we have already proved that U • V is compact and 
closed, hence UV c UV, and therefore UV ) being a closed subset of a com- 
pact space U- V , must be compact. Hence the product U V is a neighborhood 
of the point c whose closure is compact, and therefore T is locally compact. 

We note that we can determine without difficulty the product of an arbitrary 
finite number of topological spaces. 

The concept of a topological product is useful for the discussion of functions 
of many variables. 

G) Let R and S be two topological spaces. We say that /(x, y) is a real- 
valued function of two variables x z R and y z S, if to every pair x e R and y e S 
corresponds a real number f(x, y). The function f(x, y) is called continuous 
for x = a and y = b if for every positive e there exist neighborhoods U and V 
of the points a and 6 such that for x s U and y e V we have \f(x, y) — f(a, b) | 
< €. The function /(x, y) is called continuous if it is countinuous for every pair 
of values x — ae R, y = b eS. 

We now denote by T the topological product of R and S . The function 
/(x, y) of two variables xzR and y zS can be treated as a function f{z) of a 
single variable z = (x, y) z T y f(z) = /(x, y). Conversely the function f{z) of 
a single variable z = (x, y) z T can be treated as a function /(x, y) of two varia- 
bles xzR and y z S, /(x, y) = f(z). Thus a continuous function /(x, y) corre- 
sponds to a continuous function /(s) and conversely a continuous function /(z) 
corresponds to a continuous function /(x, y). 

If the spaces R and S coincide, we arrive at the concept of a function of two 
variables belonging to the same space. 

In this way, making use of the topological product, we reduce the concept of 
continuity for a function of many variables to the concept of continuity of a 
funotion of one variable. 
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Example 21. We shall discuss here the concept of a topological product of a 
system of compact, regular, topological spaces, satisfying the second axiom of 
countability. 

Let Ri, ■ • • , f£„, • • • , be a countable sequence of compact regular topologi- 
cal spaces satisfying the second axiom of countability. Let us define their 
topological product. We take for a point x of the product T any countable 
sequence x = {x h • • • , x„, • • • }, where x K e R n , n = 1, 2, • • • . We define 
an arbitrary neighborhood U in T from a finite system of neighborhoods 
Ui, ■ ■ ■ , Uk, where f7,c72„ t = 1, •••,&, by saying that x e U if Xi t'JJi, 
x = 1, • • * , A?. 

It is not hard to show that the conditions of Theorem 3 are satisfied for the 
system of neighborhoods of the space T which we have defined here. 

We can also show easily that the product T thus defined is regular and satis- 
fies the second axiom of countability. The proof of compactness of the space 
T can be carried out by means of the diagonal process (see Theorem 9). 

Example 22. The topological product of two Euclidean spaces R m and 72" 
of dimensions m and n is homeomorphic with the Euclidean space of dimen- 
sionality m + n. 

The coordinate method itself is a concrete application of the concept of a 
topological product. A plane can be regarded as the product of two straight 
lines, a three-space as the product of three straight lines, and so on. 



CHAPTER III 
TOPOLOGICAL GROUPS 

Frpm the point of view of logic, the concept of topological group is a simple 
combination of the concepts of abstract group and topological space. The 
operations of group multiplication and of topological closure can be assigned 
simultaneously in the same set G . These operations are, however, not inde- 
pendent, but are connected by the condition of continuity : the group operations 
operating in G must be continuous in the topological space G. Because of such 
a definition the concept of a topological group is not at all specific in the first 
stages of its development. Thfe fundamental relations holding for abstract 
groups and topological spaces are more or less bodily carried over into topologi- 
cal groups. In this way we have here the subgroup, the normal subgroup, the 
factor group, etc. A few particular situations arise, but they are comparatively 
superficial. This chapter is devoted to the exposition of these rather general, 
and non-specific properties of topological groups. A deeper study of topologi- 
cal groups will be made later. 

Historically, the concept of a topological group arose in connection with the 
consideration of groups of continuous transformations. If some continuous 
manifold, such as a Euclidean space, for instance, is subjected to a group of con- 
tinuous transformations, then some limiting relations arise naturally in the 
group itself, and it is transformed into a topological group. In this way, origi- 
nally, a topological group was treated as a group of continuous transformations. 
Further developments in this field have shown, however, that the most inter- 
esting of the properties studied are not connected with the fact that the group 
under consideration is a group of continuous transformations, but depend only 
on the limiting relations taking place in the group itself. This is why it is 
useful to give first the theory of topological groups without treating them as 
groups of transformations, and only later to point out, by way of application, 
the connection with continuous transformations. 

16 . The Concept of a Topological Group 

We shall give here the definition of a topological group and indicate its sim- 
plest properties. 

Definition 22. A set G of elements is called a topological group if 

1) G is an abstract group (see Definition 1), 

2) G is a topological space (see Definition 11), 

3) the group operations in G are continuous in the topological space G. In 
greater detail this condition can be formulated as follows (see Definition 13, 
and §2, A)): 

a) If a and b are two elements of the set G, then for every neighborhood W 
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of the element ab there exist neighborhoods U and V of the elements a and b 
such that UV c W. 

b) If a is an element of the set G, then for every neighborhood V of the ele- 
ment a*" 1 there exists a neighborhood U of the element a such that l/"" 1 c V . 

It is not hard to show that conditions a) and b) can be replaced by the single 
condition: 

c) If a and b are two elements of the set G, then for every neighborhood W 
of the element ab~ l there exist neighborhoods U and V of the elements a and b 
such that UV - 1 c W. 

The topological invariance of this definition, i.e., the independence of condi- 
tion 3) of the choice of the defining system of neighborhoods can readily be 
shown (see §8, F)). 

We shall now determine some rather elementary properties of topological 
groups. 

A) Let a h • • , a» be a finite system of elements of a topological group 0 , 

let a r i • • • cfy = c be a product of powers of the a* s, where the powers may be 
positive or negative, and let W be an arbitrary neighborhood of the element c. 
Then there exist neighborhoods b\, • • , U n of the elements <n, • • • , a n such 

that U\ l • • • U r n n c W, where U \ is taken equal to U, if a, = a„ the same being 
true for a greater number of equal elements. 

This assertion can be proved by a successive application of condition 3) of 
Definition 22 together with condition b) of remark D) of §8. 

B) Suppose that f(x) — xa, f'(x) = ax, <p(x) — x~ l , where a is a fixed ele- 
ment of the group G , and x a variable element of this group. Then each of the 
functions f(x), f'(x) and <p(x) is a topological mapping of the space G into itself 
(see Definition 14). 

We shall prove this only iorf(x) . First, f(x) is one-to-one. In fact for every 
element y f there exists one and only one element x f such that y f = x'a. Fur- 
thermore, the mapping f(x) is continuous. For if y f — x'a and W is some 
neighborhood of y' , then by condition 3) of Definition 22 there exist neighbor- 
hoods U and V of the elements x' and a such that UV c W ; but a e V , so that 
Ua c W, i.e., f(U) c W , which proves the continuity of the mapping f(x) (see 
Theorem 4). The continuity of the inverse mapping f~ 1 (y) = ya~ l can be 
proved in the same way. 

C) Let F be a closed set, U an open set, P an arbitrary set, and a some ele- 
ment of the group G. Then Fa, aF , F~ l are all closed sets, while UP , PU, I/~ l 
are open sets (see §2, A)). 

This assertion follows from B). For the mapping f{x) = xa is a topological 
mapping and therefore a closed set F goes into a closed set /(F) = Fa . In the 
same way it can be shown that the set Ua is an open set, but then UP is a sum 
of open sets and, therefore, also an open set. 

D) A topological group G is homogeneous. This means that for any two 
elements p and q of the group G there exists a topological transformation f{x) 
of the space G into itself which transforms p into q. 
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To prove this it is sufficient to let a = p~ l q, for then the topological trans- 
formation f(x) defined in B) satisfies the condition /(p) = q. 

E) From the homogeneity of a topological group G it follows that it is suffi- 
cient to state and verify its local properties for a single element only. For 
instance, in order to make sure that the space G is locally compact it is suffi- 
cient to show that its identity e admits a neighborhood U whose closure is com- 
pact. Regularity may be verified in the same way. Moreover, if the identity 
e admits a neighborhood containing e alone, then every element of G has a 
neighborhood consisting of a single element. 

F) The topological space G of a topological group G is regular (see Definition 
17). 

By remark E) the regularity of the space G can be established by considering 
the neighborhoods of the identity e. Let U be a neighborhood of e. Since 
ee~~ l = e f it follows from A) that there exists a neighborhood V of the identity 
such that VV" 1 c U . We shall show that V c U. Let p be a point of F. 
Then every neighborhood of the point p intersects F (see §8, C)). It follows 
from C) that pV is a neighborhood of p and hence there exists in F a point b 
such that pb = a e V, but then p = ab- 1 e VV~ l c [/, and this means that 
Vc U. 

G) Let G be a topological group satisfying the second axiom of countability, 
and let P and Q be two of its compact subsets; then the product PQ is compact 
(see Definitions 18 and 19, and also §2, A)). 

Let Ci, * • * , c n , • • • be an infinite sequence of elements of the set PQ. Every 
element c n can be written in the form c n = a n b n) a n e P,b n e Q . Since G satis- 
fies the second axiom of countability and is regular by F), it follows that from 
the sequence a h * • • , a n , • • a subsequence a nv • • • , a n% , • • • can be se- 
lected which converges to some element a e P (see §13, D)). The sequence 
b*„ * * * } b niJ • • • has a limit point b in Q. It follows readily that the sequence 
c»„ * • • t c n% , • • • has the limit point ab. This can be proved using condition 
3) of Definition 22. 

17. Systems of Neighborhoods of the Identity 

It follows from the considerations of the previous section that condition 3) 
of Definition 22 establishes a very close connection between algebraic and topo- 
logical operations in a topological group G . Because of this it follows, in par- 
ticular, that if the algebra of G is given then in order to define the topology of G 
it is not necessary to give a basis of the whole space G (see Definition 13), but 
it is sufficient to assign a complete system of neighborhoods of the identity 
(see §8, BO). The simplest illustration of this fact is afforded by the so-called 
discrete groups. 

A) A topological group G is called discrete if it contains no limit elements, 
i.e., if each of its elements has a neighborhood containing only a single point. 
It follows from remark E) of §16 that a topological group G is discrete if and 
only if its identity is an isolated element of the group. 
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It is easy to see that a topology can be introduced into any abstract group Q 
whatsoever in such a way that 0 becomes a discrete group. It follows there- 
fore that the theory of discrete groups coincides with the theory of abstract 
groups. 

The question of how the topology of a group G may be determined by a com- 
plete system of neighborhoods of the identity, and how, in general, a topology 
may be introduced into an abstract group is answered by remark C) and Theo- 
rem 10. Before taking up these propositions, however, we introduce an im- 
portant topological notion. 

B) A subset M of a topological space R is called everywhere dense in R if the 
closure M of the set M coincides with R, M = R. It is clear that M is every- 
where dense in R if and only if every open set of R intersects M . 

C) Let G be a topological group, 2 * a complete system of neighborhoods of 
its identity e , and M a set everywhere dense in G. Then the totality 2 of all 
sets of the form Ux where U e 2*, x e M , forms a complete system of neighbor- 
hoods of the space G, while the system 2* satisfies the following conditions: 

a) The only element common to all the sets of the system 2* is e. 

b) The intersection of any two sets of the system 2* contains a third set of 
the system 2*. 

c) For every set U of the system 2* there exists a set V of the same system 
such that VV~ X c U. 

d) For every set U of the system 2* and element a e U there exists a set V 
of the system 2* such that VacU. 

e) If U is a set of the system 2* and a an arbitrary element of the group G, 
then there exists a set V of the system 2* such that ar l Va c U. 

We shall first prove proposition C) . It follows from remark C) of §16 that the 
sets of the system 2 are open sets of the space G. We shall show that the sys- 
tem 2 forms a basis of the space G. Let W be an arbitrary open set of the 
space G and let aeW. Then Wa - 1 is an open set containing the identity, and 
hence by §16, A), there exists a neighborhood U of the identity e (U e 2*) such 
that UU- 1 c Wa~ l . Since the set M is everywhere dense in G, it follows that 
aM~ l is also everywhere dense in G, and hence there exists an element d which 
belongs to both U and aM~\ We note that then d~'aeM. But then 
Ud~ l a e 2. On the other hand, since UU c War 1 , and since deU, we have 
ZJd~ l c War 1 , and this means that Ud~ l a c W . Furthermore, since d e U, it 
follows that e e Udr\ and hence a £ Ud~'a. In this way the completeness of 
the system 2 is established (see §8, B)). 

As to the five conditions a), • • • , e), conditions a) and b) are fulfilled in any 
topological space (see §8, D)), while conditions c), d), and e) follow from re- 
mark A) of §16. 

Theorem 10. Let G be an abstract group f and 2* a system of subsets of G which 
satisfies the five conditions of remark C) . Then a topology can be introduced into 
the group G uniquely in such a way that the group operations in G are continuous 
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in this topology, and the system 2* may be taken as a complete system of neighbor- 
hoods of the identity. In other words, the abstract group G admits one and only 
one topologization under which the system 2* is a complete system of neighborhoods 
of the identity. 

Proof. If the group G can be topologized in such a way that 2* is a com- 
plete system of neighborhoods of the identity, then by remark C) a complete 
system of neighborhoods of a topological space G can be composed of all sets 
of the form Ux, where U e 2* and x e G. We denote by 2 the totality of all 
sets of this form, and show first that 2 satisfies the conditions of Theorem 3, 
and second that the group operations in G are continuous in the topology thus 
obtained. 

Let a and b be two distinct elements of the group G. Since the intersection 
of all sets of the system 2* contains only e, there exists a U e 2* such that ba~ l 
does not belong to U; but then Ua does not contain b. Hence condition a) 
of Theorem 3 is satisfied. 

To prove that condition b) is satisfied we note first of all that if b e Ua, where 
U e 2*, then there exists a V e 2* such that Vb c Ua. In fact ba~ l t U, and 
by condition d) there exists a V e 2* such that Vba ~ 1 c U, but then Vb c Ua. 

Let now Ua and Vb be two neighborhoods of the point c, i.e., c e Ua, and 
c e Vb, U e 2*, and V e 2*. From what we have just remarked there exist 
U' e 2* and V' e 2* such that U'c c Ua and V'c c Vb. Since by condition b) 
there exists a W e 2* which is contained in the intersection of U' and V', it 
follows that Wc c Ua, and Wc c Vb. But Wc is a neighborhood of c and hence 
the condition b) of theorem 3 is also fulfilled. 

We shall show now that the operations of the group G are continuous in the 
topology thus obtained. 

Let c = ab~ l and W'c' be a neighborhood of the point c. By what has al- 
ready been shown there exists a W e 2* such that Wc c W'c'. By condition c) 
there exists a U t 2* such that UU~ l c W. Furthermore, by condition e) there 
exists a V s 2* such that ab~ l Vba~ l c U. But then air'F -1 c U~ l ab~ l and 
hence 


Ua(Vb)~ l = Uab-'V- 1 c UU~'ab~' c Wab- 1 = WccW'c'. 

Hence condition 3) of Definition 22 is fulfilled. 

Therefore, the abstract group G with the topology introduced by the system 
of neighborhoods 2 is a topological group. 

We shall now show that 2* is a basis about the point e (see §8, B)). Let W 
be an arbitrary open set of the space G containing e. Since 2 is a basis of the 
space G, there exists a neighborhood Ua e 2 of the point e such that Ua c W 
(see §8, B)). From e e Ua it follows that a~ l c U, and hence by condition d) 
there exists a 7 e 2* such that Va~ l c U, i.e., V c Ua c W, and since e t V, this 
implies that 2* is a basis about the point e. 

We now show that if a topology T is given in a group G under which the 
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system 2* can be taken as a complete system of neighborhoods of the identity* 
then this topology T coincides with the topology constructed by means of the 
system 2. To prove this, it is sufficient to show that the system 2 can be 
taken as a complete system of neighborhoods in the topology 5P. 

By assumption X* is a complete system of neighborhoods in the topology T, 
and hence all the sets of the system X * are open sets in the topology T. Then 
all the sets of the system X are also open sets (see §16, C)) .Let now W be 
an open set in the topology T which contains a. Then Wcr 1 contains e and 
is (by §16, remark C)) also an open set. Since X * is a complete system of 
neighborhoods of the identity, there exists in X * an open set U such that 
U c War 1 , but then Ua c W. Hence the system X gives a complete system 
of neighborhoods in the topology T (see §8, B)). 

Example 23. Let G be the additive group of whole numbers. We introduce 
into G a series of different topologies. 

Let p be a prime number. We denote by U k the set of all whole numbers 
which are divisible by p k . We take for a complete system of neighborhoods 
of zero the totality 2* of all sets [/*,& = 1, 2, • • • . 

It can easily be verified that all the conditions imposed by Theorem 10 on 
the system 2* are satisfied. Let us verify only c). If a e U k and be U k) then 
a — b eU k . In this way condition c) holds here in a particularly simple man- 
ner. 

It is clear that the topologies obtained by the above method for two distinct 
prime numbers p and p ' are distinct. In fact the sequence p, p 2 , • • • , p k , * • • 
converges to zero under the first topology, but does not converge to zero under 
the second. 

Example 24. The set of vectors of the r-dimensional Euclidean space forms 
an additive group. In Example 13 we introduced a topology into the space of 
these vectors. It can easily be verified that the operation of addition of vec- 
tors is continuous in the topology thus defined. We therefore obtain the topo- 
logical group of vectors of r-dimensional Euclidean space, or the r-dimensional 
vector group. 

Example 25. Let G be the set of all square matrices of order n with determi- 
nants different from zero. In example 2 we define a multiplication in G. Let 
us now introduce a topology into G as follows: we denote by the set of all 
matrices of G whose elements do not exceed l/k in absolute value, and by U k 
the set of all matrices of G of the form a + e, where e is the unit matrix, and 
a e $*. By 2* we denote the totality of all sets U k , k = 1, 2, * • . It is not 
hard to show that the system 2* satisfies all the conditions of Theorem 10, and 
therefore the set G is topologised. 

18. Subgroup. Normal Subgroup. Factor Group 

In this section we extend to topological groups the results obtained for ab- 
stract groups in section 2. 

Definition 23. Let G be a topological group. A set H of elements of G 
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is called a subgroup of the topological group G if a) H is a subgroup of the abstract 
group G (see Definition 2), b) H is a closed subset of the topological space G 
(see Definition 12). A subgroup N of a topological group G is called a normal 
subgroup of G if N is a normal subgroup of the abstract group G (see Defini- 
tion 3). 

Thus, the fact that G is not merely an abstract group but is further a topolog- 
ical group imposes on H and N only the one additional condition of topological 
closure. 

A) Let H be a subset, not necessarily closed, of a topological group G , and 
let H be a subgroup of the abstract group (?. Then H is a topological group 
because of the topology which arises in H as a subspace of the space G (see 
Definition 16). In particular a subgroup H of a topological group G is itself a 
topological group. 

To prove this it is sufficient to show that the group operations in H are con- 
tinuous in the topological space H, Let a and b be two elements of the set H 
and let ab~ l = c. Every neighborhood W' of the element c in the space H 
can be obtained as the intersection with H of some neighborhood W of the 
element c in the space G, W' = H n W (see §10, B)). Since G is a topological 
group, there exist neighborhoods U and F of the elements a and b such that 
UV~ l cW. Now U' = H n [/ and V' = H n V are relative neighborhoods 
of the elements a and b in the space H. We have [/'F' _1 cTF, and also 
U'V'-'cH; hence [/'F ,_1 c W', i.e., condition 3) of Definition 22 is satisfied 
for the group H . 

B) Let G be a topological group and H one of its subgroups. If G is compact 
or locally compact, then H is respectively compact or locally compact (see 
Definition 19). 

If G is compact, then H, as a closed subset of G, is also compact (see §13, A)). 
If G is locally compact and if aeH, then there exists a neighborhood U of the 
element a in G such that its closure U is compact. The intersection 
H n [/=[/' is a relative neighborhood of the element a in the space H . 
Since H is closed in (?, it follows that U f c H , and hence [/'* = U f n H = [/'. 
Furthermore, (?' c {/, and therefore W is compact, as a closed subset of a com- 
pact set. Hence H is locally compact. 

In §2 we established the concept of cosets of a general subgroup H in the 
group (?. In the case of abstract groups the set of all cosets of a subgroup H 
presented nothing of interest from our point of view. If, on the other hand, 
we are concerned with a topological group, then the totality of cosets forms 
hel'e in a natural way a topological space which plays an important role. 

Definition 24. Let G be a topological group and H one of its subgroups. 
We denote by G/H the totality of all right cosets of the subgroup H in the group 
G (see §2, D)). We introduce a topology into the set G/H as follows. Let S 
be a complete system of neighborhoods of the space G (see Definition 13) and 
let t/eS. Denote by U* the set of all cosets of the form Hx , where x e [7. 
For the system 2* of neighborhoods of the space G/H we take the totality of all 
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sets of the form U*, where U is an arbitrary element of 2. The topological 
space G / H thus obtained we shall call the space of right cosets of the subgroup H 
in the group G. Analogously we define the space of left cosets and use the 
symbol G/H for it also. In the cases where there is no danger of ambiguity 
we shall make no distinction between the spaces of left and right cosets. 

It is easy to show that the definition of topology in the space G/H given 
here is invariant, i.e., it does not depend on the choice of the system 2 (see §8, 

F)). 

We shall now show that the system 2* satisfies the conditions of Theorem 3. 

Let A and B be two distinct cosets and let at A, Since B = Hb is a closed 
set (see §16, C)) and a does not belong to B , there exists a neighborhood U of 
the element a which does not intersect B. Then the set U* of all the cosets of 
the form Hx y where xzU y forms a neighborhood of the coset A which does 
not contain B. Hence condition a) of Theorem 3 is fulfilled. 

Let now U* and 7* be two neighborhoods of a coset A y and let at A. U* is 
the set of all cosets of the form Hx y where x e U y U c 2, while 7* is composed 
of all cosets of the form Hy y where y eV y V c 2. HU and H V are open sets 
in G containing a (see §16, C)) . Hence there exists a neighborhood W of the 
element a which is contained in both open sets HU and HV. We denote by 
W* the set of all cosets of the form Hz y where z e W. It follows readily that W* 
is a neighborhood of the coset A which is contained in the intersection U* fi 7*. 
Hence condition b) of Theorem 3 is also satisfied. 

C) The mapping/ of a topological space R into a topological space R' will be 
called open if every open set U of the space R goes over into an open set under 
the mapping/, i.e.,/(C7) is an open set. The mapping / is open if and only if for 
every point a e R and every neighborhood 7 of a there exists a neighborhood 
7' of the point /(a) — a' such that 7' c/(7). 

For, if the mapping /is open, then the existence of the desired neighborhood 
7' is obvious, since /(7) is an open set containing the point a r . Suppose now 
that the assumption that 7' exists is satisfied for every point a and every 
neighborhood 7 of a. Let U be an open set of the space R, We shall show 
that f(U) is an open set. Let o' e/(l7). Then o' = /(a), where a e U . Let 
us denote by 7 a neighborhood of the point a which is contained in U ) such a 
neighborhood exists, since U is an open set. Then, by assumption, there exists 
a neighborhood 7' of the point o' such that 7'c/(7). Since 7 c 17, 
f(V) cf(U) and hence 7'c/([7), and f(U) is an open set (see §8, G)). 

Theorem 11. Let G be a topological group , H one of its subgroups and G/H 
the space of cosets (see Definition 24). We associate with every element x of the 
space G the element X = f(x) of the space G/H which is the coset containing the 
element x. The mapping f of the topological space G on the space G/H is a con- 
tinuous open mapping. 

This mapping will be called the natural mapping of the space G on the space 
G/H. 
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Proof. Let us suppose for the sake of definiteness that G/H is the space of 
right cosets. Let o e <?, and A « Ha } so that f(a) = A. Further let U* be 
some neighborhood of the element A of the space G/H . U* is composed of all 
cosets of the form Hx f where x e U 9 and U is a neighborhood of a in the space G . 
HU is an open set in G containing the element a (see §16, C)). Hence there 
exists a neighborhood F of the element a which is contained in HU. It follows 
readily that /(F) c C7*. Hence the mapping / is continuous (see Theorem 4). 

Let at G y and A - Ha =* /(a). Denote by U some neighborhood of the 
element a. The set of all cosets of the form Hx f where x e U 9 forms a neighbor- 
hood U* of the element A . We have/(C7) = U* 9 and hence U* c/(U). Hence 
the mapping / is open (see C)). 

The most important case arises when H is a normal subgroup. In this case 
we have the following definition : 

Definition 25. Let G be a topological group and N a normal subgroup G. 
The set G/N of cosets is an abstract group by Definition 4, and at the same 
time the set G/N is a topological space by Definition 24. It will be shown that 
the group operations in G/N are continuous in the topological space G/N. 
Hence G/N is a topological group. It is called the factor group of the topologi- 
cal group G by the normal subgroup N. 

We first prove the continuity of the group operations in G/N . 

Let A and B be two elements of G/N 9 C = AB~ l 9 and IF* a neighborhood 
of the element C. IF* is composed of all the cosets of the form Nz, where 
z t W, and IF is a neighborhood in G. Since C t IF*, there exists an element 
ctW such that C = Nc. Let b be an arbitrary element of B and a = cb; then 
at A. Since the group operations in G are continuous, there exist neighbor- 
hoods U and F of the elements a and b such that UV~ l c IF. Let us denote 
by U* the neighborhood of the element A which is composed of all cosets of 
the fotm Nx f where x tU 9 and by F* the neighborhood of the element B com- 
posed of all cosets of the form Ny } where y tV. We have then 

Nx(Ny ■)-« • Nxy~ l N~ l = NN~ l xy- 1 = Nxy~ l t IF.* 

Hence U*V*~* c IF*, i.e., condition 3) of Definition 22 is satisfied and the group 
operations are continuous in G/N. 

D) Let G be a topological group and G/N one of its factor groups. If G 
satisfies the second axiom of countability, so does G/N (see Definition 18). 

The proof of this proposition follows from Definitions 24 and 25. 

E) If a topological group G is compact or locally compact, then each of its 
factor groups G/N is corresppndingly compact or locally compact. 

In case G is compact the statement follows from Theorems 8 and 11. Sup- 
pose now that G is locally compact. Then there exists a neighborhood U of 
the identity e such that its closure U is compact. Let / be the natural mapping 
of the space G on the space G/N ( see Theorem 11). Since/is an open mapping 
(see 0)), it follows that f(U) = U * is an open set in G/N. Since/is continuous 
f(tJ) is compact (see Theorem 8). Furthermore N e U* 9 and because of the 
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regularity of G/N (see §16, F)) there exists a neighborhood V* of the element N 
such that V * c 17* c/( f/). Since V * is a closed subset of the compact set /(l/)i 
it is also compact. Hence by remark E) of §16 the space G/N is locally com- 
pact. 

F) Let G be a topological group satisfying the second axiom of countability. 
If a normal subgroup N and the corresponding factor group G/N * (7* are 
both compact, then G itself is compact. 

Let «i, • • * , a n , • • • be a sequence of elements of the group (?. We shall 
show that we can select from it a convergent subsequence. We denote by / 
the natural mapping of the group G on the group G* (see Theorem 11), and 
let a* = f(a n ). Since the group G* is compact, we can select from the se- 
quence a* f • • • , a*, • • • a subsequence which converges to some element a*. 
In order not to change notation we shall suppose simply that the sequence 
af , • * * i a *f * • • itself converges to a*. 

We now denote by Ui, • • • , U n , • * • some decreasing sequence of neighbor- 
hoods of the identity e in G which forms a basis about e. Taking U* = /(U»), 
it follows that the sequence U* } • • • , £/*, - is also decreasing, and forms a 

complete system of neighborhoods of the identity e* in the group (?*. Replac- 
ing the sequence a u • • • , a n , • • • by one of its subsequences, we can arrive 
at the relation a*a*~ l e U*, n = 1, 2, ■ • • . We shall denote an inverse image 
of the point a* in the group G by a', and an inverse image of the point aja*- 1 
in the neighborhood U n by b„. We also set a n = 6 n a'. Then the sequence 
a u •••,«»,*•• converges to a', and f(a n ) = /(a„), n = 1, 2, • • • . 

Let us now suppose that c n = UnUn” 1 . Then the sequence Cj, • • • , c„, • • • 
belongs to N, and therefore we can select from it a converging subsequence. 
In order not to change notation we shall again suppose that the sequence 
a h • • • , a„, • • • has been replaced by a subsequence for which Ci, • • * , c nf • • • 
converges. Since the sequences a lf ■ • • , a nf • • • and C\, • • • , c„, • • • con- 
verge, it follows that the sequence 

/ / 

CL\ = C\Q l, * * ’ , 0>n — C n (Z n , 

also converges. Hence by replacing the sequence oi, • • , a n , • • • by its sub- 

sequences several times we finally arrive at a convergent sequence, and hence 
we have established the compactness of the group G. 

G) Every topological group G has two trivial normal subgroups. These are 
the subgroup ‘{c} consisting only of the identity, and the whole group G . In 
contradistinction to the terminology established for the theory of abstract 
groups (see §2, G)), the topological group G is called simple only if each of its 
normal subgroups is either discrete or coincides with G (see §17, A)). In 
general, discrete normal subgroups play a special part in the theory of topo- 
logical groups. 

We conclude with one more remark. 

H) Let G be a topological group, and H a subgroup or a normal subgroup of 
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the abstract group G. Then 77 is respectively a subgroup or a normal sub- 
group of the topological group G. 

Suppose that a e 77, and b e T3. We then prove that ab _1 e 77. Let W be a 
neighborhood of the element air 1 . Then there exist neighborhoods U and V 
of the elements a and b such that UV~ l c W. Since a z 77 and b £ 77 there exist 
elements x and y of H such that x e U and y e V; but then xy~ l e H, and at the 
same time xy~ l e W. Hence an arbitrary neighborhood W of the element ab~ l 
intersects H, and ab“‘ e 77. Accordingly H is a subgroup of the abstract 
group G. But since 77 is closed in the space G, it follows that 77 is a subgroup 

of the topological group G. _ 

Now let H be a normal subgroup of the abstract group G, and let a e H, and 
ceG. Let V be an arbitrary neighborhood of the element c~'ac. Then there 
exists a neighborhood U of the element a such that c -1 (7cc V. Since a~z 77, 
there exists an element x in H belonging to U. Furthermore c _1 xc e H and 
c~ l xc z V, i.e., an arbitrary neighborhood V of the element c~ l ac intersects H 
and therefore c~ l ac z 77. Hence 77 is a normal subgroup of the topological 

group G. . 

Example 26. Let G be the additive group of all real numbers. This set G 
of all real numbers forms a topological space. It is not hard to verify that we 
have here a topological group. 

Let us make clear what subgroups the group G admits. Let H be a subgroup 
of the group G. If H contains elements different from zero, then it contains a 
positive number d. If d can be chosen arbitrarily small then its multiples 
will fill out G arbitrarily densely, and since H is closed, we shall have G = H. 
Hence if H ^ G, then there exists in H a least positive number h. It is not 
hard to show that in this case H consists of all- multiples of h, and hence H is a 
discrete subgroup of the group G. Therefore, G is a simple topological group 
(although it is not a simple abstract group). 

A typical example of a discrete subgroup N of the group G is the set of all 
whole numbers. The factor group G/N is homeomorphic with the circle. It 
is easy to see that G/N is also a simple group. 

Example 27. Let G be the r-dimensional vector group (see Example 24). 
We select in G a coordinate system and denote by N the set of all elements with 
integral coordinates. It can be. seen readily that N is a discrete normal sub- 
group of the group G, and that the factor group G/N is compact. 


19. Isomorphism. Automorphism. Homomorphism 

In this section we generalize to topological groups the concepts and relations 
which have been established for abstract groups in section 3. 

From the point of view of our theory two topological groups are the same if 
they possess .the same topological and algebraic structures. In greater detail 
this thought is expressed in the following definition. 

Definition 26. A mapping / of a topological group G on a topological 
group Q' is called isomorphic if 
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1) / is an isomorphic mapping of the abstract group 0 on the abstract 
group G' (see Definition 5), 

2) / is a homeomorphic mapping of the topological space G on the topological 
space G 9 (see Definition 14). 

Two topological groups are called isomorphic if there exists an isomorphic map- 
ping of one group on the other. 

We shall show below by examples that two topological groups may be iso- 
morphic as abstract groups, but not isomorphic as topological groups. 

A) An isomorphic mapping of a topological group G into itself is called an* 
automorphism of the group G. As in section 3, the set of all automorphisms 
of a topological group G forms an abstract group. We shall not discuss here 
the question of introducing a topology into the group of automorphisms of a 
topological group. 

Definition 27. A mapping g of a topological group G into a topological 
group G * is called homomorphic if * 

1) g is a homomorphic mapping of the abstract group G into the abstract 
group G * (see Definition 6), 

2) g is a continuous mapping of the topological space G into the topological 
space G* (see Definition 15). 

A homomorphic mapping g of a topological group G into a topological group G* 
is called open if g is an open mapping of the topological space G into the topo- 
logical space G* (see §18, C)). 

The distinction between open and non-open homomorphisms is quite essen- 
tial in the theory of topological groups. It is the open homomorphism which 
gives a natural generalization of the concept of homomorphism in the theory 
of abstract groups. 

B) Let G and G* be two topological groups, and let g be a homomorphic 
mapping of the abstract group G into the abstract group G *. In order that the 
mapping g should be continuous or open it is sufficient that it should be such 
at the identity e of the group G , i.e., it is sufficient in order that g be continuous 
that 

a) for every neighborhood U* of the identity e* of the group G* there exist 
a neighborhood U of the identity e such that g(U ) c l/*; 

and in order that g be open that 

b) for every neighborhood V of the identity e there exist a neighborhood V* 
of the identity e * such that g(V) d V *. 

Suppose that condition a) is fulfilled. Let a e G t g{a) = a* and let U* be an 
arbitrary neighborhood of the element a*. Then U *a*~ 1 is a neighborhood of 
the unit e*, and hence from condition a) there exists a neighborhood U ' of the 
identity e such that g{U f ) c U*a*~K Since U = U’a is a neighborhood of the 
element a we have g(U) « g(U’)g(a) c U*a*~ l a* - U*. Hence the mapping g 
is continuous. Analogously, it follows from condition b) that the mapping g 
is open. 

C) Let G be a topological group, N one of its normal subgroups and G/N 
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the corresponding factor group. Let us associate with every element x e 0 
that coset X of the normal subgroup N which contains x, xzX, g(x) = X. 
Then the mapping g of the topological group G on the topological group G/N 
is an open homomorphic mapping. We shall call this mapping the natural 
homomorphic mapping of the group G on the group G/N. 

We have shown in §3 that g is a homomorphic mapping of the abstract 
group G on the abstract group G/N (see §3, C)). In §18 it was shown that g 
is an open continuous mapping of the topological space G on the topological 
space G/N (see Theorem 11). It follows, therefore, from Definition 27 that g 
is an open homomorphic mapping of the topological group G on the topological 
group G/N. 

A proposition inverse to C) may be stated in the following theorem. 

Theorem 12. Let G and G* be two topological groups , let g be an open homo- 
morphic mapping of the group G on the group G* and let N be the kernel of the 
homomorphism g. Then N is a normal subgroup of the group G } and the topologi- 
cal group G * is isomorphic with the group G/N . The isomorphism established 
here between the groups G* and G/N coincides with the isomorphism of Theorem 1. 

We shall call it the natural isomorphism. 

Proof. By Theorem 1, AT is a normal subgroup of the abstract group G. 
Furthermore, since N is a complete inverse image of the element e* under the 
continuous mapping g, it follows from Theorem 5 that N is a closed subset of 
the topological space G. Hence N is a normal subgroup of the topological 
group G . 

Let be an element of the group G *, and X the totality of all the elements 
of G which go into x* under the mapping g. It was shown in Theorem 1 that X 
is a coset of N in the group G . Let us suppose that f(x*) = X . As was shown 
in Theorem 1, / is an isomorphic mapping of the abstract group G* on the ab- 
stract group G/N . We shall show that / is a homeomorphic mapping of the 
space G * on the space G/N. To do this it is sufficient to show that the mapping 
/is bicontinuous, since the fact that the mapping is one-to-one follows from the 
isomorphism for abstract groups. 

Let a* c(?*, and /(a*) = A. Let us denote by U* a neighborhood of the 
element A in the space G/N . By Definition 24, U* is composed of all cosets 
of the form Nx, where xzU t and U is some fixed neighborhood in the space G . 
Let a be an element of U such that A = Na . Since the mapping g is open and 
g(a) * a*, there exists a neighborhood V* of the element a* such that 
g(U) 3 V*. It follows from this that f(V*) c U*. For let x * z V *. Then 
there exists an element xzU such that g(x) = x*. Hence f(x*) « Nx z U*, 
and the mapping /is continuous. 

Let us now denote by/” 1 the mapping inverse to/. Let A = Na z G/N and 
/~ l (A) » a*. Also let l/* be a neighborhood of the element a*. Since the 
mapping g is continuous and g(a) ~ a*, it follows that there exists a neighbor- 
hood V of the element a such that g(V) c V *. We denote by V* the neighbor- 
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hood of the element A which is composed of all cosets of the form Nx , where 
x eV* Since g(V) c U* 9 it follows that c U*. Hence the mapping/- 4 

is continuous. 

We see thus that the mapping / is isomorphic for abstract groups, and bi- 
continuous for topological spaces. Therefore, / is an isomorphic mapping of 
the topological group G* on the topological group G/N. 

It is worth noting that if the mapping g were not open, it would have been 
possible to prove only the continuity of but not the continuity of/. 

If we restrict ourselves, however, to the consideration of locally compact 
groups satisfying the second axiom of countability, then for such groups every 
homomorphism will be open. 

Theorem 13. If G and G * are two locally compact topological groups satisfying 
the second axiom of countability , then every homomorphic mapping g of the group 
G on the group G* is open . 

Proof. Let W be an open set of the space G. We shall show that g(W) con- 
tains an open set. 

Since the topological space G is locally compact and regular (see §16, F)), 
there exists an open set V such that its closure F is compact and F c W. The 
set of all the open sets of the form Vx covers the whole space G, and since the 
space G satisfies the second axiom of countability it follows that from this 
covering we can select a countable covering (see §12, H)) . Hence there exists 
a countable sequence of points a n , n = 1, 2, • • • , such that the system of open 
sets Va n , n = 1, 2, • • • , covers the space G. Suppose that g(Va n ) = F„. 
Since T r a n is compact, F n is also compact (see Theorem 8). Since G* is regular 
and satisfies the second axiom of countability, F n is closed (see §13, B)). The 
system of sets F n , n = 1 , 2, • • , covers the space G*. 

We now show that among the sets F n there exists at least one containing an 
open set. Let us suppose the contrary to be true. Let F* be an open set of G* 
such that its closure F* is compact. Since Fi does not contain an open set, 
there exists a point &i e F* not belonging to Fi. There exists further a neigh- 
borhood V\ of the point hi such that Fi e F*, and Fi does not intersect F\. 
In the open set Fi we can also find a point &2 not belonging to F«, and a neigh- 
borhood Vi such that Fa^: V\ and Fa does not intersect Fa. Continuing this 
process we construct a sequence of open sets F„, n = 1, 2, • • • , such that 
F«+i c F n , F n is compact and does not intersect F n . By Theorem 6 the inter- 
section of all the sets F«, n = 1, 2, • • • , is not empty, i.e., there exists a point b 
not belonging to any of the sets F* . This is however impossible, since the sys- 
tem F n , n = 1, 2, • • • , covers the space G^. Hence one of the sets F n , say F*, 
contains an open set, but then the set g(V) = Fkg(al l ) also contains an open 
set (see §16, C)). Since F c W, g(W) contains an open set. 

Let U be a neighborhood of the identity e e G. Then there exists a neigh- 
borhood W of the identity such that WW~ l c U (see §16, A)). From what we 
have just proved g(W} contains an open set W*. Let g s W* and let p be a 
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point of W such that g(p) = q. Then Wp~ l is a neighborhood of the point e 
which is contained in U. For since p e W, Wp “ 1 c WW~ l c U. Also W*<r l 
is a neighborhood of the identity e* e G*. Since g(W) d W* y it follows that 
g(Wp~ l ) o W*q~ l } and therefore, g(U) o W*q~ l . Hence the mapping g is open 
(see R)). 

D) We note that if an open homomorphic mapping g of a topological group 
G on a topological group G* has a kernel containing only the identity, then this 
mapping is isomorphic. 

In fact, under these conditions the homomorphism g is one-to-one and coin- 
cides with the natural isomorphism of the groups G/N and G*, as constructed 
in Theorem 12. 

E) Let G and G* be two topological groups, and let / be an open homomor- 
phic mapping of the group G on the group G* with the kernel N '. Then there 
exists a one-to-one correspondence between the subgroups of the group G* and 
the subgroups of the group G which contain N r . This correspondence can be 
established as follows : if N* is a subgroup of the group G*, then the correspond- 
ing subgroup N of the group G is determined as the complete inverse image 
N = / - 1 (iV*) of the group N* under the mapping/. If N is a subgroup of the 
group G containing JV', then the corresponding subgroup N* is determined as 
the image N* = f(N) of the group N under the mapping/. The two relations 
thus established are inverses of each other. Moreover, the normal subgroups 
correspond to each other, and if N and N* are two corresponding normal sub- 
groups then the factor groups G/N and G*/N* are isomorphic. 

We shall first discuss the mapping of N* on N. 

The set N , being a complete inverse image of the set N* y is closed and con- 
tains N\ Moreover N is a subgroup of the abstract group G (see §3, G)), and 
therefore iV is a subgroup of the topological group G as well. If N* is a normal 
subgroup of the group G* y we denote by g the natural homomorphic mapping of 
the group G* on the group G*/N* = G**. Then h(x) = g(f(x)) is an open 
homomorphic mapping of the group G on the group G** with kernel N. It 
therefore follows from Theorem 12 that N is a normal subgroup of the group G, 
and that the factor groups G/N and G*/N* are isomorphic with each other. 

We now consider the mapping of N on iV*, where N* = f(N) y and N dN'. 
We shall first show that the complete inverse image of the set N* in the group 
G f under the mapping / coincides with N . In fact if /(a) e N* y there exists an 
element b e N such that /(a) = f(b). Then f(ab~ l ) = e* y i.e., ab -1 e N' c N y or 
a e Nb = N. It follows from this that f(G — N) == G* — N* y and since the 
mapping / is open and G — N is an open set G* — N* is also an open set, i.e., 
N* is closed in G*. The fact that N* is a subgroup or a normal subgroup of the 
abstract group G* can be proved directly (see §3, F)). 

Example 28. Let G be the additive group of real numbers with the discrete 
topology, and G* the additive group of real numbers with its natural topology. 
We shall associate with every real number xeG the sariie real number x* t G* t 
and write g{<&) = x*. It is obvious that the mapping g is a homomorphic 
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mapping of the group G on the group G*. Algebraically g is even isomorphic, 
but g is not an open mapping, and therefore not isomorphic for the topological 
groups G and G*. For, every element x of the group G forms an open set, but 
this is not true for the corresponding element x*. Theorem 13 does not hold 
in this case because the group G does not satisfy the second axiom of counta- 
bility. 

Example 29. Let G be a plane given in cartesian coordinates. Its points, 
or equivalently, its vectors, form an additive topological group. Let H be a 
straight line in the plane G passing through the origin and having the slope a. 
It is obvious that H is a subgroup of the topological group G . Let us denote 
by N the totality of all points in the plane G with integral coordinates. Then N 
is also a subgroup of the group G. Let G* = G/N , and let us denote by g the 
natural homomorphic mapping of the group G on the group G* (see C)). Un- 
der this homomorphism g the subgroup H goes into a subgroup H* of the ab- 
stract group G* (see §3, F)). However, H* may not be a closed subset of the 
topological space G*. It is easy to verify that H* is a closed set if a is a rational 
number; as a matter of fact H* is a closed curve in G* in this case. If a is irra- 
tional, H * forms a set everywhere dense in G*. 

In order to give a complete proof of this fact we need a result to be stated 
later in Example 51. It is easy to see that if a is irrational, there exists a num- 
ber p such that P and aP are linearly independent, i.e. , the relation pp + qaP = r, 
where p, q f and r are integers implies p = q = r = 0. Let us now denote by a 
an element of G with coordinates p and ap , and by A a subgroup having a for 
a generator. Then AcH ; moreover, it follows from the result stated in Ex- 
ample 51 that g(A) is everywhere dense in G*. Hence H* is also everywhere 
dense in G*. 

We see, therefore, that if a is irrational, H* need not be closed. Hence H* 
is not a subgroup of the topological group G*, but is nevertheless a topological 
group (see §18, A)). The mapping g of the topological group H on the topo- 
logical group H* is homomorphic, but this homomorphism is not open. Alge- 
braically the mapping g of the group H on the group H* is even isomorphic. 
It can be readily checked that although H* satisfies the second axiom of counta- 
bility, (see §12, B)) it is not locally compact. This explains why Theorem 13 
does not hold here. The abstract groups H and H* are isomorphic, but the 
topological groups H and H* are not isomorphic. They are not even homeo- 
morphic, since only one of them is locally compact. 

20. The Intersection and Product of Subgroups. Direct Product 

In this section we generalize to topological groups the concepts and results 
which were established for abstract groups in §5. 

A) Let G be a topological group and M a set of its subgroups. Let us denote 
by D the intersection of all subgroups belonging to M . Then D is a subgroup 
of the group G. If all the subgroups of M are normal subgroups of G, then D 
is also a normal subgroup of G. 
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In §5 we showed that D is a subgroup or a normal subgroup of the abstract 
group G (see §5, A)). It was shown in §7 that the intersection of an arbitrary 
number of closed subsets of a topological space is a closed subset of that space 
(see §7, E)). Hence D is respectively a subgroup or a normal subgroup of the 
topological group G. 

B) Let A be a set of elements of the topological group G. Then there exists 
a unique minimal subgroup of the group G containing A. In the same way 
there exists a unique minimal normal subgroup of the group G which contains 
the set A. 

Let us denote by M the set of all subgroups of the group G which contain A. 
The intersection D of all the subgroups belonging to M is a subgroup of the 
topological group G, by A). Obviously D is the minimal subgroup contain- 
ing A. Similarly we can demonstrate the existence of the minimal normal sub- 
group of the group G containing A. 

C) If H is a subgroup and N a normal subgroup of a topological group G 
then the intersection H n N = D is a normal subgroup of the topological group 
H (see §18, A)). 

We have shown in §5, that D is a normal subgroup of the abstract group H 
(see §5, C)). At the same time D is a closed subset of the space G and, there- 
fore, also of the space H (see §10, A)). Hence D is a normal subgroup of the 
topological group H. 

D) Let H be a subgroup and N a normal subgroup of the topological group 
G. Suppose that the product HN is a closed subset of the topological space G. 
Then HN = NH is a subgroup of the topological group G. If, moreover, H is a 
normal subgroup of the topological group G, then HN is also a normal sub- 
group. Obviously, the condition of closure of the set HN is always satisfied 
by a compact topological group G satisfying the second axiom of countability. 
We note that if G satisfies the second axiom of countability than the compact- 
ness of one of the groups H or N is sufficient for the closure of HN. 

We have shown in §5 that HN is a subgroup or a normal subgroup of the 
group G respectively (see §5, D)). Since we impose on HN the condition of 
closure it becomes a subgroup or a normal subgroup of the topological group G. 
We shall show now that if G satisfies the second axiom of countability, and if 
one of the groups H or N, say H, is compact, then the set HN is closed. Let 
ci, • • • , c„, • • • be a sequence of elements of HN which converges to c. We 
have c* = a n b„, where a* e H, b n e N, n = 1, 2, • • • . Since H is compact, we 
can select from the sequence oi, • • • , o», • • • a subsequence o B „ •••,<*„<••• 
which converges to an element a e H. We conclude from the convergence 
of the sequences c«„ • • • , c n „ • • • and o»„ • • • , a n „ ■ ■ • that the sequence 
b,,,, • • • , b»„ • • • converges to the element a~ l e, which belongs to N, since N 
is dosed. Hence c = o(a -1 c) e HN and the closure of the set HN is estab- 
lished. 

E) If JVi, • • • , Ni, are normal subgroups of a topological group G, and if the 
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product P — N\ ■ ■ ■ Nk is closed in 0, then P is a normal subgroup of the topo- 
logical group G. 

It was shown in §5 that P is a normal subgroup of the abstract group G (see 
§5, E)); since moreover, P is closed in G, proposition E) is proved. 

Theorem 14. Let H be a subgroup and N a normal subgroup of a locally com- 
pact topological group G satisfying the second axiom of countability. Suppose 
that the product HN = P is a closed subset of the topological space G, and denote 
by D the intersection H n N. Then the factor group H/D is isomorphic with the 
factor group P/N (see C), D)). 

Proof. In proving Theorem 2 we have shown that every element X of the 
group H/D is contained in a definite element X' of the group P/N. Let 
f(X) = X'. If X = Dx, where x e H, then X' = Nx. As was shown in 
Theorem 2, the mapping/ of the, abstract group H/D on the abstract group 
P/N is isomorphic. We shall show that / is at the same time a bicontinuous 
mapping of the space H/D on the space P/N. 

Let 17'* be a neighborhood of the element A' in the space P/N. By Defini- 
tion 24, U'* is composed of all cosets of the form Nx, where x e U' , and 17' is a 
definite neighborhood in the space P. The product NU' is an open set in P 
which contains A'. Therefore the intersection H n (NU') — U is an open set 
in H (see §10, B)), containing A = f~ l (A'), since A c A'. We denote by 17* 
the neighborhood of the element A composed of all cosets of the form Dx, where 
x e U. It is obvious that if X e 17*, then f(X) e l/'*. Hence the mapping / 
is continuous. 

In this way the mapping / is algebraically isomorphic and topologically con- 
tinuous, and therefore / is a homomorphic mapping- of the topological group 
H/D on the topological group P/N. It follows from Theorem 13 that / is an 
open mapping, and hence (see §19, D)) / is isomorphic. We can apply Theo- 
rem 13 here because the groups P and H are lopally compact and satisfy the 
second axiom of countability (see §18, B) ; and §12, B)) and therefore the 
groups P/N and H/D are also locally compact and satisfy the second axiom 
of countability (see §18 ; E) and D)). 

It is worth noting that Theorem 14 does not hold for general topological 
groups, as will be shown by an example. 

Definition 28. Let K and N be two normal subgroups of the topological 
group/?. We say that G is decomposed into the direct product of its subgroups K 
and N if KN = G and K n N = {«}; 

Definition 28'. Let K and N be two topological groups.. We denote by <? 
the set of all pairs of elements (x, y) where x e K, y tN. Then G, being the 
direct product of the abstract groups H and K, is an abstract group (see Defini- 
tion 10'). Similarly G is a topological space, being the topological product of 
the spaces K and N (see Definition 21). The topological group G thus con- 
structed is called the direct product of the topological groups K and N. 
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This definition can be extended in an obvious manner to any finite number of 
topological groups. ' 

We shall show that Definition 28' actually defines a topological group. To 
do this it is sufficient to show that the group operations of the abstract group G 
are continuous in the topological space G. Let o = ( a a") and b= ( b ', b") 
be two elements of G. Let c = oh -1 = (o'A' -1 , a"b"~ l ) = (c', c") and let us 
denote by W a neighborhood of the element c in the space G. By Definition 
21 , W is composed of all pairs of the form (z', 2 "), where z' e W' , and z" e W", 
and W' is a neighborhood of the element c' in the space K, while W" is a 
neighborhood of the element c" in the space N, c' e W , c" e W" . Because 
the group operations are continuous in the groups K and N, there exist neigh- 
borhoods U', V', U", V" of the elements o', b', a", b" such that U'V'~ l c W', 
U"V"~ 1 c W". Let us denote by U the set of all pairs (x', x") such that 
x' e U', x" e U", and by V the set of all pairs (y 1 , y") such that y' e V', 
y" e V". Obviously U and V are neighborhoods of the elements a and b such 
that t/F -1 c W. Hence G is actually a topological group. 

Propositions F) and H) of §5 can be automatically extended to topological 
groups. 

In order to establish the equivalence of Definition 28 and 28', there remains 
to be proved the following proposition, which is, by the way, not true for gen- 
eral topological groups. 

F) Let G be a locally compact topological group satisfying the second axiom 
of countability. Suppose that G is decomposed into the direct product of K 
and N, and denote by K' a topological group isomorphic with K, and by N' 
a topological group isomorphic with N. If G' is the direct product of the 
groups K’ and N', then the topological groups G and (?' are isomorphic. 

Let / be an isomorphic mapping of the topological group K' on the topo- 
logical group K, and g an isomorphic mapping of N' on N. To every ele- 
ment (x, y) £ G’ corresponds an element h((x, y)) = f(x)g(y) of the group G. 
It was shown in §5 that h is an isomorphic mapping of the abstract group G ' 
on the abstract group G (see §5, G)). We shall show that h is a continuous 
mapping of the space G' on the space G. 

Let W be a neighborhood of the element c = abtG, where a e K, b e N. 
There exist neighborhoods U * and V* of the elements a and b in the space G 
such that JJ*V* c W. Suppose U = K c\ U* , V = N n V*. Then U and V 
are neighborhoods of the elements a and b in the spaces K and N (see §10, C)). 
Let us further suppose that o' = b' = g-'ib). Then there exist neigh- 

borhoods V and V' of the elements o' and b' such that J(U') c U, flf(F') c V. 
We denote by W' the neighborhood of the element (o', b’) composed of all 
pairs (x, y) where it!/' and y e V'. Obviously h{W') c W, and hence the 
mapping h is continuous. 

Since the mapping A is algebraically isomorphic and topologically continu- 
ous, it follows from Theorem 13 that it is open, and therefore by remark D) of 
§19, A is an isomorphism. Theorem 13 is applicable because the groups K and 
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N are locally compact and satisfy the second axiom of countability (see §18, B) 
and §12, B)), and therefore the group G ' is also locally compact and satisfies 
the second axiom of countability (see §15, F), and C)). We recall in passing 
that the space of a topological group is always regular (see §16, F)). 

G) Let G be a locally compact topological group satisfying the second axiom 
of countability. If G is decomposed into the direct product of its subgroups K 
and N then K is isomorphic with the factor group G/N. 

This proposition follows from Theorem 14. 

Example 30. Let G be a plane given in cartesian coordinates. Its points 
form an additive topological group. We denote by N a straight line of slope a, 
and by H the set of all points having integral coordinates. H and N are nor- 
mal subgroups of G. We further denote by P the product HN y i.e., the set of all 
elements of the form h + n, where h e H> n e N. P is closed in G if a is a ra- 
tional number; for an irrational a, however, P is neither closed nor locally com- 
pact. 

Let us discuss the case of irrational a. P is a topological group although 
it is not a subgroup of the topological group G (see §18, A)). The intersection 
D = H n N contains zero only. It is obvious, however, that the groups H/D 
and P/N are not isomorphic, as the first is discrete, while the second is not 
discrete. We note further that the group P decomposes into the direct sum of 
its subgroups H and N , but the propositions F) and G) do not hold here. 

21. Infinite Direct Product 

In the theory of topological groups a special part is played by the infinite 
direct product, whose construction differs from the corresponding construction 
in the theory of abstract groups because of the possibility of passing to the 
limit. 

Definition 29. Let G be a compact topological group satisfying the second 
axiom of countability, and M a countable set of normal subgroups of the group 
G f M = [Gi, • • • , G n , • • • }. We say that the group G decomposes into the 
direct product of the set M of its subgroups if the following conditions are fulfilled: 

1) The minimal normal subgroup of the group G (see §20, B)) which con- 
tains all the subgroups of the set M coincides with G. 

2) If we denote by H n the minimal normal subgroup of the group G which 

contains all the subgroups of the set M with the exception of G n> then the inter- 
section of all the groups H n , n = 1, 2, • • , contains only the identity e of the 

group G . 

A) The group G can be decomposed into the product of two of its subgroups 
G n and H n (see Definition 28 and 29). 

The product G n H n is compact (see §15, E)) and hence is closed in G (see 
§13, B)). Hence G n H n is a normal subgroup of the group G (see §20, D)). 
Also GnH n contains the subgroups of the set M and hence by condition 1) 
GnHn = G. We denote by G , n the intersection of all ‘the groups H kf 
k = 1, 2, • • * , with the exception of the group tf n . Obviously G n cGf n . It 
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follows from condition 2) of Definition 29 that the intersection Gf n n H n = {e} . 
Hence the intersection <?« n H n = { e } , and G decomposes into the direct prod- 
uct of Gn, and H n . 

B) For i & j every element of the group (?, commutes with every element of 
the group G> Let X\, * • • , x nf • • • be a sequence of elements of the group G 
such that Xi e Gi, i = I, 2, • • • . Then the infinite product Zi • * • a? n • • • con- 
verges, and every element of the group G is uniquely represented in the form 
of a product. 

Since GiC.Hu the commutativity of the elements of the groups G t and G, 
follows from A) (see §5, F)). 

We suppose that y m = X\ • • • x m , and show that the sequence y m , 
m » 1, 2, • • • , converges. Since the intersection of all the sets H n con- 
tains only the identity, there exists for every neighborhood V of the identity 
a number t which is such that i/iO • • • nH t cV (see §13, C)). It follows 
from this that for p > t and q > t we have y q y~ 1 c V . Since G is compact, 
the sequence y m , m = 1 , 2, • • • , has at least one limit point x. Suppose that 
there is another limit point x' of the same sequence. Denote by U and U' 
neighborhoods of x and x f whose closures do not intersect (see §12, A)). Then 
is a compact set not containing the identity, and therefore there exists 
a neighborhood V of the identity such that V does not intersect Since 

x and x' are limit points of the sequence y m , m = 1, 2, * * , there exist number 

p > t and q > t such that y p e JJ, y q e [/'; but then y q y~ 1 is not contained in V 
contrary to what has been shown above. Hence x = x\ 

We note that the infinite product X\ • • • x n • • • in which x k = e belongs to 

#*. 

Let x now be an arbitrary element of the group G. Since G decomposes into 
the direct product of the subgroups G n and H n , it follows that x = x n z n) where 
x H e G n) Zn e H n (see §5, F)). We form the infinite product Xi • • • x n • • • = x f 
and show that x = x f . Wehave^'a: -1 = x x • • • x n • • • x^ 1 ?" 1 c H n . Since the 
number n is arbitrary x'x~ l belongs to the intersection of all the H n , and there- 
fore by condition 2) of Definition 29, ar'ar 1 = e. 

Let us now suppose that the same element x is represented in two ways as an 
infinite product of the type under consideration. We should then have 

X = Xi * • • Xn • • * x'l * * * X f n * * * 

from which it would follow that 

,-i , , -i-i i 

X n X l ' ’ ' X n • ' ' XnX l * ’ ' Xn * ’ * — X n Xn> 

But the left side of this last equation belongs to H nf while the right side be- 
longs to G n , hence x~ 1 x n = e, i.e., x n = x n for every n. 

Definition 29'. Let M be a countable set of compact topological groups 
satisfying the second axiom of countability, M ~ { Gi, • • • , G n , • * • } . We 
construct from t|ie groups of the set M a new topological group G which is 
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also compact and satisfies the second axiom of countability, and which we shall 
call the direct product of the groups belonging to the set M. The elements of 
the set 0 will be all the sequences x — {xi, • • • , x n , • • • }, where x n e<?*, 
n » 1, 2, • • • . The product of two elements x, y of the group G, where 
V = {vu • * * > y*> * • * }> is given by the formula 

xy = \xxy u • ■ • , x n y n , • • • }. 

The neighborhoods in the space G are defined as follows: let Ui, • • • , U r be a 
set of neighborhoods in the spaces Q u • • , G>. Then the neighborhood XJ 
of the space G is composed of all the elements x = {x l9 • • • , x n , • • • } such 
that Xi e Ui } i = 1, 2, • •• , r. The totality of all sets of the type U gives a 
complete system of neighborhoods of the space G . 

It is not hard to see that the group G thus obtained does not depend on the 
way in which the groups of the set M are numbered. 

The identity of the group G is e = {ei, • }, where e, is the identity of 

the group Or,, i = 1, 2, • • • . The inverse of the element x = {xi, • • • , x n , • • • } 
is the element x -1 = fx - * 1 , • • • , x“ 1 > * * * }• It follows readily that all the 
group axioms are satisfied in the set G. 

We shall show that the complete system of neighborhoods given in Definition 
29' satisfies the conditions of Theorem 3. Let x and y be two distinct elements 
of the group G . Since x 5 * y there exists a number k such that x k ^ y k . Let 
C/i be a neighborhood of the element x k not containing the element y k . We de- 
fine the neighborhood U of the element x by letting U% ~ Gi, • • • , U k - 1 = Gk~i, 
U k = J7 # k . Obviously U does not contain the element 

Let U and V be two neighborhoods of the element x . Let U be determined 
by the system of neighborhoods Ui, • • • , U r , and V by the system of neighbor- 
hoods V Xf • ■ , F,. If r < s, we suppose that I7 r +i = Gr+i, * * * > U a = G § > 
There exists a neighborhood Wi of the element x* which is contained in the 
intersection Ui n Vi, i = 1, • • • , s. Then the neighborhood W of the element 
x defined by the sequence of neighborhoods W\, • • , W 9 obviously possesses 
the property W c U n V. 

The condition of continuity of the group operations in G can be verified easily 
as was done in §20 for the direct product of two topological groups. 

The fact that the second axiom of countability is satisfied in G follows from 
the construction of the complete system of neighborhoods in G, since we obtain 
only a countable system of neighborhoods. 

We shall now show that the space G is compact. Letx*= {xu, ■ * *>£«*> * * • }> 
fc = 1, 2, • * • , be a sequence of elements of the space G . We make use of the 
diagonal process to select from this sequence a converging subsequence. By 
Theorem 9 there exists an increasing sequence fc(l), • • • , k(i) of natural num- 
bers such that the sequence x n *(*), t = 1, 2 ; • • • , of elements of the group G n 
converges in G n to the element y n - It is readily seen that the element 
y « \y x , • • • , y n , * • • } is a limit element for the sequence xuu), i * 1, 2, • • * 9 
in the group G . For if U is a neighborhood of the element y defined by the sys- 
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tem of neighborhoods Ui, • • • , U n then beginning with some number j (i.e., 
for i > j) we have x Pk a) e U n , n * 1, • • • , r, i.e., #*«) e U for i > j . We have 
in this way selected a convergent subsequence from an arbitrary sequence, and 
hence (7 is compact. 

G) Let M be a countable set of compact topological groups satisfying the 
second axiom of countability, M = { ft, • • • , G n} • • • } , and 0 the direct prod- 
uct of the groups belonging to M (see Definition 29')* We denote by G k the 
set of all elements x = [xi, • • • , x n , • • * } such that x x = e t - for t 5* fc, where 
is the identity of the group Then every set G k is a normal subgroup of the 
group G f and G is decomposed into the direct product of the subgroups G kf 
* - 1 , 2 , • • • . 

Let x = { 0:1, * • • , x nf • • • } be an arbitrary element of the group G. Let- 
ting y m = {x h • • • , z m , e m+ i, e m+2 , • • • } , it is easy to see that the sequence y m> 
m * 1, 2, • • • , converges to £, for every neighborhood of the element £ con- 
tains all elements y m if m is sufficiently large. 

We denote by H k the set of all elements x = {x h • • • , x n , • • • } such that 
x k = e*. can be regarded as the direct product of all the groups of the set M 
with the exception of the group G k) in place of which is taken the group { e k } . 
It follows that H k is compact, and being a subset of the space G y is closed. We 
can also check that H' k is a normal subgroup of the group G } that G\ c H k for 
i 7 * h y and that H k is the minimal normal subgroup containing all the groups 
Gr n with the exception of the group G k . For such minimal normal subgroup 
must contain all products of the form G \ , • • • , G' m which do not contain (?i, 
and because of closure it must contain all the limit elements, i.e., all the ele- 
ments belonging to H k . Obviously the intersection of all the subgroups H n 
contains only the identity of the group G. 

We can also verify that G k is a normal subgroup of the group (?, and in the 
same way as was done for H k convince ourselves that the minimal normal sub- 
group containing all the subgroups G’ n coincides with G. 

D) Let G be a compact topological group satisfying the second axiom of 
countability. Suppose that G is decomposed into the direct product of a 
countable set M of its subgroups, M = {Gi, • • • , G n) • • • }. Let G k be a 
group isomorphic with the group G kf k = 1, 2, • • • . If we denote by G r the 
direct product of the groups Gf u * • , G' n) • • • , then the groups G f and G are 
isomorphic. 

I do not give here the proof of this fact because it is similar to the proof of 
the analogous fact given in a preceding section (see §20, F)). 

Example 31. Let M be a countable set of finite abstract groups. We shall 
Consider each of the groups of M as a topological group with the discrete topol- 
ogy. Then all the groups of the set M are compact and satisfy the second 
axiom of countability. We denote by G the direct product of all groups of the 
set M . The group G is compact and satisfies the second axiom of countability, 
while except for trivial cases G contains infinitely many elements. Hence G 
has a non-discrete topology. We have here a method for constructing topolog- 
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ically non-trivial groups from abstract groups. However, as will be shown 
later (see Example 33) this method gives only topological groups of a special 
type, namely O-dimensional groups, and does not even give all such groups 

Example 32. We can define the direct product of a non-countable number 
of groups of the set M just as was done in Definition 29'. We denote the 
groups of the set M by G« , where a is the index of some, in general, non-count- 
able set. The elements x of the direct product G are defined as the sets of ele- 
ments x a , where x a e G«, and where one element x« has been taken from each 
group G a . We shall call the elements x a the coordinates of the element x . The 
product of two elements x and y of G we define as before, i.e., we set (xy)« = x«y a . 
In order to define a neighborhood in G we take a finite system of indices 
ai,---, dry a system of neighborhoods U av • • • , t/« r in the spaces G av • • • , G« r , 
and then define the corresponding neighborhood U of the space G as the set of 
all elements x for which x a% t U atf i = 1 , 2, • • • , r. 

Let us consider the set H in G of all the elements x having at most a countable 
set of coordinates distinct from the identities. It is easily seen that H is com- 
pact and forms a group. At the same time the closure of the set H coincides 
with G. It does not folio w from this, however, that H = G. This would have 
been true if G had satisfied the second axiom of countability. But if the groups 
of the set M are non-trivial, that is if each one contains more than a single 
element, and if M has more than a countable number of elements, then H is 
obviously distinct from G. It follows from this that G does not satisfy the 
second axiom of countability. It is worth noting that although H is compact 
it is not a closed subset of the space G. 

The following interesting condition known as bicompactness is satisfied by the 
group G constructed above, namely that from any covering of the space G’by 
open sets a finite covering can be selected. This fact, however, cannot be 
proved easily, and we shall not stop to consider it here. We only remark that 
bicompactness is in general more restrictive than compactness, but if the second 
axiom of countability is satisfied, compactness and bicompactness coincide. 

22. Connected and O-dimensional Groups 

In this section we shall consider some rather special topological properties 
of topological groups which have no analogues in abstract groups. 

A) Let G be a topological group, and let N be the component of the point e 
in the topological space G (see §11, D)). Then N is a normal subgroup of the 
group G. 

Let a and b be two elements of N. Since N is connected it follows that the 
set aN -1 is also connected (see §16, B)). Moreover aN~ l contains e. Hence 
a AT -1 c N, and we have ab~ l e N, i.e., N is a subgroup of the abstract group G, 
Since N is closed in G (see §11, D)), AT is a subgroup of the topological group G. 
If x is an arbitrary element of G, then x~ l Nx is a connected set containing the 
identity e, and hence x~ l Nx c AT, and AT is a normal subgroup of the topological 
group G. 
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B) In case the space of the topological group G is connected, the component 
of the identity of the group G coincides with G, and the group itself is said to 
be connected . If, on the other hand, the component of the identity of the group 
G contains only the identity, the group G is called a 0 -dimensional or totally- 
disconnected group. 

C) Let G be a topological group and N the component of the identity in G . 
Then the factor group G/N = G* is a O-dimensional group. 

Let / be the natural homomorphic mapping of the group G on the group G* 
(see §19, C)). The mapping/ is an open homomorphic mapping of the group G 
on the group (?*. Let us denote by P* the component of the identity of the 
group G*, and by P the complete inverse image of the set P* under the mapping 
/,/'“ 1 (P*) == P. We shall show that the mapping/ of the space P on the space 
P* is open. Let U be an open set of the space P. Then there exists a neigh- 
borhood V in the space G such that U = P n V (see §10, B)). It can be seen 
readily that f(U) = P* n/(F). But since/is an open mapping of the group G 
on the group G *, it follows that /(F) is an open set in (?*, and hence /(f/) is an 
open set of the space P*. 

Let us now suppose that G * is not a 0-dimensional group, that is, that P* 
contains elements different from the identity. Then N is a part of the space P 
and hence P is not connected. Therefore, P can be decomposed into the sum 
of two non-intersecting sets A and B , each of which is non-empty, and is an 
open set in the space P (see §11, A)). It is not hard to see that if a e A, then 
Na c A, for if Na were to intersect B , it would decompose into two non-inter- 
secting closed sets, but, in reality, Na is connected when N is. It follows there- 
fore that the sets f(A) and f(B) do not intersect. But these sets are open in 
the space P*, and therefore P* decomposes into two non-intersecting subsets 
which are open sets in the space P*, which is impossible, since P* is connected. 

We now take up some properties of connected groups. 

Theorem 15. A connected topological group G is generated by an arbitrary 
neighborhood U of the identity. This means that G coincides with the sum of all 
sets of the form I/ n , n = 1, 2, • • • , or, what is the same , that every element of G 
can be represented as a finite product of elements belonging to U . 

Proof. Let V be the sum of all sets of the form U n . Since all sets of the 
form U n are open sets (see §16, C)), it follows that V is an open set. We shall 
show that V is at the same time a closed set. Let us suppose that a belongs to 
the closure of the set V, a e V . Since aU ~ 1 is a neighborhood of the element a, 
it intersects V, i.e., there exists an element b e V such that b e a If" 1 . Since 
be V, there exists a number m such that b e U m , and hence b = u x • * • u mf 
where Ui e U, i * 1, • • • , m. Since b e oC/~ l , it follows that b = where 

e U. We have therefore a — u X ' • u m u m + h where wy e U, j = 1, • • • , m, 
in + 1. Hence a e U m+l c V, i.e., V is closed. Let W =* G — V. Since V is 
closed and open, W is also closed and open. But if W were not empty, G would 
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decompose into the sum of two non-intersecting closed sets, which would con* 
tradict the assumption that the group G is connected; hence G = 7, 

D) We shall call the totality of all central elements of the abstract group G 
(see Definition 7), the center Z of the topological group G . Z is a normal sub- 
group of the topological group G. Every subgroup A. of the group Z is also a 
normal subgroup of the group G and is called a central normal subgroup . 

We have shown in §4 that Z is a normal subgroup of the abstract group G. 
We shall now show that Z is closed in G. Let aeZ, and let us suppose that 
there exists an element xzG such that a f = x~ l ax 9 * a. Since the space G is 
regular (see §16, F)), there exist two neighborhoods U and U' of the elements o 
and a' whose closures do not intersect (see §12, A)). L et V == Z nU. It is 
easy to see that a e V, but then o' = x^ax e x~ l Vx = x~ l Vx = V (see §16, 
B)). But this is impossible since U ' and V do not intersect. Hence x~ l ax = a 
and a e Z, i.e., Z = Z. 

Any subgroup A of the group Z, being closed in Z, must also be closed in G 
(see §10, A)). And since A is a normal subgroup of the abstract group G (see 
§4, B)), it must be a normal subgroup of the topological group G. 

Theorem 16. Every discrete normal subgroup A of a connected topological 
group G is a central normal subgroup of this group (see §17, A)). 

Proof. Since A is a discrete group, there exists for each element a of A a 
neighborhood V which contains no element of the group A except the element a 
itself. Since e~ l ae = a, there exists a neighborhood U of the identity such that 
U^aU c V (see §16, A)). Let uzU\ then u~ l au e V , but since A is a normal 
subgroup of the group G, it follows that u~*au e A, and hence u~ l au = a. 
If x is an element of G, then by Theorem 15, x = U\ • • • u nf where ut e U t 
i = 1, • • • ,n. Since a commutes with every element u % , a must commute with 
x, i.e., x~ l ax = a. Hence A belongs to the center Z of the group G and the 
theorem is proved. 

Theorem 16 is important because it facilitates the process of finding discrete 
normal subgroups of connected topological groups, which play an important 
part in the theory of topological groups. 

We now consider 0-dimensional groups, and limit ourselves to locally com- 
pact groups satisfying the second axiom of countability. 

Theorem 17. Let Gbea locally compact topological 0- dimensional group satis- 
fying the second axiom of countability . If U is a neighborhood of the identity of 
the group G, then there exists a subgroup H of the group G such that HcU and H 
is an open set in G. Since H is an open set the space G/H is discrete (see Defini- 
tion 24). 

Proof. Let V h * • • , V n , • • • be a basis about the identity e (see §8, B')) 
such that Fn+i c V n , n = 1, 2, • * • (see §12, D)). Let M be a compact subset 
of the space G containing the identity e. We shall say that a point aeM can 
be connected to e over the set M by a chain of order n, if there exists a sequence 
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ai *» e, a*, • ■ • * , a* = a of points of Af such that a7 l a*+i e 7 n , i = 1, • • • , A — 1. 
Let us denote by Af» the totality of the points which can be connected to e by 
chains of order n over the set Af. It can readily be seen that every point 
a e M n can be connected to e by a chain of order n over the set Af n itself. 
Moreover Af»+i c Af n . We shall show that the set Af» is compact and is a rela- 
tive open set in the space Af (see §10, B)). Let a e Af n . Then the intersection 
aV n n Af lies entirely in Af n and is a relative neighborhood of the point a in 
the space Af . Hence Af n is a relative neighborhood in the space M . Let a be a 
point of Af not belonging to Af n ; then aV cannot intersect Af n , and therefore 
Af» is closed, and hence compact (see §13, A)). 

We denote by Af* the intersection of all the sets Af n , n = 1, 2, •• • , and show 
that Af* is connected. It will follow from this that Af* contains only the iden- 
tity e, since by assumption the group G is a 0-dimensional group. 

Suppose that Af* can be decomposed into the sum of two non-empty non- 
intersecting closed sets A and B y eeA. The set A~ l B is compact and does not 
contain the identity; therefore there exists a sufficiently large number r such 
that VfV^ 1 does not intersect A~ X B. We shall now show that if b e B we can- 
not connect b to e over the set Af* V r by a chain of order r. First, it is clear 
that the sets AV r and BV r do not intersect; therefore if there exists a connect- 
ing chain it would have to have two adjacent points p and q such that p z AV r 
and qzBVrj and therefore p~ l q z V~ l A~ l BV r . Since at the same time 
p-'qeVr , it" follows that V^V" 1 intersects A~ l B . In this way we have ar- 
rived at a contradiction, and therefore it is impossible to connect the point b 
to e over the set M*V r by a chain of order r, and what is more, by a chain of 
order 8 ^ r. Now let s ^ r be a sufficiently large number such that c M*V r 
(see §13, C)). Let b s B; then since b e M $ , b can be connected to e by a chain 
of order 8 over the set M t ; but this contradicts what we have just shown since 
M t c M*V r . 

Hence the intersection of all the sets M n , n = 1, 2, • • • , is connected and 
therefore contains only 6. 

Now let U be a given .neighborhood of e. Without loss of generality we can 
suppose that its_closure U is compact. Let us apply the above construction 
to the set M = U- Let V be a neighborhood of the identity such that V 2 c [/. 
Since the intersection of -all the sets M ny n = 1 , 2, • • • , contains only the 
identity there exists a sufficiently large number t such that M t c V (see §13, 
C)). Since M t is a relative open set of the space I/, there exists an open set 
W of the space G such that M t = U n W (see §10, B)). We have further- 
more U o W = M t cV cV*cU. Taking intersections with W on both sides 
of this relation we get U ft W c U n W. On the other hand U n Wc U n W 
and hence M % * V n W y i.e., M ty being the intersection of two open sets U 
and W f is an open set in the space G . It can readily be seen, moreover, that 
every point a e Af? can be connected to the identity over the set M 2 by a chain 
of order t, and since M 2 c U y it follows that M 2 cM ty and therefore we have for 
every nature! number m that AT* c M h or for every a e M i} we have a m e 
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Since M , is compact, the sequence a, a 2 , • ♦ • , a”, - * * has a limit point in M if 
from which it follows that for an arbitrary neighborhood V n of the identity, 
there exist natural numbers m and m f > m for which a m '(a m ) -1 = = a ** 

c V n - Let us denote by & a limit point of the sequence a**- 1 , n = 1, 2, • • • . 
We then have ab — lim n -oo akn = and b eMf Hence for every element 
a e M t there exists an element b e M t inverse to it, so that Mf 1 c ilf <. It fol- 
lows from remark B) of §2, that M t is a subgroup of the abstract group G. 
Therefore H = M t c U is a compact open subgroup of the topological group G. 

E) Let G be a compact topological O-dimensional group satisfying the second 
axiom of countability. If U is a neighborhood of the identity of the group G, 
then there exists in G a normal subgroup N such that N c U and N is an open 
set in G. Since the factor group G/N is both discrete and compact, it is finite. 

Let H be a subgroup of the group G constructed as in Theorem 17. Wc 
denote by N the intersection of all the subgroups of the form x~ l Hx, where a 
is an arbitrary element of G. It follows from remark A) of §20 that N is a 
subgroup of the group G, and it can easily be seen that N is a normal subgroup 
of G. We shall show that N is an open set in G. To do this we show first oi 
all that N contains a neighborhood of the identity. For if N contained nc 
neighborhood of the identity there would exist a sequence a„ % = 1, 2, • • * , 
of elements not belonging to N which would converge to the identity e. Since 
a* e G — N, it follows that a< = x^ l b x x i9 where b t e G — H, i = 1, 2, • • • , 
Since G is compact we can suppose without loss of generality that the se- 
quences Xi and b %) i = 1, 2, • • • , converge to the elements x and b respectively 
Since H is open, b s G — H. Moreover, x~ l bx = e , or what is the same, b = e 
but that is impossible since b eG — H, and e e H . Hence there exists a neigh- 
borhood V of the identity e which is entirely contained in N. Since N is t 
group we have Vn eN for any nzN> and hence the subgroup N contains wit! 
every point n its neighborhood Vn } i.e., N is an open set. 

F) We note that if a topological group G is a O-dimensional group it has n< 
connected subset containing more than a single element. 

For if F is a connected subset of the group G which contains two distinci 
elements a and b, then the component of the identity e must contain the sei 
Fcr 1 , i.e., the element ba* 1 ^ e belongs to the component of the identity, anc 
therefore G is not a O-dimensional group. 

The following trivial proposition G) is a variant of Theorem 17. 

G) If every neighborhood U of the identity of the topological group G con 
tains an open subgroup H of the group G, then G is a O-dimensional group. 

The group G decomposes into the sum of two non-intersecting open sets l 
and G — H. Hence the component of the identity of the group G, being con 
nected, must belong to H , and hence to U ; but since U is an arbitrary neighbor 
hood of the identity, the component of the identity of the group G contain 
only the identity. 

Example 33. Let us consider the direct product G given in Example 31 o 
a countable number of^arbitrary groups G n , n = 1, 2, • • • . Let us denot 
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by Ck the set of all the elements x = {* 1 , } such that x { = e,-, 

i «■ 1, • • • , k. It is not hard to see that C* is a normal subgroup of the group 
G, and that the factor group G/Ck is isomorphic with the direct product of the 
groups <?!,• ••, Gk. Hence the normal subgroup C* is open in G since the fac- 
tor group G/Ck is finite. We note further that for every neighborhood U of the 
identity of the group G there exists a number m such that C m c U. From this 
it follows readily that the component of the identity of the group G contains 
only the identity (pee G)). Hence G is a O-dimensional group. 

Exaupi.e 34. Let G be the additive group of real numbers. Then G is a 
topological group. Let us denote by H the set of all rational numbers. H is 
obviously a subgroup of the abstract group G, and therefore His a topological 
group (see §18, A)). Obviously, the component of zero of the group H con- 
tains only zero. Hence H is O-dimensional. It is worth noting, however, that 
the group H can be generated by any neighborhood whatever of zero (see Theo- 
rem 15). This shows that connected groups are not the only groups which 
enjoy the properties formulated in Theorem 15. We can conclude from this 
that Q does not possess an open subgroup which is contained in U. Hence 
Theorem 17 does not hold for general O-dimensional groups. The group H, 
although it satisfies the second axiom of countability, is nevertheless not locally 
compact. 


23. Local Properties. Local Isomorphism 

Of special importance for topological groups are the so-called local properties > 
i.e., those properties determined by the behavior of the group in the neighbor- 
hood of the identity. Local isomorphism is the most important of these prop- 
erties. 

Definition 30. Two topological groups G and G' are called locally isomorphic 
if there exist neighborhoods U and V of the identities e and e' and a homeomor- 
phic mapping / of the neighborhood U on the neighborhood V such that a) 
if the elements x, y, and xy belong to U, then f(xy) =f(x)f (y) ; b) if the elements 
x', y' and x'y' belong to U', then f~ l ix', y') — f~ l {x')f~ l (y'). 

A) We note that if the above conditions are satisfied, the following condi- 
tions also hold: c) /(e) = e', and d) if the elements x and x~ l belong to U, then 

- (/(*))-. 

In fact the elements e, e' and ee = e belong to U, and hence /(e) = /(e)/(e), 
from which it follows that /(e) = e'. Furthermore, if x and x~ 1 belong to U, 
then since xz- 1 = e e U, we obtain e' = /(e) = f(x)f(x~ l ) i.e., /(a: -1 ) = (/Or)) -1 . 

B) We note that condition b) of Definition 30 follows from a). In fact if 
there exist neighborhoods U and U' satisfying condition a), then neighborhoods 
F and V' can be found satisfying both conditions a) and b). 

Let F be a neighborhood of the identity such that F* c U. If we suppose 
that V = /(F), then condition a) is satisfied for both F and V'. Let us check 
condition b). Let the elements x', y' and x'y ' belong to F', and let x = f~ l {x'), 
V ma f"Kv')- Since x and y belong to F, we have xy e U, and hence f(xy) 
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33 f(x)f(y) ~ x'y f - It follows from this that /^(xV ) = xy « /~ 1 (£')/ UJl (y')> 
i.e., condition b) is satisfied. 

C) Let G be a topological group, and N a discrete normal subgroup. Then 
the groups G and G/N = G' are locally isomorphic. 

Let / be the natural homomorphic mapping of the group G on the group G* 
(see §19, C)). Let us denote by W a neighborhood of the identity of the group 
G which contains no element of the group N other than the identity. Let U 
be a neighborhood of G such that UU~ l c W ) and let f(U) = U'. It can read- 
ily be seen that the mapping / is one-to-one between the open sets U and [/'. 
In fact, let us suppose that the two elements x and y belonging to U go into 
the same element under the mapping /. Then xy~ l e N , but xyr 1 s W and 
hence xy~ l = e, or x = y. The mapping / is open and continuous (see §19, 
C)), and therefore it is bicontinuous on U. Condition a) of Definition 30 is 
satisfied for the mapping / because / is a homomorphic mapping. Therefore by 
remark B) condition b) is also satisfied, and the groups G and G' are locally iso- 
morphic. 

Proposition C) furnishes a method for constructing groups locally isomorphic 
to a given group. The following theorem shows that this method is rather gen- 
eral.* 

Theorem 18. Let G and G' be two connected locally isomorphic topological 
groups. Then there exists a group H such that G is isomorphic to the factor group 
H/N and G' is isomorphic to the factor group H/N where N and N' are two dis- 
crete normal subgroups of the group H. 

In proving this theorem we shall make use of the connectedness of the groups 
G and (?', only in that they can both be generated by arbitrary neighborhoods 
of their identities (Theorem 15). 

Proof. Let U and U ' be those neighborhoods of the identities of the groups 
G and G f for which the conditions of Definition 30 are satisfied, and let / be 
the corresponding mapping. Let us denote by K the direct product of the 
groups G and G' (see Definition 28'). Let V be the set of all the elements of 
the group K which can be represented in the form (x,f(x)), where x e U. In 
order not to complicate the discussion let us suppose that the neighborhood U 
is symmetric, i.e., I/"" 1 = U . We denote by H the sum of all the sets of the 
form V n , n = 1 , 2, * * . H may be defined equivalently as the totality of all 

the elements of the group K which can be represented as finite products of 
elements belonging to V . The set H is obviously a subgroup of the abstract 
group K, but it may not be a closed set in the topological space K. Neverthe- 
less, from remark A) of §18, H forms a topological group in a natural way. 
We shall however introduce a topology into H by a different method. 

Let U a be a complete system of neighborhoods of the identity of the group G, 
where a is an index which, in general, runs over a non-countable set. Without 
loss of generality we may suppose that C/«cl7 for an arbitrary a. Let 

* The proof of this theorem is due to B. A. Efrimovich. 
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U'a *= f(U«) and denote by V a the set of all elements of the group K of the 
form (y, f(y))> where y e U a . By remark C) of §1 ( 7 the conditions of Theo- 
rem 10 are satisfied for the system of neighborhoods U ai and also for the system 
of neighborhoods U' a . It follows from this that the system of sets. V a satisfies 
the conditions of Theorem 10 with respect to the abstract group H . We shall 
take the system V a for a complete system of neighborhoods of the identity of 
the topological group H (see Theorem 10). 

We associate with every element z — (x, x') e K the element xzG, g(z) = x . 
It is easy to see that g is a homomorphic mapping of the abstract group K on 
the abstract group G. It follows from this that g is also a homomorphic map- 
ping of the group H on some subgroup G* of the abstract group G. We shall 
show that G * = G. In fact, g(V) = 17, and hence U c G*, but since G is gen- 
erated by every neighborhood of the identity, it follows that GcG*. 

We shall now show that g is an open homomorphic mapping of the topologi- 
cal group H on the topological group G. It follows from the relation 
g(V a ) = U a . that the mapping g is both continuous and open at the identity. 
Hence g is an open continuous mapping (see §19, B)). 

By Theorem 12 the group G is isomorphic with the factor group H/N y where 
N is the kernel of the homomorphism g. We shall show that N is a discrete 
normal subgroup of the group H . To do this, it is sufficient to show that there 
exists a neighborhood of the identity of the group H which contains no ele- 
ment of the group N other than the identity. This condition is satisfied by any 
neighborhood of the system V a , since the mapping g on the set V a is one-to-one. 

Similarly we can prove that G' is isomorphic with the factor group H/N' } 
where N ' is a discrete normal subgroup of the topological group H. This com- 
pletes the proof of the theorem. 

The statement of Theorem 18 will be further developed in Chapter VIII, how- 
ever only for groups of a special type. We shall there find a corresponding 
group H for the whole class of groups locally isomorphic to a given group. 
Such a result enables us to divide the study of topological groups into the study 
of local properties and the study of the group as a whole. 

By local properties of topological groups we shall understand those properties 
which hold for all locally isomorphic groups. It is worth noting that the local 
behavior of a group influences its behavior in the large to a great degree, and 
therefore the study of local properties is rather important. 

Since in order to study local properties of a topological group G we need be 
interested only in the behavior of the group G in an arbitrarly small neighbor- 
hood U of the identity, the question naturally arises whether it is not possible 
to study the neighborhood U as an independent entity, without reference to 
the group G as a whole. This is the point of view of the classical theory of Lie 
groups (see Chapters VI and IX). We study there an entity which later turns 
out to be a neighborhood of the identity of an entire topological Lie group . I give 
here the exact definition of the corresponding logical concept. All that follows in 
this section is necessary only for the understanding of Chapters VI, VII, and IX. 
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D) A topological space 0 is called a local group if for some pairs a, b of ele- 
ments of G a product abeG is defined, and if the following conditions are satis- 
fied: 

a) If the products ah, (ab)c y bc f a(bc) are defined, then (ab)c = a(bc). 

b) If the product ab is defined, there exist neighborhoods U' and V' of the 
elements a and b such that for a' e U' and b ' e V', the product a'b' is defined. 
Furthermore the law of multiplication for the pair a, b is continuous, i.e.^for 
every neighborhood W of the product ab there exist neighborhoods U and V of 
the elements a and b for which UV c W. 

c) G contains an element e which plays a special part and is called the iden- 
tity. It possesses the following property: if a e G y then the product ae is defined 
and ae = a. 

d) If the product of the pair a, b is defined and ab = e ) we say that b is a 
right inverse element of a, or b = a" 1 . If a has a right inverse element a -1 , then 
there exists a neighborhood U' of the element a such that for every a' e 17' 
there exists a right inverse element a' -1 . Furthermore, for every neighborhood 
V of the element a~ l there exists a neighborhood U of the element a such that 
U-'cV. 

E) If G is a local group and n an arbitrary integer there exists in G a suffi- 
ciently small neighborhood U of the identity e such that for every element 
a e U there exists an inverse a~~ l in G, and for every set of n elements ai, • • • , a n 
of the neighborhood U 9 the product 

( • • • ((aia 2 )a 3 ) • • • a n ) = b 

is defined and does not depend on the distribution of the parentheses. We can 
therefore write b = ai • • • a n . 

From condition c) it follows that the product ee is defined and that ee = e. 
From this and from conditions b) and c) follow the existence of a neighborhood 
W of the identity such that for any a e W, there exists an inverse element a” 1 , 
and for a e W, b e W, the product ab is defined. Furthermore, from the con- 
dition of continuity follows the existence of a neighborhood V such that V 2 c W . 
It is easy to see that condition E) is satisfied for V with n = 3. Continuing 
the construction further we shall obtain the desired neighborhood U for an 
arbitrary integer n. 

F) - If G is a local group, then there exist neighborhoods U and V c U of the 
identity such that the following conditions are satisfied: 

a) If a e U y the product ea is defined and ea = a. 

b) if a e U y there exists an element a~ l such that the products aa~ l and ar l a 
are defined, and aa~ l = a~ l a — e. 

c) If the elements a and b belong to 7, then the equations az = b and ya * b 
are solvable in the neighborhood U f and in that neighborhood each of these 
equations has a unique solution. 

The assertion F) can be proved just as B) and C) were proved in §1, except 
that we have to select sufficiently small neighborhoods U and V in order that 
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all the operation which we have carried out in §1 should be possible. The 
existence of such small neighborhoods U and V is guaranteed by proposition E). 

G) Let G be a local group. Every neighborhood U of the identity e of the 
group G we shall call a part of the local group G. Every part U of the local 
group G is itself a local group by virtue of the same operations which hold in G . 
In particular, we shall consider that the product ab is defined in U if it is defined 
in G and belongs to U. 

H) Let G and G f be two local groups, and U, U* parts of G, G' respectively. 
We say that / is a locally isomorphic mapping of the group G on the group G f 
if /is a topological mapping of the part U on the part U' y and if the following 
conditions are fulfilled. If the product ab is defined in U , then the product 
f(<*)fQ>) is defined in t/' and f{ab ) = f(a)f(b). The identity goes over into the 
identity under the mapping /. Finally the mapping f~ l must satisfy the same 
conditions that / satisfies. We say that two local groups G and G ' are locally 
isomorphic if there exists a locally isomorphic mapping of one group on the 
other. 

Two locally isomorphic mappings / and /' of the group G on the group G r 
are called equivalent if they coincide on some part of the group G. In what 
follows we shall study local isomorphisms only up to equivalence. 

It is obvious that Definiton 30 is a special case of definition H) when the 
local groups G and G' are entire groups. 

The true object of our investigation is not the local group itself, i.e.,our con- 
cern is not with all of its properties, but only with those which remain invariant 
under locally isomorphic transformations. We are therefore interested in 
those constructions in local groups which remain invariant under locally iso- 
morphic transformations. 

Here a problem arises which is connected with the concept of a local group. 
Is every local group locally isomorphic with some topological group? This 
question is answered in the affirmative only for Lie groups, and even then by 
the application of a very complicated and special process (see §54). 

We now go over to the definitions of other fundamental concepts, such as 
the subgroup, normal subgroup, factor group and homomorphic mapping for 
local groups. 

I) Let G be a local group and H one of its subsets containing e. By Defini- 
tion 16, H is a topological space. Furthermore we shall consider that the prod- 
uct ab of a pair of elements a, b of H is defined if it is defined in G and belongs 
to H. If the topological and algebraic operations thus defined in H satisfy the 
conditions of definition D), then H is itself a local group. If, moreover, there 
exists a neighborhood U of the identity of G in which the intersection U r\ H 
is closed, then H is called a subgroup of the local group G . A local subgroup N 
of a local group G is called a normal subgroup if there exists a neighborhood V 
of the identity e in G such that for x e V and y e V n H we have x~ l yx t H . 

Two subgroups H and H' of the local group G are called equivalent if they 
have a common part (see G)), i.e., if they coincide insome neighborhood of the 
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identity. It can readily be seen that the class of all equivalent local subgroups 
of the group G is invariant under locally isomorphic transformations. It is 
such a class of subgroups that we shall be studying, i.e., we shall investigate 
the structure of a subgroup H only with reference to the properties common to 
all subgroups equivalent to H. 

J) Let G be a local group, and N a normal subgroup. Let us construct the 
factor group G* = G/N . To do this we select a neighborhood U of the iden- 
tity in G, whose smallness will be determined by future constructions. We 
shall decompose the set U into cosets of the normal subgroup N t putting the 
elements x and y of U in the same class if xy~ l e N. If U is sufficiently small 
all the axioms of equivalence (see §2, C)) will be satisfied. We can represent 
every coset X in the form X = U n ( Nx ), where x is an arbitrary element of X. 
Conversely every set of the form U n (Nx), where x tU, will represent a coset. 
Furthermore, there exists a neighborhood V of the identity e in G sufficiently 
small so that if X and Y are cosets intersecting V, then U f\ (XY) ~ Z is also 
a coset. If Z also intersects Y, then we shall say that we have defined the 
product XF = Z. We denote by G* the set of all cosets which intersect V . 
We introduce a topology into G * in a natural way, as was done in Definition 24. 
By virtue of the established operations the set G* becomes a local group and is 
called a factor group. 

It is clear that the group G/N = G* is not uniquely defined when a group G 
and one of its normal subgroup N are given, but depends also on the choice of 
the neighborhoods U and V. It is not hard to see, however, that all the factor 
groups thus obtained are locally isomorphic with one another, so that those 
properties of the group G/N in which we are interested are uniquely determined. 
In the same way if we replace the normal subgroup N by an equivalent normal 
subgroup N' f we obtain a factor group G/N' locally isomorphic with the factor 
group G/N. 

K) Let G and G * be two local groups, and U , [/* parts of G, G* respectively. 
We say that / is a locally homomorphic mapping of the group G on the group G* 
if / is an open continuous mapping of the part V on the part U* satisfying the 
following conditions: If the product ah is* defined in U , then the product 
f(a)f(b) is defined in U* and f(ah) = f(a)f(b). Moreover, the identity goes 
over into the identity under the mapping /. 

The set N of elements which go over into the identity under the mapping / 
is called the kernel of the homomorphism /, and is a normal subgroup of the 
local group G. It can also be shown that the group G* is locally isomorphic 
with the factor group G/N . 

Two locally homomorphic mappings / and /' of the group G on the group G* 
are called equivalent if they coincide in some part of the group G. In what 
follows we shall study local homomorphism only up to equivalence. 

L) We say that the local group G is decomposed into the direct product of 
normal subgroups H and K if there exist parts X, Y } Z of the local groups 
H t K, and G such that every element z e Z is uniquely and continuously decom- 
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posed into the product xy } where x t X,y e F. Continuity means that the ele- 
ments x and y, uniquely determined from the equation z = xy , are continuous 
functions of the element z. 

Obviously if the local groups H and K are given only up to a local isomor- 
phism, the local group G is also defined only up to an isomorphism. This con- 
struction of the group G from the groups H and K can be carried out as in §15. 

We have now transferred all the fundmaental concepts and relations of topo- 
logical groups to local groups. We shall introduce here one more rather spe- 
cial, but nevertheless important concept. 

M) Let G be a local group. We shall say that G has a one parameter sub- 
group g(t) t 1 1\ g a, if in G an element g(t) is given which depends continuously 
on a real parameter t and which is defined for all values of t not exceeding a in 
absolute value, and if the following conditions are satisfied: g(0) = e , and if 
|«| <£ a, \t\ g a, and \s + t\ g a, then the product g(s) g(t) is defined and 
g(s)g(t) «* g(s + t). Obviously if G is a topological group, then the one pa- 
rameter subgroup g(t) can be extended to arbitrarily large values of a, making 
use of the relation g(s)g(t) = g(s + t) as a defining operation. 

Example 35. Let G be the additive topological group of real numbers, and 
N the subgroup of all integers. By C) the groups G and G/N are locally iso- 
morphic. It is obvious however that these groups are not isomorphic, since 
the first of them is not compact while the second one is. We have here the 
simplest example of locally isomorphic groups. More complicated examples 
will be given later. 

Example 36. Let G n be the additive topological group of vectors in n-dimen- 
sional Euclidean space, given in cartesian coordinates. Let us denote by G k 
the subgroup of G n which is generated by the first k coordinate axes, and by N k 
the totality of all the vectors in the space G k having integral coordinates. 
N k is a discrete subgroup of the group G n and therefore the factor group 
G n /N k = GJ is locally isomgrphic with the group G n (see C)). Hence all the 
groups (?J, k = 0, 1, • • • , n, are locally isomorphic with one another, but no 
two of these groups are isomorphic or even homomorphic. The group GJJ is 
compact, while all the other groups are not compact. The group Gq is iso- 
morphic with the group G n . 

It turns out that every connected group G which is locally isomorphic with 
the group G n is isomorphic with one of the groups GJ. 
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REPRESENTATIONS OF COMPACT TOPOLOGICAL GROUPS 


In the preceding chapter the general theory of topological groups was de- 
veloped. The concepts and relations considered, there were of the most gen- 
eral type. The next problem consists of a deeper and constructive study of 
topological groups. It is desirable to connect general topological groups with 
more concrete subjects which can be studied independently with less difficulty. 
Such subjects are for example groups of matrices and Lie Groups (for the latter 
see Chapters 6 and 9). Such a connection would enable us to reduce questions 
about topological groups to corresponding questions about more elementary 
subjects. Moreover, we shall be able to construct topological groups of a very 
general type from particular topological groups. The method which we shall 
employ here is the method of representations. 

We say that the topological group G admits a representation if there exists a 
homomorphism A of the group G into a topological group of matrices. 

It is obvious, however, that every group admits a trivial representation in 
which all the elements of the group go into the identity of the group of matrices. 
Such a trivial representation can of course be of no help to us in the study of 
topological groups. The question therefore arises as to the existence of a non- 
trivial representation for a given group, or, what is even more, the question of 
the existence of a complete system of representations. 

We say that a group G admits a complete system of representations if for each 
element g of the group G distinct from the identity there exists a representation 
of G under which g does not go over into the unit matrix. 

The question of the existence of a complete system of representations for an 
arbitrary locally compact topological group satisfying the second axiom of 
countability has as yet not been solved. On its solution depends the solution 
of the central problems of the theory of topological groups. We can, however, 
construct the complete system of representations for every compact topological 
group satisfying the second axiom of countability. This chapter is devoted to 
the exposition of this construction. Some supplementary results will be given 
in Chapters V and VII. 

The first step in the construction is to establish on the group an invariant 
measure , or what is the same, an invariant integration. Speaking more pre- 
cisely, we assign to every set M of elements of G some non-negative number as 
its measure in such a way as to fulfill the condition of invariance , i.e., the meas- 
ure of the set M is equal to the measure of the set Ma for any element a of the 
group G . If a group G has an invariant measure, then invariant integration 
can be established in it. Originally, an invariant measure in locally compact 
groups satisfying the second axiom of countability was constructed by Haar 
[ll]. A little later von Neumann [22] independently constructed an invari- 
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ant integration in compact groups with the second axiom of countability, von 
Neumann's construction is considerably simpler, and since in the future we 
shall use invariant integration for compact groups only, we shall make use here 
of the work of von Neumann. 

Before the construction of invariant integration was used for general com- 
pact topological groups, it was used by Peter and Weyl [24] for the construc- 
tion of a complete system of representations for compact Lie groups, for which 
invariant integration is established rather simply. Peter and Weyl considered 
for their purposes some integral equations on a group, and in doing this they 
have essentially used the compactness of the group. As a result of the work 
of Haar their construction can be automatically applied to compact topological 
groups. But it has not been possible to extend it to locally compact groups. 

24. Continuous Functions on a Topological Group 

The set of elements of a topological group G forms a topological space, and 
therefore we can consider continuous functions defined on G (see Definition 20). 
The fact that G is a group, however, enables us to formulate the definition of 
continuity in a slightly different way, and what is more, to introduce the con- 
cept of uniformly continuous functions. 

A) Let G be a topological group, and M a set of its elements. The real 
valued function f(x ) defined on the space M (see Definition 16) is continuous at 
a point a of M (see Definition 20) if and only if there exists for every positive 
number « a neighborhood V of the identity such that if x e M and xa~ l e V, 
then | /(*) - /(a) | < «. 

We shall first show the sufficiency of the above condition. If xar x e V, then, 
and only then, x z Va * U. Hence xzU n M and |/(x) — f(a) | < e, and since 
U nMisa neighborhood of the point a in the space M, the condition of Defini- 
tion 20 is fulfilled. If the function fix) is continuous at the point a (see Defini- 
tion 20), then there exists for every positive number e a neighborhood U r of 
the point a in the space M such that \f(x) — f{a) | < e for x z V f . Further- 
more there exists a neighborhood U of the point a in the space G such that 
U f *■ U n M (see §10, C)). But Va* 1 = V is a neighborhood of the identity 
in Gj and if xo~ l z V , and x z M t then x eU' and, therefore, \f(x) — f(a) | < €. 
Hence the above condition is also necessary. 

B) Let M be a subset of a topological group (?, and f(x) a real valued func- 
tion defined on M. The function f{x) is called uniformly continuous if for 
every positive number e there exists a neighborhood V of the identity such 
that |/(a;) — f(y)\ < € for xy~ l zV f x z M x and y z M. Together with this 
definition, we give another analogous definition. A function f(x) is called uni- 
formly continuous if for every positive c there exists a neighborhood V of the 
identity in the space G such that \f(x) — f{y) | < e for x~ l y e V'. The above 
two definitions of uniform continuity are in general not equivalent, but in all 
the cases in which we are interested they are actually equivalent (see C)). 
Obviously, a uniformly continuous function is continuous. 
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In some cases uniform continuity follows from ordinary continuity. 

C) Let G be a topological group satisfying the second axiom of countability, 
and M a compact subset of (?. The continuous function /(x) defined on M is 
automatically uniformly continuous in both senses (see B)). 

Let e be an arbitrary positive number. Since f(x) is continuous, for every 
point aeM there exists a neighborhood V a of the identity of the group G such 
that if xar 1 e V ay and x e Af, then | fix) - f(a) | < $€. Let us denote by TF« a 
neighborhood of the identity such that W\ c y o . Obviously, the system of all 
open sets of the form W a a, where a is an arbitrary element of Af, covers the 
whole set Af. By Theorem 7 we can select from this covering a finite covering. 
Therefore there exists a finite sequence a lf • • • , a n of elements of the set M 
such that the system of open sets W a% a i} i = 1, 2, • • , n, covers Af. We de- 
note by V the intersection of all open sets of the system W at . Then V is a 
neighborhood of the identity in G. We shall show that if xy” 1 e V, x e Af, 
y eM, then |/(x) — f(y) | < e. This will prove the uniform continuity of /(x). 
Since the system W a% a % covers Af, there exists a number k such that ya^ x e W ah) 
and therefore \f(y) — /(a*)| < Furthermore we have xa* 1 = xy- l ya£ l 
z VWa k c W\ k c V ak so that |/(x) — f(a k ) | < Combining the two inequali- 
ties we get |/(x) - f(y) | < e. 

Together with the concept of uniformly continuous functions, there exists 
the important concept of an equi-continuous family or set of functions. 

D) Let M be a subset of a topological group G. A set A of functions defined 
on M is called equi-continuous if for every positive number t there exists a 
neighborhood V of the group G such that for xy~ l eV, x e M, and y e M, we 
have |/(x) — f(y) | < e for all functions / of the set A. Obviously all functions 
of an equi-continuous family are themselves uniformly continuous. 

We shall now recall the concept of a uniformly convergent sequence of func- 
tions. 

E) We say that a sequence / n (x), n = 1, 2, • • * , of functions defined on a 
topological space M converges uniformly to the function /(x) defined on Af, if for 
every positive number t there exists an integer m such that |/(x) — / n (x) | < e 
for n > m, and an arbitrary x e M . 

Just as in classical analysis, we can prove Cauchy^ necessary and sufficient 
condition for uniform convergence, which can be stated as follows: 

F) A sequence /*(x), n = 1, 2, • • • , of functions defined on a topological 
space Af is uniformly convergent if for every positive € there exists a sufficiently 
large number m such that for p > m, q > m, we have \f p (x) — f q (x) | < e for 
every xeM. 

G) If a sequence of continuous functions converges uniformly, then its limit 
is a continuous function. This proposition can be proved just as in classical 
analysis. 

We shall now prove the following important theorem. 

Theorem 19. Let G be a topological group t satisfying the second axiom of 
countability , and M a compact subset of G. We denote by A an equi-continuous 
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family of functions defined on M (see D)) which are uniformly hounded, i.e., there 
exist real numbers l and V such that l s» f{x) ^ V for every function f(x) of the 
family A and arbitrary x e M. Then a uniformly convergent subsequence can be 
selected from any sequence A' = {fi(.x), • ■ • , f n (x), ■ • of functions of the 
family A (see E)). 

Proof. Let us note first of all that M contains a countable everywhere dense 
set N (see §17, B)). For since G satisfies the second axiom of countability, 
M contains a countable basis. Taking one point from every open set of the 
basis, we get a countable set N everywhere dense in M. Let us number all the 
points of the set N by setting N = {a,, • • • , o<, • • • }, and let us consider the 
system /»(«<), n — 1, 2, • • • , i = 1, 2, • • • , of real numbers. All these num- 
bers lie on the interval between l and V, and therefore Theorem 9 is applicable 
here. Hence there exists an increasing sequence w(l), n(2), • • • , n(k), ■ ■ ■ of 
integers such that the subsequence /»<*)(a<), k - 1, 2, • • • , converges 
for a fixed i. Letting f nW (x) = g k (x), k = 1, 2, • • • , we get a sequence 
A” = {gi(x), • • • , g n (x), ■ • ■ } which converges at every point a,e N. We 
shall show that the sequence A" converges uniformly on M. 

Let € be a positive number. Since the family A is equi-continuous there 
exists a neighborhood V of the identity of the group G such that if xy~ l e V, 
x t M, y e M, then | g n {x) - g n (y) | < \t for an arbitrary n. Since the set N 
is everywhere dense in M, the system of regions Va k) k — 1, 2, • ■ • , covers M. 
By Theorem 7 a finite covering can be selected from this covering, i.e., there 
exists a finite system of points a kj = 6,-, j - 1, • • • , h, such that the system of 
open sets Vb„ j «■ 1, •• • , h, covers G. Since the point b, belongs to N, the 
sequence of numbers 0,(6,), n = 1, 2, • • • , converges, and therefore there exists 
a sufficiently large number m, such that | g p (b,) — g t (b,)\ < for p > m h 
and q > m/. Denote by m' the maximum of the numbers m„ j = 1, • • ■ , h. 
Then g p (bj) - g t (bj) < £« for p > m\ q > m' and j = 1, •• • , h. Let x be 
any point of M. Since the system of open sets Vb,-, j = 1, • • • , h covers M 
there exists a. point such that xbr 1 e V and hence \g v (x) — g r (b,)\ < §«, and 
1 9t( x ) ~g,(bi ) | <§«. Combining the last inequalities we get | g p (x) -?«(*)! <«• 
Hence the criterion F) of uniform convergence is satisfied for the sequence A" 
and therefore this sequence is uniformly convergent. 

We shall make one more remark concerning continuous functions. 

H) Let M be a compact topological space and f(x) a continuous function 
defined on M (see Definition 20). We denote the minimum of the function 
f(x) by K(f(x)) and the maximum by L(f(x)) (see §14, B)). The number 
S(f(x)) m L(f(x)) — K(f{x)) is called the variation of the functional). ' If the 
sequence /«(a :), n = 1, 2, • • • , of continuous functions converges uniformly to 
the function f(x) (see E)), then the following relations hold, as may be easily 
verified: 

lim K(f n (x)) = K(f(x)), lim L(f n (x)) = L(f(x)), lim S(U(x)) = S(f(x)). 
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Example 37. Let G be a compact topological group satisfying the second 
axiom of countability. Let us consider the set R of all continuous functions 
on G. We can introduce a distance into the set R in a natural way by defining 
the distance between two continuous functions f(x) and g(x) defined on G , i.e., 
between two elements of R, as the maximum of \f(x) - g{x) | . It is easy to 
show that R is a metric space (see Example 14). In the first place the maxi* 
mum of \f(x) — g(x) | is equal to zero if and only if f(x) = g(x). Furthermore 
if /0*0> Q( x )> & n d h(x) are three continuous functions defined on G then 
1/0*0 — *0*0 1 = \f( x ) — 00*0 1 + 1 00*0 — *0*0 1 > from which the triangle 
axiom in R follows. 

It is easy to formulate the condition of uniform convergence of a sequence 
of functions / n (x), n = 1 , 2, • • • , to a function /(x) in terms of the metric space 
R . This convergence exists if and only if the sequence f n (x ), n = 1, 2, • * • , 
converges to f(x) in the sense of a metric defined in the space R. 

Let A be a uniformly bounded equi-continuous family of functions defined on 
G. Then Ac R. It follows from Theorem 19 that the closure A of the set A 
in the space R is compact. 

Example 38. Let G be the additive topological group of real numbers, and 
M a closed interval on the real axis. The propositions given in this section 
then become the well known propositions of classical analysis. 


25. Invariant Integration 

This section is devoted to the exposition of the work of von Neumann in 
which he gives the construction of invariant integration in a compact topologi- 
cal group satisfying the second axiom of countability. 

Definition 31. We say that an invariant integration is defined over a com- 
pact topological group G if the following conditions are satisfied. 

1) To every real continuous function f(x) defined on G (see Definition 20) 
corresponds a real number, which we designate symbolically by ff(x)dx , and 
call the integral of the function f(x) over the group G . 

2) If a is a real number, then f<xf(x)dx « <xff(x)dx, i.e., in integration a con- 
stant multiplier can be taken outside the integral sign. 

3) If f(x) and g(x) are two continuous functions, then 

J (/(*) + 9(*))dx = J* f(x)dx -f- J g(x)dx. 

4) If f(x) is always non-negative, then ff(x)dx g 0. 

5) If f(x) = 1 for every x, then ff(x)dx * 1. 

6) If the function f(x) is non-negative and is not identically zero, then 
ff(x)dx > 0. 

7) If a is an element of G, then 

f f{xa)dx = f f(x)dx. 
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8) If a is an element of 0, then • 

f f^ dx " f f(x)dx. 

9) J f(xr l )dx = J* f{x)dx. 

The first six conditions are natural for any concept of integration, while the 
last three express special properties of group invariance. 

We note that conditions 2), 3), and 4) make possible the integration of in- 
equalities and absolute values; in fact, if f(x) ^ g(x), then 

;(x) | dx. 

For if g(x) — /(x) ^ 0, it follows from 4) that f(g(x) — f(x))dx ^ 0, and by 
2) and 3) this relation can be written in the form 

J g(x)dx — J f{x)dx ^ 0, i.e., J f(x)dx ^ J g(x)dx> 

Furthermore — \f(x)\ ^ f(x) ^ \f(x)\ and by the integration of inequalities 
just established we have — f\f(x)\dx ^ ff(x)dx ^f\f(x)\dx which can be 
written 

J f(x)dx | g J | f{x) | dx 

Theorem 20. It is possible to define uniquely invariant integration (see Defini- 
tion 31) over every compact topological group G satisfying the second axiom of 
countability . If an integral is defined which satisfies conditions 1) to 5) and 7), 
then the remaining conditions 6), 8), and 9) are also satisfied . 

The proof of Theorem 20 is not simple and is divided into a series of steps. 
We shall give these steps in the form of preliminary remarks, and shall denote 
only the concluding part as the proof of the theorem. 

In what follows we shall understand by G a compact topological group satisfy- 
ing the second axiom of countability. 

A) Let <S? be a topological group, f(x) a continuous function defined on G, 
and A * {#i, • • * , a m } a finite system of elements of the group G. We shall 
introduce the following notation: 

(i) — ■ 

,_i m 

The function M(A, f(x)) is continuous, and is fundamental in the construction 
of invariant integration. For it, as can easily be verified, the following rela- 
tions hold (for notation see §24, H)); 


J* f(x)dx g f g(x)dx, f f(x)dx g f 
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(2) K(M(A,f(x))) ^ K(f(x)), 

(3) L(M(A,f(x))) £L(f(x)), 

(4) S(M(A,f(x))) ^ S(f(x)). 

Furthermore, if A and B are two finite systems of elements of 0, then 

(5) M(A, M{B, /(*))) = M(AB, /(*)). 

B) If f(x) is a non-constant continuous function defined on G, then there 
exists in 0 a finite system A of elements such that 


( 6 ) 


S(Jlf(A,/(x))) < S(f(x)) 


(see A)). 

Let k be the minimum and l the maximum of the function /(x). Since /(x) 
is continuous and k < l, there exists an open set U c G such that for every 
x e U the inequality /(x) ^ h < l holds. The set of all open sets of the form 
Ua~ l covers the group G, and, therefore by Theorem 7 there exists a finite 
system A = {ai, • • • , a m } of elements of G such that the system of open sets 
Ua^ 1 , i = 1, • • • , m, covers G. We shall show that the function M(A,f(x)) 


has a maximum which does not exceed 


(yyi — 1)Z + h 
m 


<1 


In fact for every x, 


f(xa t ) ^ l f i = 1, 2, • • • , m, but for any x a number j can be found such that 
x e Ua]~ l f i.e., xa,- e U } and therefore /(xa,) ^ h . Since the minimum of the 
function M(A,f(x)) is not less than k (see (2)), the relation (6) is established. 

C) Let/(x) be a continuous function defined on the group G . We shall call 
a right mean of the function /(x) any real number p which possesses the follow- 
ing property: For every positive e there exists a finite system A of elements 
of the group G such that 

(7) | M(A,f(x)) -p\<*. 

We shall show that a continuous function /(x) defined on G has at least one 
right mean. 

Let us denote by A the totality of all functions of the type M (A,/(x)), where 
/(x) is a given function, and A is an arbitrary finite system of elements of G. 
It follows from 2) and 3) that the family A is uniformly bounded. We shall 
show that it is equi-continuous (see §24, D)). 

Being continuous, the function /(x) is uniformly continuous (see §24, C)). 
Therefore for every positive € a neighborhood V of the identity can be found 
such that |/(x) - f(y)\ < c for xy~ l e 7. But since xy~ l e V, it is also true 
that (xaiKyad- 1 - xy~ l e V. Hence |/(xo<) - /(yo<)| < «• Summing this 
inequality over i from 1 to m and dividing the result by m, we obtain 
| M(A, f{x)) - M(A, f(y)) | < «. The last inequality holds for xy~Ke V , and 
for an arbitrary system A, Hence the family A is equi-continuous. 
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We denote by s the lower bound of all the numbers S(M (A, f(x))), i.e., the 
lower bound of the variations of all the functions belonging to A. Then there 
exists a sequence 

(8) Mx), • • • ,/„(*), • • • 
of functions of A such that 

lim S(f n (x)) = «• 

n-*» 

Since the family A is uniformly bounded and equi-continuous, it follows from 
Theorem 19 that we can select from the sequence (8) a uniformly convergent 
subsequence 

(9) gi(x), • • • , g n (x), • • • 

whose limit we denote by g{x). We have S(g(x)) = s (see §24, H)). We shall 
show that the function g(x) is a constant or, what is the same, that $ = 0. 

Let us suppose that g(x) is not a constant. Then it follows from B) that 
there exists a finite system A of elements of G such that 

(10) S(M(A } g(x))) = s' < s. 

Let 6 = J(s — s'). Since the sequence (9) converges uniformly to g(x), there 
exists a number k for which \g(x) — gk(x)\ < e. Replacing x in the last in- 
equality by xa,i and summing all the inequalities thus obtained ovei i from 1 
to m and dividing by m , we obtain 

(11) | M{A,g{x)) - M(A,g k (x))\ < e. 

It follows from inequalities 10) and 11) that 

S(M(A,g k (x))) g s' + 2e < «. 

But by (5) the function M(A } gk(x)) belongs to A so that we have arrived at a 
contradiction, since the lower bound of the variations of all the functions be- 
longing to A is equal to $ by assumption. Hence the function g (x) is a constant : 
g(x) * p. 

Since the sequence 9) converges uniformly to g(x) = p, there exists for every 
positive € a number n such that | g n (x) — pf < c. But g n (x) e A, and therefore 
for every positive e there exists a system A of elements of G for which the in- 
equality 7) holds. 

D) By analogy with A) we introduce a new function by letting 

(12) = E f — 

i-i n 

where B ■ {bi, • • • , 6.}. It can be readily verified that 

(13) M(A, M'(B,f(x))) = M’{B, M(A ; f(x))). 
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E) By analogy with C) we introduce the left mean. We shall call a real 
number q a left mean of a continuous function /(x) defined on 0, if it possesses 
the following property: For every positive number c there exists a finite sys- 
tem B of elements of the group 0 such that 

(14) \M'(B,f(x)) -q \ < t . 

We shall show that there exists at least one left mean for every continuous func- 
tion defined on G. To do this we retain the topology of G, but introduce into G 
the operation of multiplication in a different way. The new topological group 
thus obtained we shall denote by G\ We shall define the product a X b in 
the group G f by suppose that a X b = ba, where ba is the product in the group 
G . It is not hard to verify that this method gives rise to a topological group (?'. 
It is also not hard to see that a right mean of the group G f is a left mean of the 
group G , but as the existence of a right mean has already been established, we 
arrive at the existence of a left mean. 

F) For every continuous function f(x) defined on G there exists only one 
right mean and one left mean and these means coincide. The unique mean 
thus obtained is called the mean of the function f(x) and is denoted by M(J(x)). 

Let p be some right mean of the function f{x) } and q some left mean of the 
same function. Then relations (7) and (14) hold. Putting into (7) the ele- 
ment bjX instead of x and summing over j from 1 to n and dividing the result 
by n we get 

(15) \M'(B,M(A,f(x)))-p\<e. 

Substituting xa t instead of x in (14) and summing over i from 1 to m, we get 
after dividing by m, 

(16) | M(A, M'(B, /(x))) - q\ < e. 

From the inequalities (15), (16), and relation (13) we obtain |p — g| < 2*. 
Since the last inequality holds for an arbitrary positive «, it follows that p ** q. 
Hence every right mean is equal to every left mean and proposition F) is 
proved. 

G) If /(x) and g{x) are two continuous functions defined on the group-G, then 

(17) M (/(x) + g(x)) = M(/(x)) + M(g(x)) 

(seeF)). We shall show first that 

(18) M(M(B,f(x))) = Jf (/(*)). 

Let 

(19) M(f(x)) = p 

Then p is a left mean of /(x), and there exists for a positive t a system C of ele- 
ments of the group G such that 

| M'(C,f(x)) - pi < « 
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Replacing * in the last relation by x&/ and summing over j from 1 to n, we ob- 
tain after division by n, 

| M(B, M'(C, fix))) - p| <«. 

This last inequality may be written in the form 

| M'(C, M(B,f(x ))) -p | <« 

by m aki ng use of (13). Hence p is a left mean of M(B, /(*)) and, therefore, 
relation (18) is fulfilled. 

Let 

(20) M(g(x)) = g. 

Then q is the right mean for g(x) and hence there exists for an arbitrary posi- 
tive € a finite system B of elements of the group G such that 

\M(B,g(x)) -q \ < «. 

From this inequality it follows that 

| M(A', M(B,g(x))) -q | < «, 

where A' is an arbitrary finite system of elements. From (5) we have 

(21) | M(A'B, g{x)) -«| < «. 

From (18) and (19), it follows that p is a right mean of M(B, /(x)), i.e., there 
exists a finite system A of elements of the group G such that 

| M(A,M(B,f{x))) - p | < * 

and this can be written in view of (5) in the form 

(22) \M(AB,f(x)) -p| < «■ 

Relations (21) and (22) give for A “ A', 

| M(AB,f(x ) + g(x)) - (p + q) \ < 2*. 

Therefore, p + q is a right mean for the sum /(x) + (/(*)> which proves (17). 

H) Let /(x) be a continuous function defined on G, and a an arbitrary ele- 
ment of the group G. Then 

(23) M(f(xac) = M(f{x)), 

(24) M(f(ax)) - M(/(x)). 

We remark first of all that 

M(A,f(xa)) - M(Aa, /(x)) 

(see (1)). It follows from this relation that the right means of the functions 
/(xa) and/(x) oo‘ ncide, from which it follows that equation (23) is satisfied. 
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Relation (24) can be established in an analogous way by making use of th& 
left mean. 

I) If f(x) is a non-negative continuous function defined on G which is not 
identically zero, then 

(25) M(/(a r)) > 0. 

It can readily be seen that there exists an open set U c G such that 
f(x) > h > 0 for x e U. The set of all open sets of the form Uar 1 covers 
G and by Theorem 7 we can select from this covering a finite covering, i.e., 
there exists a system of elements A ~ { a if • • • , a m } such that the system of 
open sets Ual 1 , i=l, •••,?», covers G. For every x we ha ve/(x) ^ 0, and also 
for any x a number k can be found such that x e Ua k \ i.e. xa k t XJ t and hence 
f(xa k ) > h . In this way M(A,f(x)) £ h/m/i.e. M{f(x)) = M(M(A,f(x))) £ h/m 
(see (1) and (18)). 

Proof of Theorem 20. We define the integral ff(x)dx of any continuous 
function defined on G by setting 

(26) j ' f(x)dx = M(/(x)) 


(see F)). In this way condition 1) of Definition 31 is satisfied. 

The fact that conditions 2), 4), and 5) of Definition 31 hold is established 
rather simply, while the fulfillment of conditions 3), 6), 7), and 8) follows from 
propositions G), I), and H) established above. 

We shall now show that if we define an integral f*f(x)dx in such a way that 
it satisfies conditions 1) to 5) and 7) of Definition 31, then 

(27) f*f(x)dx = M(f(x)). 

Let p be a right mean of the function /(x). Then we have 

\M(A,f(x)) - V | < e. 

This inequality can be integrated because conditions 2), 3), and 4) of Definition 
31 hold. We obtain by making use of 2), 5), and 7), 

(28) JJ* M(A f f(x))dx - p 

Since inequality (28) holds for any positive €, relation (27) follows at once. 

Hence the uniqueness of the integral satisfying condition 1) to 5) and 7) of 
Definition 31 is established. 

It remains to be proved that condition 9) of Definition 31 is fulfilled. To do 
this we define on G the integral f*f(x)dx by setting 

J*f(x)dx = M(/(X~')). 




f(x)dx — p 


^ €. 


(29) 
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It is not hard to check that conditions 1) to 5) and 7) of Definition 31 hold for 
this integral. We shall go through the verification of condition 7) only. We 
have 

J f(xa)dx « M(f(x~'a)) = M(f((a~ l x)-')) = M(f(x~')) = f * f(r)dx 

(see (24)). Because of the uniqueness established above we have M(f(x~ 1 )) 
« M(f(x)), which completes the proof of Theorem 20. 

In what follows we shall use integration not only with respect to one varia- 
ble, but also with respect to two variables. It is therefore necessary to prove 
that the Jesuit of integration does not depend on the order of integration. 

J) Let G and H be two compact topological groups satisfying the second 
axiom of countability, and f(x, y) a continuous function of two variables x eG 
and y e H (see §15, G)). For a fixed y , the function /(j, y) is a continuous 
function of x. We can therefore form the integral ff(x, y)dx =* g(y) (see Defi- 
nition 31 and Theorem 20). Then g(y) is a continuous function defined on the 
group H . 

Let P be the direct product of the topological groups G and H (see Definition 
28'). Then the function /( j, y) can be treated as a continuous function /($) of a 
single variable z = (j, y) e P, defined on P (see §15, G)). Since the group P is 
compact and satisfies the second axiom of countability (see §15, E) and C)), the 
function f(z), being continuous, is also uniformly continuous (see §24, C)). 
Hence for a given positive € there exists a neighborhood W of the identity 
of the group P such that \f(z') — f(z)\ < e for z f z~ l e W. The neighborhood 
W is composed of all pairs (x, y) such that x eU, y eV, where U and V are 
neighborhoods of the identities of the groups G and H (see Definition 21). 
Hence if x f x~~ l e XJ y y'y~ l e F, then | f(x\ y') — f(x , y)\ < c. In particular for 
y'y~ l t V f we have | f{x, y') — /(j, y) | < c, from which it follows that 

1 0(2/') - g(y) I 5 J* | /(*, 2/0 - /(*, 2/ ) I dx<t, 

i .e., g(y) is a uniformly continuous function. 

Theorem 21. Let G and H be two compact topological groups satisfying the 
second axiom of countability and f(x } y) a continuous function of two variables 
xtG } and y eH (see §15, G)). Then we have the following relations 

f if ^ X ’ y ^ d ^) dy = f if ^ x ’ y^ d y) dx = f f /(*> V)dxdy. 

(See Definition 31 and Theorem 20. The second integration in the first and 
second parts of this relation is permissible because the function under the in- 
tegral sign is continuous (see J)). The last equality is a definition. 

Proof. Let P be the direct product of the groups O and H (see Definition 
28'). P is compact and satisfies the second axiom of countability (see §15, E) 
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and C)). The function /(x, y) can be considered as a continuous function /(a) 
of a single variable 2 = (x, y) e P, f(z) = f(x, y) (see §15, G)). For a fixed y, 
/(x, y) is a continuous function on G, and we can define ff(x, y)dx. This in- 
tegral taken as a function of y is continuous in H (see J)) and therefore we can 
define /(//(x, y)dx)dy. We shall show that the integral thus obtained coin- 
cides with ff(z)dz. To do this let J*f{z)dz =* /(//(x, y)dx)dy. It is not hard to 
see that the integral J*f(z)dz satisfies all the conditions of Definition 31. Let 
us verify only condition 7). Let czP, where c = (a, 6) and azG,bzH', then 


/ f^ dz = X ( i* ^ X<1 ’ yb ^ d *) dy = f (f y V dx ) dy 

~ f (f f( T ’ V) d *} d V = f f( z )dz. 


Hence, since invariant integration is unique (see Theorem 20), 



/Or, y)dx 



f(z)dz. 


Similarly, it can also be shown that /(//Or, y)dy)dx = ff(z)dz, so that a 
double integral does not depend on the order of integration, and Theorem 21 
is proved. 

If the group H coincides with the group G then the function /(x, y) is a con- 
tinuous function of two variables defined on G . This gives the most important 
case. 

Example 39. If the group G is finite, then the integral of a function over G 
is defined simply as the arithmetic mean of the values of this function on the 
elements of the group. 

Example 40. Let G * be the additive topological group of real numbers 
and <p(x*) a continuous periodic function of period one, defined on (?*, 
<p(x* + 1) = We denote by N the subgroup of the group G * com- 

posed of all integers. The function <p(x*), being periodic, assumes equal values 
on all elements of every coset of N in (?*. Hence to the function de- 
fined on G* corresponds a continuous function f(x) defined on the factor group 
G*/N = G . And conversely, every continuous function /(x) on G can be ob- 
tained in this way. Since the group G is compact, there exists on it an integral 
Jf(x)dx y satisfying the conditions of Definition 31. It is not hard to see that 
Jf{x)dx = J\<p(x*)dx* f where on the right we have the ordinary integral of 
a function of a real variable. 


26. Systems of Functions and Integral Equations on a Group 

Making use of integration over a group (see the preceding section) it is pos- 
sible to establish on a group a series of concepts and relations of ordinary 
analysis. To this we devote the present section. 
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In what follows we shall denote by 0 a compact topological group satisfying 
the second axiom of countability. All the functions considered on G will he 
suppose to be continuous. We shall assume here that the functions under con- 
sideration take on complex as well as real values. We shall denote by £ the 
conjugate of x. 

A) Two functions <p(x) and $(x) defined on G are called orthogonal if 

(1) j <p{x)j/(x)dx = 0. 

It is easy to see that relation (1) implies 

J* <p(x)i/(x)dx = 0. 

Hence the orthogonality relation is symmetric. A set A of functions defined 
on G is called an orthogonal system if any two distinct functions belonging to A 
are orthogonal. The orthogonal system A is called orthonormal if for every 
function <p(x) e A we have 

(2) J <p(x)y>(x)dx = 1 . 

B) Let 

(3) A = {<pi(x), ■ ■ ■ , <pi{x), • • • } 

be a finite or countable orthonormal system of functions defined on G. Let 
g(x) be a function defined on G, and let 

(4) hi = J g(x)<pi(,x)dx. 

The n um bers A,-, i = 1, 2, • • • , are called the Fourier coefficients of the func- 
tion g(x) with respect to the system (3). They satisfy the inequality 

(5) g f g{x)g{x)dx. 

i-i J 

To prove (5) we form the finite sum g n (x) = hnpi(x) and consider the 
integral 


J (g(x) - 9 n(x))(g(x) - g*(x))dx = «. 

Since we have under the integral sign the product of two complex conjugates 
and therefore a real non-negative quantity, it follows that a S 0. A simple 
calculation shows that 
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(6) « = f g(x)g(x)dx - 

J l-l 

But since a 0, (5) follows from (6). 

C) The orthonormal system (3) is called complete if for every function g(z) 
we have instead of the inequality (5) the equality 

(7) X) hihi = f gf(x)g(x)dx. 

t-i J 

If the orthogonal system A under consideration is not normal, it can be nor- 
malized by setting (x) « <p t (x)/p tt where fa - + The 

new orthogonal system <p* (x), z = 1 , 2, • • • , thus obtained is normal, and if 
it is complete the system A is also called complete. 

D) A set Q of functions given on G is called a uniformly complete system if 

for every function g(x) defined on G and every positive €, there exists a finite 
linear form g*(x) = constant coefficients a tJ i = 1 , 2, • • * , n, 

ti(x) e 0, < « 1, • • • , n, such that \g(x) — g*{x) \ < *. 

E) Let 

A = {vji(x), • • • , <p,(x), • • • } 

be an orthogonal system of functions defined on G . If the system A is uni- 
formly complete (see D)), then it is a complete orthogonal system of functions 
(see C)). 

We shall assume for simplicity that the system A is normalized. 

Let g(x) be a function on G. We denote the Fourier coefficients of this func- 
tion with respect to the system by h lf i = 1, 2, • • • . Let n be a fixed integer 
and ai, • • • , a n arbitrary numbers. Let us suppose that 

n 

g*(x ) = 2 a,i<pi(x). 

l-l 

We shall now ask for what values of the numbers a§, • * • , a n the expression 

y = f (?(*) - *•(*))&(*) - 


achieves a minimum. 

A straightforward calculation gives 


7 = f g(x)g(x)dx — X) (Mi + MO + X) Mi. 

J t-i 

Making a simple algebraic transformation we get 

/ n ~ n — 

g(x)g(x)dx — X) + X) (^» °0(^< — £<)• 

i-i i—i 
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This formula shows that y attains its minimum for = hi, i « 1, • * •, n, and 
also that this minimum value is 

y ' = f g(x) 9 ( x )dz - Y h &t- 

J *-i 

We note now that since the system A is uniformly complete, we can select for 
every positive number * an integer n and a set of numbers a\, • • • , a n such that 
| g(x) — g*(x) \ < 6, and this shows that y < € 2 for the indicated choice, and 
therefore the minimum value 7' of 7 also does not exceed e 2 , i.e., we have 

f g(x)g(x)dx - Yj < « 2 - 

J 1-1 

It follows from the last inequality combined with (5), that equation (7) is true. 
F) If 

A = {<Pi(x), * • • , <Pi(x), • • ■ } 

is a system of orthogonal functions defined on G which does not contain the 
identically zero function, then all its functions are linearly independent. 

Let us suppose that there exists a linear relation Ydi^tVi^x) == 0. Multi- 
plying this equation by Vk(x) and integrating we obtain b k f <p k (x)<p k (x)dx = 0. 
But since the function under the integral sign is non-negative and is not iden- 
tically zero, the integral is positive and therefore b k = 0 for every k. 

Theorem 22. Let A be an orthogonal system of functions defined on the compact 
topological group G satisfying the second axiom of countability. Then the set A 
is at most countable . 

Proof. Let us exclude from the system A the identically zero function, and 
let us normalize all the remaining functions. We denote the orthonormal sys- 
tem thus obtained by 12 and prove that 12 is at most a countable set. 

Let S be a countable basis of the topological space G. We shall call a pair 
of open sets (J7, V) of S distinguished if V c U. The set of all distinguished 
pairs is countable, and therefore they can be numbered. Let ( U n , F n ), 
n « 1, 2, • • • , be the set of all distinguished pairs. By Urysohn's Lemma (see 
§14) there exists on G a continuous function g n (x) which possesses the following 
properties: 0 £ g n (x) ^ 1, g n (x) » 0 for x e G — U n) gn(x) = 1 for x e F n . 

We shall show that for every function <p(x) e 12 there exists a number m such 
that Jgm(x)v{x)dx ^ 0. In fact since <p(x) is continuous and not identically 
zero, there exists a region W on which the real or imaginary part of the func- 
tion <p(x) does not change sign. Let m be a number such that U m c W. It can 
readily be seen that Jgm(x)<p(x)dx ^ 0 (see Definition 31, 6)). 

Let us now denote by 12 2? the set of all functions $(x) of the system 12 for 

which 

j J* gn(x)i(x)dx 


> 1/fc, 
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where k is an integer. Since the inequality (5) is applicable to each finite sub- 
system of the system the number of functions of the system does not 
exceed k 2 fg n (x)g n (x)dx. Hence the set is finite. On the other hand it 
has been shown above that for every function x ) e Q there exists a number m 
such that fgm(x)<p(x)dx 0 and hence there exists a sufficiently large number 
k for which v(x) e 

Hence Q is a countable sum of finite sets k * 1, 2, • • , n 1, 2, • • • , 
and Theorem 22 is proved ' 

In the theory of representations of compact topological groups an important 
part is played by a certain integral equation on a group. We therefore stop 
here to review some results in the theory of integral equations which will be 
of use later. 

G) Let k{x , y) be a real continuous function of two variables defined on G 
(see §15, G)), which is symmetric , i.e., 

(8) k(x, y) = k(y, x). 

Let us consider the integral equation 

(9) <p(x) = x J" y)<p(v)dy 

where X is a real parameter, and <p(x) is a continuous real function. The values 
of the parameter X for which there exists not identically zero solutions of equa- 
tion (9) are called characteristic values of this equation, while the corresponding 
solutions are the characteristic functions belonging to a given characteristic 
value. 

H) Let X' be a characteristic value of equation (9) and A the totality of all 

characteristic functions belonging to this characteristic value. Then A is a 
linear system of functions, i.e., if <p(x) and yp{x) are two functions of A, then A 
contains the functions aip{x) + where a and b are arbitrary real num- 

bers. Furthermore, A contains a finite orthogonal basis, i.e., it contains a 
finite orthonormal system of functions 

( 10 ) <Pl(x) f • • • , <Pn(x), • * ‘ 

such that all the other functions of A can be expressed as a linear combination 
of functions of (10). 

The fact that the system A is linear can be checked easily. We shall show 
that the number of linearly independent functions of the system cannot exceed 
a certain fixed integer depending on the kernel k(x , y) and the characteristic 
value X'. Let 

(11) *.(*), i=l,- *,m, 

be a system of linearly independent functions of A. Without loss of generality 
we may suppose that the system (11) is orthonormal, for if it were not, it could 
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be replaced by such a system by means of a linear transformation without 
changing the number of its functions. Let 

* l 

k*(x, y) = £ — 4 , i( x )'Pi(y) 

t-l A 


and let us consider 


6 = J* J* {k(x, y) - fc*(x, y))*dxdy 

(see Theorem 21) . We have 5^0. A straightforward calculation shows that 

r r m 

S = J J ( k{x,y)Ydxdy - —> 
from which it follows that 

m g X' 2 J J* (&(z, y)Ydxdy. 

Hence A contains a finite maximal system of linearly independent functions 
from which, by means of linear transformations, can be obtained an ortho- 
normal system satisfying condition H). 

We give without proof the following important fact in the theory of integral 
equations. 

I) Let 

g{x) = J k(x, y)f(y)dy. 

Then the function g(x) can be represented as the sum of a uniformly convergent 
series of functions 

g{x) = <pi(x) + • * * + <Pn(x) + • 

where n « 1, 2, •/ *• , are characteristic functions of equation (9).* 

Example 41. Let G — {ai, • • • , a*} be a finite group. Let us define on it 
the function <p t (x) by supposing that ^(a,) = nbi, where bn = 1 and bn = 0 
for % 9 * j. It is not hard to verify that the system <p % (x) f i = 1, • • * , n, is a com- 
plete orthonormal system of functions op the group G. 

Example 42. Let G* be the additive topological group of real numbers, N the 
subgroup of all integers, and G * G*/N. We have noted in Example 40 that 
every function defined on G can.be treated a§ a periodic function of a real vari- 
able with period 1, and conversely. Let <p n \x) = e? rinx be a function of the real 
variable x, where e is the base of natural logarithms, i » y/— 1, and n is an 

* iThe proof of this theorem can be found in W. V. Lovitt’s Linear Integral Equations , 
page 1 68, McGraw-Hill, New York, 1924. 
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integer. The function tp n (x) is of period 1 and hence can be regarded aa 
defined on 0 . It can be shown in a straightforward way that the system 
^n(s),n =* 0, ±1, ±2, • • is an orthonormal system of functions defined on 
The completeness of this system follows from a well-known theorem of analysis, 
which we shall prove later (see Example 47). 

27. Prelim in a r y Remarks about Matrices 

I shall review here a number of elementary propositions in the theory of 
matrices, and also give a proof of Schur's lemma which plays an important part 
in the theory of linear representations. 

A) Let R be the r-dimensional vector space and / a linear transformation 
of R. The condition that the transformation / be linear may be expressed in 
the form 

(!) f(<*x + fiy) = af(x) + pf(y) 

where x and y are any two vectors of the space R and a and p are two real or 
complex numbers, according as R is a real or complex vector space. 

Let Xi 9 • • • , x r be the coordinates of the vector x in JR, and/i(x), • • • , f T {x) 
the coordinates of f(x). Then the following relations hold: 

(2) f,(x) = 2 dux,, 

J-l 

where the coefficients d»,- do not depend on the choice of the vector x, but are 
defined by the transformation /. Hence for a fixed set of coordinates in the 
space R there exists a one-to-one correspondence between linear transforma- 
tions of this space and square matrices of order r, 

(3) /HKII = d - 

If the transformation / is non-singular, then the determinant of the matrix 
\\dij\\ is not equal to zero, and conversely. The product of two transformations 
corresponds to the product of the corresponding matrices (see Example 2), and 
to the transformation/" 1 inverse to/ corresponds a matrix inverse to the matrix 
||d,*,||. The transformation / has an inverse if and only if the determinant of 
the corresponding matrix is not equal to zero. 

The totality of all linear transformations, or of all the matrices whose de- 
terminants are different from zero, forms a group under multiplication. This 
group becomes topological in a natural way if we define an arbitrary neighbor- 
hood in it as the totality of all matrices ||x,-,|| such that | xa — aa\ < where 
ll a «/|| is a matrix with rational elements, and € a positive rational number. 
Hence the topological group of matrices satisfies the second axiom of counta- 
bility. 

B) Let us replace the coordinates in JR by a new set of coordinates, and let 
us suppose that the new and the old coordinates of the same vector are eon- 
nected by the relation 
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r 

(4) jfji 

where the matrix \\ta\\ = J has a determinant different from zero. With this 
set of coordinates the transformation / will correspond to some matrix 
Ml ■ d', where 

(5) d' = tdt-K 

We say that the matrix d is transformed , into the matrix d f by the matrix t 
Hence the invariant properties of the transformation /are those and only those 
which belong simultaneously to all the matrices connected by relation (5) . An 
example of such a property is afforded by the trace $(d), 

(6) s(d) - ± d ti , 

of the matrix d, since s(d f ) = s(d). Hence we can talk about the trace of the 
transformation/ and s(f) = s(d). If a and b are two matrices, then the trace 
of their product does not depend on the order of the factors: 

(7) s(ab) = s(ba). 

C) Let the linear transformation / of the space R leave invariant some s-di- 
mensional vector subspace S , f(S) c S, 0 < s < r. Let us select a coordinate 
system in the space R in such a way that the first s axes lie in the space S. 
Then the matrix d which corresponds to the transformation/ will be of the form 


( 8 ) 


i a b 

d « 

I 0 c 


where a and c stand for square matrices of orders s and r — $, b is a rectangular 
matrix, and 0 is a rectangular matrix composed entirely of zeros. If d* is the 
transpose of the matrix d (see Example 4), then the transformation f* which 
corresponds to the matrix d* leaves invariant a subspace generated by the last 
r — s coordinate axes, and the dimensionality r — s of this space is distinct 
from zero and from r. It is not true, however, that the connection between / 
and/* is an invariant one. As a matter of fact this connection is purely acci- 
dental and depends on the choice of coordinates. 

D) Let A be a set of linear transformations of the r-dimensional vector space 
R. The set A is called reducible if there exists an s-dimensional subspace S 
of the space R , with 0 < s < r, which remains invariant under all the trans- 
formations of the set A. If this condition of reducibility is not satisfied, then A 
is called irreducible. We demote by S the set of all matrices which correspond 
to the transformations of the set A for a given set of coordinates. The set S 
of matrices will be called reducible or irreducible according as the set of trans- 
formations of A is reducible or not. 
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We shall show that if the set 2 of matrices is reducible, then the set 2* of the 
transposed matrices is also reducible. 

It follows from C) that there exists a constant matrix t such that all the 
matrices t2t~ l have the special form (8), i.e., if x e 2, then txt~ l ** x f has the 
form (8). By remark C) the matrix x f * leaves invariant some subspace S' of 
the space 12. Let us take the transpose of the relation txt~ x * x f and solve 
it for x *. We obtain t*~ l x*t* = x'*, or x* = Since the matrix x'* 

leaves invariant the subspace /S', it follows that the matrix x * also leaves in- 
variant some subspace S", and hence the family 2* of the matrices x* is reduc- 
ible. 

We shall now prove the following important proposition due to I. Schur. 

Schur’s Lemma. Let 2 and ft be two irreducible sets of square matrices of 
orders m and n 9 and let a be a rectangular matrix of m rows and n columns such that 

(9) 2a = aft, 

i.e., for every matrix u e 2 there exists a matrix v e ft such that 

(10) ua = av, 

and conversely , for every matrix v f e ft there exists a matrix u f e 2 such that 

u'a = av'. 

Under these conditions , only two cases are possible: either all the elements of the 
matrix a are equal to zero , or else m = n and the square matrix a has a non-zero 
determinant . 

Proof. Let 22 be the ra-dimensional vector space with a certain coordinate 
system. Then the matrices of the set 2 can be regarded as linear transforma- 
tions of the space 22. Further let a = ||a»,|| and let a k be the vector of the 
space 22 with coordinates a u , • • • , a mk . In this way the coordinates of the vec- 
tor a k are elements of the fcth column of the matrix a. Let us denote by S a 
linear subspace of the space 22 generated by the vectors ai, • • • , a n ; we can 
then show that the subspace S is invariant under all transformations of the 
set 2. 

Let u = H^ll be a matrix of the set 2 and v = ||t> ( ,|| a matrix of the set Q 
such that ua = av. Applying the transformation u to the vector a k we get a 
vector b k with coordinates b %k = ?&;*?> t = 1, • • * , w. Calculating the 

corresponding member of the right side of the equality ua = av, we get 
hi* = JLj-iaijVih i « 1, • * • , m. Hence the coordinates of the vector b k are 
expressible as a linear combination of the coordinates of the vectors a\, * > 

which implies that b k c S . Hence all the transformations of the set 2 leave in- 
variant the space S. 

Since the set 2 is irreducible, the dimension of the space S must be zero or m . 
In the first case all the vectors a k which generate the space S become zero, i.e., 
all the elements of the matrix a are zero. In the second case there are exactly m 
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linearly independent vectors in the system «i, * • • , a», which means that there 
are exactly m linearly independent columns in the matrix a. Therefore 

( 11 ) n ^ m. 

Let us denote by 2* the set of matrices obtained by transposing the matrices 
of the set 2, and by 12* the analogous set of matrices obtained from 12. It fol- 
lows from remark D) that the sets 2* and Q* are irreducible. We denote by a* 
the transpose of the matrix a. Taking the transpose of relation (9) we get 
Q*a* = a* 2*. Applying to this relation the same considerations that we ap- 
plied to (9) we see that there are, as before, only two possibilities: either all the 
elements of the matrix a* are zero, or else the matrix a* contains n linearly in- 
dependent columns. The first possibility has already been considered, while 
in the second case the matrix a contains n linearly independent rows, i.e., n g ra. 
This inequality combined with (11) proves that a is a square matrix whose de- 
terminant is different from zero, so that Schur’s lemma is proved. 

The following proposition is a direct consequence of Schur’s lemma. 

E) Let 12 be an irreducible set of square matrices of order r, and let b be a 
square matrix of order r which commutes with all the matrices of the set 12. 
Then the matrix b has the form fie where fi is a complex number and e is the 
unit matrix. 

To prove this, let us consider the matrix a = b — fie } where fi is a complex 
number chosen in such a way as to make the determinant of the matrix a equal 
to zero. Since the matrix b commutes with all matrices of the set 12, the matrix 
a must possess the same property. We therefore have the relation 12a — a 12. 
It follows from the above lemma that all the elements of the matrix a are equal 
to zero, since the determinant of the matrix a is equal to zero by hypothesis. 
Hence b = fie . 

F) Let 12 be an irreducible system of matrices such that any two of its 
matrices commute. Then all the matrices of the set 12 are of the first order. 

It follows from E) that all the matrices of the set 12 are of the form fie , where fi 
is a number, and e is the unit matrix. But a set of matrices of this form can be 
irreducible only if all the matrices are of the first order. 

We shall pause here to discuss some special properties of unitary matrices. 

G) Let R be a complex r-dimensional vector space, and x a vector with co- 
ordinates Xi, • • • , x r . Let us consider the Hermitian form 

(12) <p(x) = 

*—i 

Let d = ||d</|| be a matrix and / the transformation of the space R which corre- 
sponds to it. The matrix d is called unitary if the transformation / leaves in- 
variant the Hermitian form (12), i.e. if v(f(x)) = <p(x) for every x. Straight- 
forward calculations show that in order that the matrix d be unitary it is 
necessary and sufficient that the following relations hold: 

r 

(13) 23 dijdik == ( Su = 1, 5,-y =* 0 for i ?*j). 

•~i 
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Denoting by d* the transpose of d, we can write (13) in the form 

(14) d*d = e 

where e is the unit matrix. Hence d is unitary if and only if 

(15) d~ l = d*. 

This last relation can be written in the form 


(16) 

II 

# 

or 


(17) 

r 

y ^ djxdki — 5 


l-l 


Relations (13) to (17) are equivalent and all express the unitary character of 
the matrix d. If the unitary matrix d is real, then it is orthogonal (see Ex- 
ample 4). We note that a unitary matrix leaves invariant not only the Her- 
mitian form (12), but also the bilinear form y) = where y is a 

vector with coordinates yi, • • • , y r . We have in fact ^(/(x), f(y)) =» ^( x , y). 
If the bilinear form ^(x, y) of two vectors is equal to zero, then these vectors 
are called orthogonal If the transformation / is unitary and if the vectors x 
and y are orthogonal, then the vectors /(x) and f(y) are also orthogonal. 

H) Let R be the complex r-dimensional vector space, and x a vector with 
coordinates xi, • • • , x r . Let us consider the Hermitian form 

(is) <p\x) = 22 22 «<#*♦*»» 

*- 1 7-1 

where the coefficients are symmetric, i.e. 

(19) a%j = dju 

The form (18) assumes only real values. Let us suppose that it is a positive 
definite form, i.e., it is always positive for x ^ 0. Let / be a transforma- 
tion of the space R which leaves invariant the Hermitian form (18),. i.e., 
* *'(x). We denote the corresponding matrix by d' « ||dj|, and 
write f — > d\ As is well known we can reduce the positive definite Hermitian 
form (18) to the form (12) by a transformation of coordinates of the space R . 
In these new coordinates there corresponds to the transformation / a matrix 
d * ||df,*,||. Hence d = t~ l d% where d is a unitary matrix. 

I) Let R be the r-dimensional complex vector space and / a unitary trails* 
formation with matrix d = ||d*,J|. Let us suppose that / leaves invariant some 
s-dimensional space S, where 0 < 8 < r. Let us denote by S' the space of 
all vectors orthogonal to every vector of the space S . Then S' is a space of 
r — s dim e nsi ons. Let us select coordinates in the space R in such a way that 
the first 8 axes lie in the space S , while the remaining axes lie in the space S'. 
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In these new coordinates the matrix d' which corresponds to the transformation 
/ has the special form 


a 

0 

0 

b 


where d' = tdt~ l f and t, a, and b are unitary matrices. 

J) It follows from the definition of a unitary matrix that the product of two 
unitary matrices is a unitary matrix, and that the matrix inverse to a unitary 
matrix is also unitary. Hence the set of all unitary matrices of order r forms 
a group 0 under multiplication. This group, being a subgroup of the topologi- 
cal group of all matrices whose determinants are different from zero, is top- 
ological (see A)). Since all the elements of a unitary matrix do not exceed 
one hrabsolute value by (13), the group G is compact. It is not hard to show 
that G satisfies the second axiom of countability (see A) and §12, B)). The 
set of all orthogonal matrices of order r forms a subgroup of the group G . 

28. Orthogonality Relations 

We shall denote here by G, as in §26, a compact topological group satisfying 
the second axiom of countability, and by x the complex conjugate of x. 

Definition 32. A homomorphic mapping g of a topological group G in the 
topological group of matrices of order r (see §27, A)) is called a representation 
of degree r of the topological group G. In this way, to every element x e G 
corresponds a matrix g(jx ) of order r whose elements we shall denote by g %J {x ) , 
g{x) * ||<to(*)||. By a representation simply we mean a representation of some 
(unspecified) degree. 

Two representations g and h of the group G of the same degree are called 
equivalent if there exists a constant matrix t (not depending on x) such that 

(1) h{x) = (r l g(x)t 

for every x e G. 

If 9 is a representation of a topological group G, g{x) = ||^»,(x)||, then the 
functions g%j(x) are continuous, since we have to do with a homomorphic 
mapping of one topological group in another, i.e., with a continuous mapping. 
Conversely, if there exists a homomorphic mapping g of an abstract group G 
in an abstract group of matrices, g(x) = ||g iJ (a:)||, and if the functions Qi,{x) 
are continuous on the topological group G, then g is a homomorphic mapping 
of the topological group G in a topological group of matrices, i.e., g is a repre- 
sentation of the topological group G. 

Theorem 23. If g is a representation of the compact group G then there exists 
an equivalent representation g' all of whose matrices are unitary (see §27, G)). 
In other words for every representation there exists an equivalent unitary represen- 
tation . 
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28 ] 

Proof. Let r be the degree of the representation g. Let us denote by R 
lie r-dimensional complex vector space with a definite coordinate system, and 
it 


2 ) 


2 Ufa, 


diere m is a vector in the space R with coordinates u x , ■ ■ ■ , u,. To every 
natrix g(x) corresponds some linear transformation of the space R, which we 
hall denote by g x . We now substitute into the Hermitian form (2) the vec- 
or g x (u) instead of the vector u and get 


.3) v(g*(u)) — 22 gt,(x)g,k{x)u,u k . 

This new Hermitian form satisfies the condition of symmetry (19) of §27, and 
s positive definite (see §27, H)). We now construct a new Hermitian form 

(4) <p'(u) = j <p{g x (u))dx ; 


then <p'(u) is also a positive definite form. We shall show that this form is in- 
variant if we replace the vector u by the vector g v (u). To do this we substi- 
tute the vector g v (u) for u in (4), remembering that gx(g v (v)) = gx V (u) since g 
is a homomorphic mapping. Because of the invariance of integration (see 
Definition 31, 7)) we have 




j <p(gry(u))dx = J <p(gx(u))dx 




As we have already remarked (see §27, H)), the form <p'(u) can be reduced to 
the form (12) of §27 by means of a transformation of coordinates in R. In 
these new coordinates to every transformation g x will correspond the matrix 
g'(x) = ||flfy(a?)||, where g r {x) = tr l g(x)t 9 and t is the matrix of the transforma- 
tion of the coordinates. All the matrices g'(x) are unitary and therefore the 
theorem is proved. 

Definition 33. The character \(x) of the representation g of the group G is 
the trace of the matrix g(x) (see §27, B)). Hence the character of a representa- 
tion is a real valued function defined on G, namely x(x) = s((7(x)). Obviously, 
two equivalent representations have equal characters since the traces of the 
matrices g{x) and t~ l g(x)t are equal. The character of the representation is 
invariant, i.e., 

(5) xicr'xa) * x(x), 

where a is an arbitrary element of (?. For 

xfa-'xa) = s(g(a-'xa)) = s((g(a)- l g(x)g(a)) = s(g(x)) = x(*)- 
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A) Let gr be a reducible representation of the group 0 . By Theorem 23 and 
remark I) of §27 we can assert that there exists a matrix t such that the mat- 
rices h(x ) = t~ l g(x)t have the special form 


9\x) 

0 g"(x) 


where g'(x) and g n (x) are unitary matrices. We say then that the representa- 
tion fir decomposes into two representations fir' and fir". If the representations 
fir' and fir" are also reducible, then they in turn may be further decomposed. 
In this way every representation g can be decomposed into a finite system of 
irreducible representations g%, • • • , g n . If we denote by x(x) the character of 
the representation g and by x%(x) the character of the representation g t) then 
the following equality holds 


XOO = X l(x) + * * * + Xn(x). 


Theorem 24. Let g and h be two distinct unitary irreducible non-equivalent 
representations of the group G , g(x) = ||fir*,(z)||, h(x) = ||A»,(a?)||. If we denote 
by x(x ) and x'(x) the characters of the representations g and h, then the following 
orthogonality relations hold: 


(6) 

J gu(x)hki(x)dx = 

(7) 

f x{x)x\oS)dx = 


Proof. Let m be the degree of the representation g } and n be the degree of 
the representation h . Let us denote by b a constant matrix with m rows and n 
columns, and let a(x) = g{x)bh(x~ l ). Let a = Ja(x)dx. It is not hard to 
show that g(y)ah(y~ l ) = a. In fact 

g(y)ah(y~ l ) = J g(y)g(x)bh(x^ 1 )h(y- l )dx = J g (yx) bh ( (yx) ~ l )dx = a 

(see Definition 31, 8)). We have, therefore, g{x)a = ah{x). It follows from 
Schur’s Lemma (see §27) that there are two possible cases. If we suppose that 
the determinant of the matrix a is different from zero, we get h(x) = a~ l g(x)a 9 
i.e., the representations g and h are equivalent, which contradicts the assump- 
tion of the theorem. Therefore, the matrix a is composed of zeros and we have 

J g{x)bh{x~ l )dx = a = 0. 

Let us select the matrix b in a special way by supposing that its element in 
the j-th row and 1-th column is unity, while all the other elements are equal to 
sero. Then, by taking into consideration relation (15) of §27 we obtain 
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f ga(x)h k ,(x)dx = 0. 

Relation (7) for the characters x0*0 and x'(%) follows from (6) since x0&) and 
x'(x) can be expressed in terms of ga(x) and h^x). 

Theorem 25. Let g be a unitary irreducible representation of the group 0 of 
degree r , g(x) = ||flf*,(aj)||. Let us denote the character of the representation g by 

(8) x(x) = J^gnix). 


Then the following orthogonality relations hold : 


f ffi,(x)g„ 


(x)dx = 


If i 9 * k or j l then 


and finally 


f g>,(*)g 


] ki{x)dx = 0, 


(11) f X (x)x(x)dx = 1. 

Proof. Let us denote by 6 = ||&*-,||a constant square matrix of order r, and 
let a(x) = g(x)bg(xr l ) and a = fa(x)dx . It is not hard to see that the matrix a 
has the following property of invariance 


0(2/)o0(2T 1 ) = 


In fact 


Q(y)ag(y~ l ) = J* g{y)g{x)bg{x~ l )g(y- l )dx = J g(yx)bg((yx)-')dx = a 

(see Definition 31, 8)). It follows from relation (12) that g{x)a *= ag(x) for 
an arbitrary x. From this together with remark E) of §27 we can conclude 
that the matrix a is of the form ae', where e ' is the unit matrix and a is a com- 
plex number depending on the matrix b. Hence 

(13) J * g(x)bg{xr l )dx = ae'. 


Let us determine the number a. To do this we take the trace of both sides of 
relation (13). Taking into consideration formulas (15) and (13) of §27 we have 
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#( f g(x)bg(x~ l )dx\ = f £ g<,(x)b ik 9ik(x)dx = f £ h, k b, k dx 

- f z m* = 8(«>). 

^ j-i 

But the trace of the right hand side of (13) is equal to ar, and therefore 
a “ s(b)/r. 

Let us now select the matrix b in a special way by supposing that only the 
element standing in the j-th row and Z-th column is distinct from zero, and that 
this element is equal to unity. Then s(jb) = $,j. Making use of formula (15) 
of §27, we get under these conditions from relation (13), 


(14) 


J gi,(x)g kl (x)dx 


1 

r 


But the last relation is equivalent to (9) and (10), and from it also follows rela- 
tion (11). Hence the theorem is proved. 

We now consider in greater detail the characters of the representations. 

B) Let A be the set of characters of all the inequivalent irreducible represen- 
tations of the group G . It follows from (7) and (11) that A is an orthonormal 
system of functions defined on G. Hence A contains not more than a count- 
able number of functions (see Theorem 22) and we can suppose 

A = {xi(*)» • ' ' , Xr(x), ’ ■ • 

Let gr be a representation of the group G and x(^) its character. By A) the 
representation g decomposes into a system of irreducible representations and 
we have 

(15) x(x ) = 2 m iXx(x), 

i - 1 

where to,- is a non-negative integer denoting the multiplicity with which the 
irreducible representation g t of character x*( x ) occurs in the representation g. 
Multiplying (15) by Xk(x) and integrating we get 

m k = J x(x)xk(x)dx. 

Hence the numbers to* are the Fourier coefficients of the function x(x) with 
respect to the system A. This means that the numbers m* are uniquely deter- 
mined by the function x(*). Hence the character x(x) of the representation g 
determines g uniquely up to equivalence. 

Multiplying (15) by its conjugate and integrating we get 

(16) jb = f x(x)x{x)dx. 

4--1 " 
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The last relation gives us a criterion for the irreducibility of the representa- 
tion g, namely, a representation g is irreducible if and only if its character x(^) 
satisfies the condition 

(17) J X (*)i(x)dx = 1. 

If the representation g is reducible, then 

J x(x)x(*)dx > 1. 

Theorem 26. If the group G is commutative then all its irreducible representa- 
tions are of the first degree , and every irreducible representation g coincides with 
its character x(x) f q(%) = ||xC*0||> since the matrix g(x) reduces in this case to an 
ordinary number. 

The proof follows directly from remark F) of §27. 

Example 43. Let G and H be two compact topological groups satisfying the 
second axiom of countability. Let us denote by F their direct product. Every 
element z of F represents a pair (x, y ), where x e G, y z H. Let g and h be 
irreducible representations of the groups G and H of degrees m and n respec- 
tively, g(x) = ||jf„(x)||, h(y) = ||ftu(y)||. From the representations g and h of 
the groups G and H we construct a representation / of the group F which is 
also irreducible. To do this we introduce a double index (z, k), where the 
first element of the pair runs over the values 1, • • • , m and the second the 
values 1, • • • , n. It is of course possible to number all pairs (z, k) with the 
numbers 1, • • • , ran, but we shall not make use of that. We now introduce a 
new square matrix f(z) = ||/(, ,*)(*, i)(z)\\ of order mn by letting fu,k)d,o( z ) 
= gx,(x)hki(y), where z = (x, y). It is not hard to verify that the matrix /(z) 
gives a representation of the group F. We shall show that this representation 
is irreducible. To do this we calculate the character x(z) of the representa- 
tion/. We denote by x'0*0 and x"(2/) the characters of the representations g 
and h. Direct calculations show that x(*0 = x'(z)x"(2/)> where z ** (x, y). 
Applying to the character x(z) the criterion of irreducibility (17) we obtain 

j x{z)x(z)dz = j J x'(x)x"(y)x'(x)x''(y)dxdy = 1 

(see proof of Theorem 21). Hence the representation / is irreducible. In the 
next section we shall show that all irreducible representations of the group F 
can be obtained by a similar construction— of course, only up to an equivalence 
(see Example 45). 

Example 44. Let G be the topological group discussed in Examples 40 and 
42, and *>„(x), n = 0, ±1, ±2, • • • the system of functions defined on G in 
Example 42, *> w (x) = e 2rinx . Let us consider the matrix of the first order 
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Unix) * ||v>»(aO||. Then g n is a representation of the group G of the first de- 
gree, and moreover, g n is unitary. The character of the representation g n is the 
function <p n (x). Since the functions <p n {x) y n =* 0, ±1, ±2, • • • , form a com- 
plete orthogonal system in (?, there exist no irreducible representations of the 
group G besides the. representations g n which we have just constructed, for in 
the contrary case the complete system of orthogonal functions could be en- 
larged by one more function, orthogonal to all the others, which is impossible. 

29. The Completeness of the System of Irreducible Representations 

In theypresent section we give an exposition of the results of Peter and Weyl 
concerning the completeness of the system of functions arising from irreducible 
representations. The proof given here differs from the original proof (see [29]) 
inasmuch as we make use of the orthogonality of the system in proving its com- 
pleteness, which simplifies the proof greatly. 

Here, as in the preceding section, we designate by G a compact topological 
group satisfying the second axiom of countability. All the functions consid- 
ered here are continuous. 

Theorem 27. We select from each class of mutually equivalent irreducible repre- 
sentations of the group G a unitary representation . By remark B) of §28 there is 
only a countable number of such representations which we number by writing them as 

a) *°\-- A*) - ll^’wll. 

We denote by A the totality of all functions g^{x) arising from the representations 
of the system (1). Then the system A is a uniformly complete system of functions 
on G (see §26, D)), and hence from relations (6), (9), and (10) of §28, and from 
Theorems 24 and 25, the system A is a complete orthogonal system of functions of G 
(see §26, E)). 

Proof. Let k{z) be a real continuous function defined on G which satisfies 
the condition of symmetry 

(2) *(«-*) = k{z). 

Let us consider the integral equation 

(3) = X f k(x~ l y)<p(y)dy. 

It follows from (2) that the kernel of equation (3) is symmetric, 

k(x~ l y) = k(y~ l x). 

We denote by A' the totality of all characteristic functions of all the equations 
of type (3) (see §26, G)) and show that the system of functions A' is a uniformly 
complete system on O. 

Let /(*) be a continuous function defined on 0. Since the function f(r) is 
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continuous it is uniformly continuous (see §24, C)), i.e., for every positive < 
there exists a neighborhood U of the identity e of the group G such that for 
x~ l y e U we have 

( 4 ) | f(x) - f(y) | < h 

and C/ -1 = U . Let 7 be a neighborhood of the identity e such that Vc U. 
By Urysohn's Lemma (see §14) there exists a continuous function q(z) such 
that_0 g q(z ) g 1 for every zeG, q(z) = 0 for z e G - U and q{z) * 1 for 
z e V. Let k'(z) = a(q(z) + q(z~ l )) f where a is a real positive number selected 
in such a way that fh'(z)dz = 1. The function k'(z) is different from zero only 
for z e J7 and satisfies the condition of symmetry (2). Let 

f(x) = J k'(x-'y)f(y)dy. 

Because of the special choice of the function k'(z) and inequality (4) we have 

(5) \m -/'(*)! <§«. 

In fact 

I /'(*) ~ f( x ) | = | J* V{x~ l y)(f{y) - f(x))dy g J k'(x~'y) \tdy = 

By remark I) of §26 the function f'{x) can be decomposed into a uniformly con- 
vergent series 

f'(x) = <P\(X) + • * • + <fn{x) + ‘ • y 

where the functions <p t (x), i = 1, 2, • • • , are characteristic functions of the 
equation 

(6) <p(x) = X J k'(x~ l y)>p(y)dy. 

Therefore there exists an n sufficiently large so that the function 

(7) f"(x) - ± <Pi{x) 

»-l 

satisfies the inequality 

(8) |/'(x) < h. 

Combining inequalities (5) and (8) we get 

(9) • | /(*) -/"(*) |<«. 

Since equation (6) is of the form (3), all the functions i ** 1, •••, n f 
belong to the system A'. But since « is arbitrarily small, the uniform complete- 
ness of the system A' follows from (7) and (9). 
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Let us denote by A" the set of all functioas ga(x) arising from all possible 
representations g, g(x) ■ ||0*/(*)||, of the group G and let us show that the 
system of functions A" is uniformly complete in G . 

To prove this it is sufficient to show that every function of the system A' 
can be expressed as a finite linear form in the functions of the system A" with 
constant coefficients, since the uniform completeness of the system A' has al- 
ready been shown. 

If v'(x ) is a function of the system A' it satisfies equation (3) for some choice 
of the kernel k(z). Let X' be that characteristic value of the parameter X to 
which corresponds the function <p'{x). We denote by 

( 10 ) <pl(x) t • * • , <fn(x) 

the complete orthogonal system of solutions of equation (3) which belong to 
the given characteristic value X' (see §26, H)). Then <p f (x) can be expressed 
as a linear combination of functions of the system (10), and it will suffice to 
show that every function of the system (10) can be expressed as a linear com- 
bination of functions of the system A". 

If the function <p(x) is a solution of equation (3), then the function <p(ax) is 
also a solution of (3) for the same characteristic value X. In fact since x is 
an arbitrary variable in equation (3), x can be replaced by ax, and at the same 
time, because of the invariance of integration, y can be replaced by ay, and we 
get 


<p(ax) = X J k{x~ l ar l ay)<p(ay)dy = X J k(x~ l y)<p(ay)dy. 


Therefore, the functions 

(ID 


<Pi{ax), • • • , ip n {ax) 


are solutions of equation (3) for the characteristic value X', and hence can be 
expressed as a linear combination of functions of the system (10). In this way 
we obtain 


( 12 ) 


<p t (ax) — ^^gij(o>)fPt(x). 
/-i 


Moreover, the system (11) is orthogonal, since 

J <Pi(ax)<p,(ax)dx = J <p t (x)*pj(x)dx = 6 tJ . 

Hence the functions of the system (11) are linearly independent, and the func- 
tions of the system (10) can be expressed as linear combinations of them. 
Hence the matrix ||9*/(*)|| * g(x) has an inverse. It could also be shown that 
the matrix g(x) is orthogonal, but this is not essential for our purposes. We 
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shall show that the functions gi,(x) are continuous. In fact multiplying (12) 
by <pk(x) and integrating we get 

g.h(a) = J <p,(ax)<p k (x)dx 

(see §25, J)). We next calculate g(ab). We have from (12), 

n 

(13) <Pt[abx) = g %j (ab)<pj(x). 

j-i . 

From the same relation (12) we also get 

n n 

(14) <p t (abx ) = 2 g % k(a)<p k (bx) = £ 9 a(a)g kj (b)<pj(x). 

*-l (*,;)- 1 

Comparing coefficients in the right sides of (13) and (14) we get 

n 

= £ g,k(a)g kl {b), 

k-1 


which can be written in matrix form 

(15) g(ab) = g(a)g(b). 

It follows from (15) and from the continuity of the functions g„(x) that g(x) 
gives a representation of the group G, and therefore all the functions 

(16) g„(x) 
belong to the system A". 

We now replace x in equation (12) by the identity e. We obtain 

n 

<p.(“) = H j(e). 

i-i 

But this means that the functions of the system (10) are expressed as a linear 
combination of functions of the system (16) belonging to the system A". This 
proves that the system A" is uniformly complete. 

All the functions of the system A appear in the system A", Ac A 1 '. We 
shall now show that every function of the system A" is expressible as a linear 
combination of functions of the system A. This will show that the system A 
is uniformly complete, since the uniform completeness of the system A" has 
already been proved. 

Let p(x) be an arbitrary function of the system A". Then there exists a 
representation g of the group G, g(x) = !|{7ii(z)||> such that p(x) is one of the 
functions 

(17) 
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By remark A) of §28 there exists a constant matrix t such that 
(18) g(x) = t~ l h(x)t y 

where the matrix h(x) has the special form 



ffi(z) 

0 • 

• 0 

h(x) = 

0 

9i(.x) ■ 

• 0 


0 

0 • 

■ • 0»(z) 


and where 

(!9) g,(x), i = 1, 2, • • • , n, 

give irreducible unitary representations of the group G. By a special choice 
of the matrix t it is possible to have all the representations of the system (19) 
belong to the system (1), for the system (1) contains irreducible representations 
equivalent to any given representation. If we then suppose that the repre- 
sentations (19) belong to the system (1), then relation (18) shows that all the 
functions (17) can be expressed as linear 'combinations of functions of the sys- 
tem A. In particular, this is true for the function p{x). Hence the uniform 
completeness of the system A is established. 

The following proposition, which plays a particularly important part in the 
study of eompact topological groups; is a direct consequence of Theorem 27. 

Theorem 28. We select one representative from each class of irreducible equiva- 
lent representations of the group G and denote the representatives by 

(20) • • • , g<">, 

Then for every element a e G distinct from the identity, there exists a representation 
? < "* ) of the system (20) such that g (m) (a) is not the unit matrix. 

Proof. It follows from Urysohn’s Lemma that since a ^ e, there exists a 
function /(x) defined on G such that /(a) /(e) (see §14). If, contrary to the 
statement of the theorem, the equality g w (a) = p (B) (e), should hold for every 
representation of the system (20), then we should have for every function 
of the system A (see Theorem 27) the equality g%\a) = g%Ke). But in this 
-case it would be impossible to approximate the function /(x) by linear forms 
ip the functions of the system A, since / (a) ^ /(e) . Hence Theorem 28 is estab- 
lished: 

We now pass to the consideration of systems of characters. 

Theorem 29. Let 

0 35 {xi(*)> * • • I X»(x), • • • } 

be the totality of all characters of irreducible representations of the group G. We 
shall say that the function f(x) defined on G is invariant if 
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(21) f(a~ x xa) « f(x) 

for every a e G. From relation (5) of §28 the functions of the system S2 are in- 
variant. The assertion of this theorem is that the system Q is uniformly complete 
with respect to all invariant functions defined on G. This means that for every 
invariant function f(x) defined on G f and for every positive c, there exists a linear 
formf'(x) = Yt~i c iX%(x) with constant coefficients such that 

I /(*) - /'(*) i < «. 

Proof. Let g be an irreducible representation of the group G of degree r, 
g(x) = || 0<i(x)||. Let us suppose that the function 

(22) p{x) = X b, t gi,(x ) 

is invariant. We can then show that 

(231 p(x) = ax(x) ■ 

where x(z) is the character of the representation g, and a is a number. 

By assumption 

r r 

(24) p{ar x xa) = Y b ]t g %J (a~ l xa) = Y b ]X g tk (a- l )g k i(x)g h (a) = p(x). 

Since all the functions g t} (x) are linearly independent (see Theorems 23 and 
§26, F)), the corresponding coefficients b in (22) and (24) must be equal and we 
have 

r 

bik = 2 <lit(a)b»gik(ar l ). 

<*.>)-! 

In matrix notation this last equality can be written: b = g(a)bg(a~ l ) 9 where 
b = ||6„||j it can also be written g(a)b = bg(a ). From remark E) of §27 we 
can conclude from this that the matrix b has the form ae' , where e' is the unit 
matrix, and a is a number. Then equation (22) assumes the form (23). 

Now let q(x) be an invariant function defined on G which is expressible as a 
finite linear form in the functions of A (see Theorem 27). The sum q(x) 
can be decomposed into a series of partial sums p,(x), q{x) = ]C(«iP<0*0, where 
each sum p t (x) has the form (22), i.e., it is composed of functions belonging to 
one irreducible representation g (i \ It follows from the invariance of the func- 
tion q(x) that each of the functions p*(x) is also invariant. For the function 
Pi{ar l xa) can be expressed as a function of x linearly in terms of the functions 
g ( u(x) belonging to the representation g i%) (see equation (24)). It follows from 
this and from the linear independence of the functions of the system A,* that 
the equation 


£ Pi(.a~ l xa ) = £ Pi(x) 
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must be true termwise, i.e., p<(o -1 xo) * Pi(x),i = 1, • • • , «. We therefore ob- 
tain from (23) the equation Pi(x) *= a<x<(s), i.e., 

(25) q(x) = E “vXiW- 

»-I 

Finally let /(x) be an arbitrary invariant function defined on Cr. By Theo- 
rem 27 there exists a finite linear form f'(x) of functions of the system A such 
that 

(26) | /(*)-/'(*) I <«, 


where t is a preassigned positive number. It follows from inequality (26) that 


(27) 


J }{a~ l xa)da — J* f{a~ l xa)da 


< t. 


Since fix) is invariant we haye Jf(ar l xa)da = fix). Let us suppose that 
ff'(a~ 1 xa)da — q(x). Then inequality (27) has the form 

I /(*) - q(x) | < «• 

Since the function /'(x) is a finite linear form in the functions of the system A, 
f'(ar l xa) has the same form as a function of x, and therefore q(x) is a finite 
linear form in the functions of the system A. It is not hard to see that the func- 
tion q(x ) is invariant, because of the invariance of integration (see Definition 
31, 7)). It follows from relation (25) that q(x) - Hence 

\m -e; -i«iX« 0«0 | < e and the theorem is proved. 

A) Let 

« = {Xl0*0, • • • , Xn(x), • • • } 

be the totally of characters of irreducible representations of the group G 
and f{x) an invariant function defined on G. We denote by the Fourier co- 
efficients of the function f(x) with respect to the system 0, 

hi = J f(x)xi(x)dx. 


Then we have the equation 


E hihi - 

i - 1 

The proof is based on Theorem 29, and is analogous to the proof of Remark E) 
of $26. 

Just as Theorem 28 follows from Theorem 27, so Theorem 30 can be made to 
follow directly from Theorem 29. This theorem is, however, not important 
for our purposes. 
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Theorem 30. Let a and b be two non-conjugate elements of the group 0, jue,, 
elements such that there exist no element ceO for which b = c~~ l ac. Then there 
exists a character xOO of an irreducible representation of the group G such that 
x(a) 9* x(b). 

Proof. It is not hard to see that the set B of all elements conjugate to b 
is compact. From Urysohn’s Lemma (see §14) there exists a non-negative 
function /(s) which is zero on B and different from zero at a. Moreover the 
function <p(x) = ff(y~ 1 xy)dy is invariant, and <p(b) = 0, wdiile (p(a) 9 * 0. By 
Theorem 29 the function <p(x) can be approximated uniformly by means of 
linear forms in functions of the system 12 (see A)), and hence there exists a 
function in 12 which assumes distinct values at the points a and b. 

Example 45. Let us complete the discussion of Example 43. Let 

= {x'iOO, • • , x'»(x), • • • | 

be the totality of all the characters of irreducible representations of the group G 
and let 


o" = { x"i ( y ), ■ • ■ , Xn"(y), • ■ • } 

be the totality of all the characters of irreducible representations of the group 
H. Let us denote by 12 the totality of all the functions Xu(z) = XiWx^ ( y ) 
where z = ( x , y). It follows from what we have shown in Example 43 that 
all the functions of the system 12 are characters of irreducible representations 
of the group F. We shall show now that the system 12 contains all the char- 
acters of the irreducible representations of the group F. 

Let f{z) = f(x , y) be an invariant function defined on F. Let us determine 
the Fourier coefficients of this function with respect to the system 12 by setting 

(28) fa = j f(z)xxj(z)dz = f f f(x, y)x\(x)\" , ( y)dxdy 

(see proof of Theorem 21). The function f(x, y) is an invariant function on H 
for a fixed x. Let us determine its Fourier coefficients with respect to the sys- 
tem 0" by setting 

f,(x) = J f(x, y)x"i (; V)dy ■ 


From remark A) we have 

oo /» 

(29) Z)/,'(x)//x) = I /(*> v)f( x > y)dy. 

/-i J 

The series on the left side of equation (29) is composed of positive continuous 
functions and converges to a continuous function; therefore, by a well known 
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theorem of analysis, it is uniformly convergent and we can integrate it term- 
wise. We then obtain 

(30) £ J fi{x)Ji(x)dx = fj /(*> y)dxdy. 

It can readily be seen that the function fj(x) defined on 0 is continuous and 
invariant. Determining its Fourier coefficients with respect to the system 
we get 

f fi(*)xi(x)dx = /<,. 


But from A) we have 
(31) 


f f,(x)?,(x)dx = £/„/<*. 

J t-1 


Combining relations (30) and (31) we get 

(32) £ fj.i = f f f(x, y)f(x, y)dxdy = f f(z)J(z)dz. 

Let us now suppose that some character x(z) of an irreducible representation 
of the group F does not belong to the system 0. Then all the Fourier coeffi- 
cients of the function x(z) with respect to the system 0 will be equal to zero (see 
Theorem 24). But on the other hand by Theorem 25, fx(.z)x(z)dz = 1. 
Hence we have arrived at a contradiction to equation (32) for the function 
m - x(z). 

Therefore the construction given in Example 43 gives all possible irreducible 
representations of the direct product F by starting with irreducible representa- 
tions of its factors G and H. 

Example 46. We give here an application of the theory of representations 
to the theory of almost periodic functions. 

A continuous complex function /(<) of a real variable t, — <<< + <», is 

called almost periodic if the family H of all functions of the form f(t + o), 
where a is an arbitrary real number, is compact, i.e., if from any sequence 
f(t + Oi), •••,/(< + a„), • • • there can be selected a unifotmly convergent 
subsequence. 

The simplest example of almost periodic functions are the periodic functions 
of the form e at , where X is an arbitrary real number, and i = y/ — 1. We de- 
note the set of all functions of the form e iU by A. We shall show that the sys- 
tem A is uniformly complete in the set of all almost periodic functions (see §26, 
D)). This proposition is the fundamental theorem in the theory of almost 
periodic functions. 

Starting with a definite almost periodic function /(t), we denote by G the 
set of all functions which are uniform limits of functions of the family H. The 
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set G is compact in the sense of uniform convergence, and is a topological space 
satisfying the second axiom of countability. The set H is everywhere dense 
in G. We define addition in the set H as follows: if x' = f(t + a') and 
x" = f(t + o") are two elements of the set H, then their sum x' + x" is 
defined as the function f(t + a' + a"), also belonging to the family H. The 
operation of addition thus defined in the set H can be uniquely extended to all 
elements of the set G because of continuity. In this way G becomes a compact 
commutative topological group, satisfying the second axiom of countability. 
Therefore to the group G is applicable all of the theory of representations. 

Let 

(33) g (1 \ • • • , g<">, • • • 

be the totality of all irreducible representations of the group G. Since, by 
Theorem 26, all irreducible representations of the group G are of degree 1, it 
follows that g (n) is simply a homomorphic mapping of the group G into the 
multiplicative group K of complex numbers of absolute value unity. Hence 
g w (x) is a complex number of absolute value unity, and 

(34) g M (x + y) = g M ( x )9 in) (y)' 

If x belongs to the subset H, then x is a function of the form f(t + «) and 
therefore depends on the parameter a. We therefore write x = x(a), and we 
have from the addition defined in H that x(a') + x(a") = x(a' + &")• It can 
readily be seen, moreover, that as an element of the space G, x(a) is a continu- 
ous function of the parameter a. We shall now consider the meaning of 
g (B) (x(a)). We have 

0 <">(z(a' + a")) = g< B K*(«'))? (n) (*( 0 ). 

Hence if we consider g w (x(a)) as a function of the parameter a, then g w (x(a)) 
gives a homomorphic mapping of the additive group of real numbers in the 
group K. We can conclude from this that g (n) (x(a)) = e ,Ua since every homo* 
morphism of the type indicated is expressible in this form (see §32, H)). 

We associate with every element x(a) e H the number /'(x) = /(a). In this 
way we have defined the function f'{x) on H. This function can be extended 
by continuity to the whole group G, and will be continuous on G. 

By Theorem 27 the function f'(x) can be uniformly approximated by finite 
linear forms in the functions (33). If we consider this approximation only on 
H, we obtain an approximation of the function f(a) by linear forms in the func- 
tions g tn) (x(o)) = e* x "®, n = 1, 2, • • • . Hence the system A is uniformly com- 
plete in the set of all almost periodic functions. 



CHAPTER V 

COMMUTATIVE TOPOLOGICAL GROUPS 

The present chapter is devoted to the detailed investigation of locally com- 
pact topological commutative groups satisfying the second axiom of countabil- 
ity. All the questions arising here are completely solved or are at least reduced 
to questions concerning abstract commutative groups. 

The principal method employed in this chapter consists in the construction 
of a character group (see Definition 34). To every locally compact topological 
commutative group G satisfying the second axiom of countability there corre- 
sponds a locally compact topological commutative group X satisfying the sec- 
ond axiom of countability, which is called the character group of the group (?. 
The correspondence thus established between the groups G and X is symmet- 
ric. It enables us to reduce any question concerning one of these groups to 
the corresponding question about the other. 

If the group G is compact then its character group X is discrete, and con- 
versely (see §17, A)). In this way the study of compact commutative groups 
is reduced to the study of discrete, or what is the same, abstract groups. The 
structure of locally compact groups is made quite clear. 

The main results depend on the theory of representations of Peter and Weyl. 
We have already shown in the previous chapter (see Theorem 26) that every 
irreducible representation of a commutative group G is a representation of the 
first degree, i.e., it essentially coincides with the character of the representation. 
It now appears that the totality of all characters of the group G forms in a 
natural way a new group X , which is called the character group of G . Let 
us consider this in greater detail. Let g{x) be a unitary irreducible representa- 
tion of the group G. Since it is of the first degree, we can say simply that g(x) 
is a complex number of absolute value unity. In other words g(x) can be con- 
sidered as a homomorphic mapping of the group G into the multiplicative group 
of complex numbers of absolute value unity. If g(x) and h(x) are two such 
mappings, then f(z) «=* g(x)h(x) is also a mapping of the same type. It is in 
this way that we define the operation of multiplication in a character group. 

The fundamental results of this chapter are due to myself (see [27], [28], 
and [25]). A number of important generalizations and improvements ob- 
tained by van Kampen (see [13 ] and [15]) will also be taken into account. 

All the topological groups considered in this chapter are commutative, 
locally compact, and satisfy the second axiom of countability. These conditions 
are always supposed to be satisfied, even if they are not explicitly stated. 

Since all the groups discussed here are commutative we shall use the additive 
notation. Therefore, the multiplicative group of complex numbers of absolute 
value one will be replaced by an additive group K isomotphic with it, whose 
complete definition will be given at the beginning of §30. Since this group will 
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play a fundamental part in the whole discussion, the letter K will be reserved 
for it during the whole chapter. 

30. Character Groups 

We shall first of all construct a character group (see Definition 34) and then 
give a proof of its simplest fundamental properties (see Theorem 31). 

A) Let D be the additive topological group of real numbers, and N its sub- 
group of all integers. We denote by K the factor group D/N (see Definition 
25). It can readily be seen that K is a compact topological group satisfying 
the second axiom of countability. Since the group K arises from the group 
of real numbers, we shall sometimes treat its elements as real numbers defined 
up to an additive integer. If, in particular, we limit ourselves to the considera- 
tion of a sufficiently small neighborhood U of zero of the group K , then we can 
assign uniquely and continuously to each of its elements a definite numerical 
value, taking for the numerical value of an element a e U the least real numbei 
(in absolute Value) from which the element a has arisen. 

Definition 34. Let G be a locally compact commutative topological group 
satisfying the second axiom of countability. Every homomorphic mapping of 
the group G in the group K (see A)) will be called a character of the group G. 
The set of all characters of the group G we denote by X. We can introduce 
n a natural way into the set X an operation of addition and a topology. The 
commutative topological group X thus obtained is called the character group 
of the group G . 

Let a and be two elements of X. Their sum 

(1) y = ot + 

is defined as follows. If x e (?, we let 

(2) y(x) = a(x) + P(x). 

We then have 

y(x + y) = ot{x + y) + fi(x + y) = a(x) + a(y) + p(x) + p(y) = y(x) +y{y). 

Therefore 7 is a homomorphism of the group G in the group K and hence 
7 e X. The continuity of the mapping 7 follows directly from the continuity 
of the mappings a and /3. The zero of the group X is that homomorphism of 
the group G in the group K which maps every element of the group G into the 
zero of the group K. The homomorphism a ' inverse to the homomorphism a, 
a f = — a, is determined by the relation a’(x) = — a(z). 

In order to introduce a topology into the group X we make use of Theorem 
10, i.e., we define a complete system X* of neighborhoods of zero of the group X. 
We find an arbitrary neighborhood V of the system X* by starting with a 
neighborhood U of zero in the group K and an arbitrary compact set F of the 
group G . We then define the neighborhood V as the totality of all a t X sueh 
that 
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(3) «(F) c U. 

It is not hard to verify that the system of neighborhoods 2* thus obtained 
satisfies all the conditions of Theorem 10, and therefore X becomes a topologi- 
cal group. 

We make here the following preliminary remark. 

B) There exists a neighborhood U of zero of the group K such that for any 
topological group G and character a of G. the relation 

(4) a(G) c U 

implies that 

(5) a = 0. 

We can define U as the set of all elements a e K which satisfy the inequalities 
— A < a < tV (see A)). Let us suppose that there exists an element x t G 
such that 

( 6 ) a(x ) ^ 0 . 

It can readily be seen that in that case there exists an integer n such that the 
element na(x ) = a(nx) does not belong to U. Therefore relations (4) and (6) 
are contradictory so that (5) follows from (4). 

Theorem 31. The character group X of the group G (see Definition 34) is al- 
ways locally compact and satisfies the second axiom of countability. If the group G 
i s discrete, then the group X is compact. If the group G is compact, the group X 
is discrete (see §17, A)). 

Proof. We divide the proof into four parts, 
a) X satisfies the second axiom of countability. 

We shall show first of all that X contains a countable complete system of 
neighborhoods of zero. 

Let 

(7) U u • • ■ , U„, • • • 

be a countable complete system of neighborhoods of zero of the group K and let 

( 8 ) W„ ■ ■ ■ , W n , ■ • • 

be a countable complete system of neighborhoods of the group G such that the 
closure Wn of every open set of the system (8) is compact. We denote by V£ 
a neighborhood of the system 2* (see Definition 34) defined by the neighbor- 
hood U m and by. the compact set Wi u Wa u • • • u Wn. The set of all neigh- 
borhoods Vi, m =* 1, 2, • • • , n = 1, 2, • • • , is countable. We shall show that 
it forms a basis about zero (see §8, B')). Let V be a neighborhood of zero of 
the group X defined by a neighborhood U of zero of the group K and by a 
compact set P of the group G (see Definition 34). Then there exists a suffi- 
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ciently large number m such that U m e U. Since the system (8) covers F, it 
follows from Theorem 7 that there exists a sufficiently large number n such 
that F c Wi u Wt u • • • u W n . It can readily be seen that e V (see (3)). 
Hence there exists a countable complete system of neighborhoods of zero of 
the group X. 

In order to complete the proof that X satisfies the second axiom of counta- 
bility it is now sufficient to show that X contains a countable everywhere dense 
set M (see §17, B)). We shall now construct this set M. 

Let T be a countable complete system of neighborhoods in K, and A a count- 
able complete system of neighborhoods in G such that if B z A, then ~E is com- 
pact. Furthermore, let 

(9) Ax, ■ • • , A r 

be a finite sequence of elements of the system r, while 

(10) Bx, ■ ■ • , B r 

is a finite sequence of elements of the system A. Starting with the sequences 
(9) and (10) we determine a set C of elements of the group X composed of all 
y t X such that y(Sk) c An, k = 1, • • • , r. There is only a countable number 
of sets of the type C. We select a single element from every non-null set of 
the type C, and denote the set thus obtained by M . The set M is countable. 
We shall show that it is everywhere dense in X. 

Let a be an arbitrary element of X and V an arbitrary neighborhood of zero 
of the group X defined by a neighborhood U of zero of the group K and by a 
compact set F of G (see (3)). We shall show that there exists an element 
0 e M such that 0 - a e V. This will show that M is everywhere dense in X. 

For every x e F there exists a neighborhood A x e r of the element a(x) such 
that 

(11) A x -a(x)cU 

(see §2, A)). We denote further by B x z A such a neighborhood of the element 
xzF that 

(12) «(!,) c Ax. 

The system of all regions B x , xzF, covers F and therefore by Theorem 7 we 
can select a finite covering from this covering. Therefore there exists a finite 
system Xx, ■ ■ •, x r of elements of F such that the system of open sets B xv , B Xf 
covers F. The sequences 

(13) A X ,, • > A r , 

and 

(14) B xv ■ • • , B x , 

define, just as do the sequences (9) and (10), some set C of the type C, where 
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a e C\ C' is not empty since a e C", and therefore there exists an element P of 
the set C 9 belonging to M. We shall show that j 3 - a « 6 e 7, To do this it 
is sufficient to show that 5(F) c U f i.e., if y s F we have P(y) - a(y) e U. But 
for every y e F there exists a number A? such that y e B Xk and therefore a(y) e A Xh 
(see (12)). On the other hand since P e C", it follows that P(y) e A Xk and there- 
fore by (11), p(y) - ct(y) tU. 

Hence, we have shown that X satisfies the second axiom of countability. 

b) X is locally compact. ' 

Let W be a neighborhood of zero in the group G whose closure W is compact. 
Let us denote by U the interval — < a < iV in the group K , which is a 

neighborhood of zero in K. We define the neighborhood V of zero in the group 
X as the set of all elements a for which 

(15) a(W) c U 

(see (3)). We shall show that V has a compact closure V. 

In order to show the compactness of V, we show that every sequence 

(16) «!,*••, a„, •• • 

of elements of the set V has a limit element in X. We snow in particular that 
a convergent subsequence can be chosen from (16). 

We shall consider the elements of U as numbers in the interval between 
— tV and +iV (see A)). Then every element a e V defines a function a(x) 
on W which assumes numerical values not exceeding absolute value. 

From this point of view the set V is a uniformly bounded family of real-valued 
continuous functions defined on W- We shall show that this family is equi- 
continuous (see §24, D)). 

Let e be an arbitrary positive number, and l > 10 a sufficiently large positive 
number such that 

(17) «>j- 

We now denote by W f a neighborhood of zero of the group G such that if 
z t W' } then 

(18) kz eW, k = 1, • • * , L 

Let us suppose that there exist two elements x and y of the set W and an ele- 
ment a e V for which the following conditions are satisfied. 

(19) x - y ® ze W f f 

(20) | a(x) - a(y) | = | u(z) | > «. 

We shall then arrive at a contradiction. To that end we consider the elements 
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On the one hand it follows from relations (19), (18) and (15) that 

(22) ka(z) = a(kz) £ f/, k - 1, • • • , 1, 

while on the other hand it follows from relations (20) and (17) that for some 
ft = ft' we have iV < | k'a(z) | < and therefore the element a (k'z) cannot be- 
long to U. This contradiction shows that for every positive c there exists a 
neighborhood W' of zero of the group 0 such that if xtW, ytW> and 
x — y e W f t then | a(x) — ct(y)\ < e for every aeV . This means that the 
family V is equi-continuous. 

Since the family V is equi-continuous and all the elements of the sequence 
(16) belong to V, we can select from that sequence a subsequence 

(23) 01, * • • , 0ny * * * 

which converges uniformly in W . Denote the limit of the subsequence by 0. 
Then 0 is a continuous function on W, whose values do not exceed in abso- 
lute value. We have in this way defined a continuous mapping 0 of the set 
W in V . The uniform convergence of the sequence (23) can now be formulated 
as follows: for every neighborhood U" of zero of the group K there exists a 
sufficiently large integer n f , such that for n > n r and xefwe have 

(24) 0(x) - 0n(x) £ U". 

The set of all open sets of the form g + W, where g zG, covers G, and there- 
fore there exists a countable sequence 

(25) Qu ' ' ' i 9 mj 

of elements of the group G such that the totality of all open sets of the form 

(26) gm+ W, m = 1, 2, • • • , 

covers G (see §12, H)). We now select a subsequence 

(27) yij t 7 ny 

of the sequence (23), such that for every m there exists a limit 

(28) lim 7 n(0m) = 7 (fifm). 

n— ♦ « 

Since the group K is compact, we can carry out this process of selection by 
means of the diagonal process (see Theorem 9).. 

We shall now show that for every element g s G there exists the limit 

(29) lim 7 n(g) = 7 (g)f 

H— 

and that the mapping y{g) is a homomorphic mapping of the group G into the 
group K. 

We note first of all that the sequence (27), being a subsequence of the se- 
quence (23), converges uniformly on W (see (24)), and has for its limit the 
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mapping 0 . But, since the sequence of open sets (26) covers G every element 
g e G can be written in the form g = g m + x, where xtW. We have in this 
way 

(30) lim 7 «(g) = lim y n (g*) + lim y„(x) = y(g m ) + fi(x) = y(g). 

«-*«o n— 

Furthermore, if g and h are two elements of G, then 

y(g + h) - lim y n (g + h) = lim y n (g) + lim y„(h) = y(g) + y(h). 

• n— ► » n— * » 

Hence 7 is a homomorphic mapping of the abstract group G in the abstract 
group K. It can readily be seen that the mapping 7 is continuous (see §19, 
B)), and therefore is an element of the group X. 

We shall now show that the sequence of homomorphisms (27) converges to 
the homomorphism 7 in the sense of the topology established in X (see Defini- 
tion 34). — -« 

Let y' n — y n — 7. It suffices to show that every neighborhood V' of zero 
of the group X contains all the elements of the sequence 


with the exception of only a finite number. Let us suppose that the neighbor- 
hood V' is defined by the compact set F' cG and the neighborhood V of zero 
of the group K (see Definition 34). Let U" be a neighborhood of zero of the 
group K Such that 

(32) U" + U" c U'. 

Since the system of open sets (26) covers the group G, we can select a finite sub- 
system 

(33) gm + W, m = 1, • • • , r, 

of open sets of the system (26) which covers the compact set F' (see Theorem 
7). It follows from (28) that lim„, M y' n (g m ) = 0 . Therefore, there exists a 
sufficiently large n" such that for n > n" we have 


7»(0m) e U", 


m = 1, • • • , r. 


Furthermore, it follows from relation (24) that for n > n' we have 
(35) 7 -(F) c U". 

Relations (34), (35), and (32) for n > n' and n > n" imply y n (F') c U'. 
Hence we have for n > n' and n > n" that yj,e V'. Hence the sequence 
(31) converges to zero in the sense of the topology in the group X, and there- 
fore the sequence (27) converges to 7 . 

It follows directly from the fact that every sequence of elements of the set V 



§31] FUNDAMENTAL RELATIONS IN CHARACTERS 133 

has a limit point in X, that the set V is compact. Hence the local compactness 
of the group X is established. 

c) If G is discrete, then X is compact. 

In case G is discrete we can take for a neighborhood of zero in G (see b» 
a set containing only the zero of the group G. Then the neighborhood V of 
the group X will be composed of all the elements of the group X (see (15)), 
and since we have already shown that V is compact (see b)), it follows that X 
is also compact. 

d) If G is compact, then X is discrete. 

For a compact group G we can take for a neighborhood W of zero the set G 
itself (see b)). Then condition (15) signifies, because of remark B), that V con- 
tains only the zero of the group X and therefore X is discrete. 

Hence Theorem 31 is completely proved. 

Theorem 31 shows, first of all, that by applying the operation of forming a 
character group to a locally compact commutative group which satisfies the 
second axiom of countability we obtain a group which satisfies the same condi- 
tions. In this way the set L of all locally compact commutative groups which 
satisfy the second axiom of countability forms a class closed with respect to 
the following operations: the formation of a subgroup, the formation of a factor 
group, the formation of the character group. 

We denote by C the set of all commutative compact groups satisfying the 
second axiom of countability, and by D the set of all countable commutative 
discrete groups. Each of the classes C and D is closed with respect to the oper- 
ations of forming subgroups and factor groups, but the operation of forming 
the character group gives a transition from one class into the other. In this 
way in the theory of characters, classes C and D are complements of one an- 
other. From this point of view it is more natural and economical to consider 
the whole class L at once so as not to separate cases, which would be inevitable 
in the consideration of classes C and D. It is worth noting, however, that the 
most important applications of the theory of characters are obtained for the 
classes C and D. 

31. Fundamental Relations in the Theory of Characters 

We shall formulate here, first of all, the fundamental Theorem 32 in the 
theory of characters. The proof of this theorem is rather complicated: it de- 
pends on the results of Peter and Weyl and on some delicate group-theory con- 
siderations. We shall develop all this gradually in the following sections. 
Here we shall also formulate the second fundamental Theorem 33 in the theory 
of characters, as a direct consequence of Theorem 32. 

We have already remarked at the end of the preceding section that the class 
L of all locally compact commutative groups satisfying the second axiom of 
countability is closed with respect to the operations of forming subgroups, fac- 
tor groups, and character groups. The present section is devoted to clearing 
up the connection between these three operations. It is true that since giye 
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no proof of Theorem 32 in this section, its most important consequences, 
namely Theorems 33 and 35 also remain for the moment without proof. 
Nevertheless it is desirable to have all these connections formulated in the 
same place. 

A) Let X be the character group of the group G (see Definition 34). Then 
every element g of the group G represents in a natural way a definite character 
of the group X . In fact if a e X, then g(a) is defined by 

(1) 0(ot) = a(g), 

where a(g) is defined because a is a character of the group (?. 

In order to prove that the mapping g of the group X in the group K defined 
by equation (1) is really a character of the group X } we consider two elements 
a and P of the group X . The sum of these elements y ** a + P is defined by 
equation (2) of §30, and we have 

girt) = 7(g) = «(g) + P(g) = gW + g(P ). 

Hence g is a homomorphic mapping of the abstract group X in the abstract 
group K . In order to prove that g is continuous, it is sufficient to show that 
for every neighborhood U of zero of the group K there exists a neighborhood V 
of zero of the group X such that g(V ) c U (see §19, B)). We determine this 
neighborhood V of the group X from the neighborhood U of zero of the group K 
and from the compact set F c G which contains only the point g. Then by 
Definition 34 the element a e X belongs to the neighborhood V under the con- 
dition that a(g) e U , but this implies that g(a) e U, i.e., g{V) c U . 

The meaning of remark A) is made clear by the following theorem. 

Theorem 32. Let X be the character group of the group G (see Definition 34). 
By remark A) every element g of the group G represents a character of the group X. 
In this way G is a set of characters of the group X . The set G of characters , to - 
gether with the topology and the addition defined in it , is the character group of the 
group X. 

The proof of this theorem will be given below (see §35). Here we shall only 
make some preliminary remarks leading up to the proof of Theorem 32. 

B) Let X be the character group of the group <7, and let G' be the character 
group of the group X. It follows from remark A) that every element xeG 
represents some definite character of the group X . To avoid misunderstand- 
ing we designate this character not merely by x but by x f — <p(x). Then <p is a 
homomorphic mapping of the topological group G in the topological group G r . 

We shall show first that ip is a homomorphic mapping of the abstract group G 
in the abstract group G\ Let x and y be two elements of G , and let z = x + y. 
Suppose further that x' ** <p(x), y f = <p(y), and z f « <p(z). If a tX, we have 

z’(a) « a (z) = a(x) + a(y) = x\a) + y'(a). 

Hence ^(x + y) - v(x) + 
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We shall new show that <p is a continuous mapping of the space G in the dpace 
G'. To do this it is sufficient to show that for every neighborhood V' of zero 
of the group G' there exists a neighborhood V of zero of the group G such that 

(2) v(V)cV f 
(see §19, B)). 

Let us suppose that the neighborhood V' is defined by the compact set 
F' c X and by the neighborhood U' of zero of the group K (see Definition 34). 
Then property (2) of the neighborhood V can be formulated as follows, 

(3) if a f F' and x e V, then a(x) e U'. 

We now construct the neighborhood V which has this property. Since a is a 
continuous mapping, there exists a neighborhood. V a of zero of the group G such 
that 

(4) Oc(V a) C V 

where F„ is compact. Let U a be a neighborhood of zero of the group K such 
that 

(5) «(T„) + U a cU'. 

We further define the neighborhood W a of zero of the group X by the compact 
set Va c G, and the neighborhood U a of zero of the group K. Let us suppose 

(6) W'a = a + Wa, 

where W' a is a neighborhood of the element a in the group X, having the follow- 
ing property: if 0 e W' a and y e V a , then 

(7) &iv) e U'. 

As a runs over the set F', the system of neighborhoods (6) covers this set. Let 
us select from this covering a finite covering W' ai , • • • , W' art (see Theorem 7). 
The intersection of all the open sets V a , t i — 1, • * • > w, we denote by V. It 
follows from (7) that if 0 e F' and y t V, then 0(y) e U'. We have therefore 
found a neighborhood V of zero of the group G which possesses the desired 
property (3), and hence the mapping <p is continuous. 

C) Let X be the character group of the group G. In order to prove Theorem 
32 it is sufficient to prove the two following propositions. 

a) For every element x e G, distinct from zero, there exists an element at e X 
such that a(x) ^ 0. 

b) Every character x' of the group X can be generated by means of some 
element x of the group G (see A)). 

The proof of proposition C) follows directly from B). In fact if condition a) 
is satisfied then the mapping <f> (see B)) has the identity for its kernel. Fur- 
thermore, if condition b) is satisfied, then the mapping is a mapping of the 
group G on the whole group G'. Under these two conditions the mapping « 
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is an isomorphic mapping of the topological group G on the topological group Q* 
(see Theorem 13 and §19, D)). 

The value of Theorem 32 consists in the first place in that it allows us to con- 
sider every compact group G as the character group of a discrete group X (see 
Theorem 31). The consideration of the discrete group X can in turn be re- 
duced essentially to the consideration of an abstract group X (see §17, A)) with 
a countable number of elements, for by Theorem 31, the discrete group X 
satisfies the second axiom of countability. 

Theorem 32 establishes a complete symmetry between the groups G and X; 
each of these groups is the character group of the other. A further develop- 
ment of the duality of the groups G and X is given by Theorem 33. This 
theorem enables us to establish a one-to-one correspondence between the 
groups G and X . It is necessary, however, to precede Theorem 33 by the 
following definition. 

Definition 35. Let X be the character group of the group G (see Definition 
34), and H a subgroup of the group G. Let us denote by (X, H) the set of all 
elements a e X for which a(x) = 0 for every x e H. The set (X, H ) is called 
the annihilator of the group H in the group X, and is a subgroup of the group X. 

Let 4? be a subgroup of the group X, and let us denote by (G, <£) the set of 
all elements x e G for which a(x) = 0 for every as$. The set (G, 4>) is called 
the annihilator of the group <i> in the group G, and is a subgroup of the group G. 

The fact that the sets (X, H) and (G, $) are subgroups of the groups X and G 
can be proved directly, and we shall therefore not stop to do so here. 

Theorem 33. Let X he the character group of the group G (see Definition 34) 
and let H he a subgroup of the group G. Let $ = (X, H) and H f = (G, 4>) (see 
Definition 35). Then H f = H. 

The proof of Theorem 33 will be given later (see §35). Here we shall make 
only a preliminary remark: 

D) Using the notation of Theorem 33 we have H'oH. 

In fact if x e H and a e 4>, then we have by Definition 35 that a(x) = 0. On 
the other hand H ' is defined as the totality of all the elements x for which 
<x(x) *» 0. Hence H'oH. 

Theorem 34. Let X be the character group of the group G (see Definition 34), 
and H a subgroup of the group G. Let $ = (X, H) (see Definition 35). Then 
the factor group G* = G/H has the group <f> for its character group. In greater 
detail: Every element a £ $ is a character of the group G*: in fact if x* e G* then 
a(x*) is defined by the equality 

(8) a(x*) = a(x) 

where x is an arbitrary element of the coset x*, and a(x*) does not depend on the 
choice of x from this coset . Under these conditions the set $ of characters together 
with its original topology and addition is the character group of the group G*. 
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Proof. First of all it is clear that equation (8) defines a mapping a of the 
group G* in the group K . In fact let x and x' be two elements of the coset x* 
and let aef, Then a(x) — a(x') = 0, since a(x — x') e a(H ), and every ho- 
momorphism maps the whole group H into zero. Hence a(x) » a(x'). 

We shall show now that the mapping a of the group G* in the group K is a 
homomorphic mapping. If x* and y* are two elements of the group G * and 
x e X*, y e then the sum z* = x* + y* is defined as the coset containing the 
element z * x + y- We obtain in this way 

a(z*) * a(z) ~ a(x) + a(y) « a(x*) + a( 2 /*). 

Hence a is a homomorphic mapping of the abstract group G* in the abstract 
group K. Let us show that a is a continuous mapping of the group G* in the 
group K. Let U be a neighborhood of zero of the group K. Then there exists 
a neighborhood V of zero of the group G such that a(V) c U. Let us denote 
by V* the totality of all cosets of the form a + H, where v e V. Then V * is a 
neighborhood of zero of the group G *. Obviously, a( V*) c [/, since a(H) » (0). 
Hence the mapping a of the group G* is continuous, and therefore is a homo- 
morphic mapping of the topological group G* in the topological group K. 

We denote by the character group of the group (?*. From what we have 
already shown every element a e $ is a character of the group G*. We shall 
denote this character not by a , but by 

( 9 ) a = \p(a) 

and show that ^ is an isomorphic mapping of the group 4> on the group 
We denote by / the natural homomorphic mapping of the group G on the 
group G* (see §19, C)). Then equation (9) is equivalent to the relation 

( 10 ) ot(x ) = ol'(J(x)) } 

where x is an arbitrary element of G . If is an arbitrary element of then 
relation (10) defines an element such that = a'. Hence the map- 
ping ^ is a mapping on the whole group < £ / . Furthermore, relation (10) enables 
us to define for every element a' a corresponding element a, since the mapping 
^ is one-to-one, and we can consider its inverse 4r l . We shall show that the 
mapping is isomorphic. Let a f and /3 ; be two arbitrary elements of & and 
let 7 ; = a' + 0'. Let also 

a - r i («o, p = 7 - t-w- 

Then we have 

y(x) = 7 '(/(*)) - «'(/(*)) + 0'(f(*)) = «(*) + P(x). 

Hence 

V + P’) - r’(a') + f-‘O0 

and therefore the mapping ^ -1 is an isomorphic mapping of the abstract group 
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on the abstract group It remains to be shown that >p~~ l is continuous. 
Let V be an arbitrary neighborhood of zero of the group X. Suppose V is 
defined by the compact set F c G and by a neighborhood U of zero of the group 
K (see Definition 34). Suppose /(F) » F* and let us define the neighborhood 
V' of zero of the group $>' by the compact set F* c G* (see Theorem 8 ), and 
by the neighborhood U . Obviously in this case 

( 11 ) ^(FOcF, 

since if a' e V ', then a(F ) = a'(f(F)) = a’(F*) c U. Relation ( 11 ) shows that 
the mapping is continuous (see §19, B)). Hence \p is an isomorphic map- 
ping (see Theorem 13 and §19, D)). 

Hence Theorem 34 is proved. 

E) Let X be the character group of the group G and H a subgroup of the 
group G. Let <£ = (X, H). If Theorem 32 is true for the factor group 
G* = G/H and the group 4> (see Theorem 34), then Theorem 33 is also true, 
i.e. H f • £T, where H' « (<?, *). 

By Theorem 34 the group G * has for its character group the group Since 
Theorem 32 is true by assumption for these groups, it follows that G * is in turn 
the character group of the group $. Let us suppose that there exists an ele- 
ment x of H f which is not in H. We denote by x* that element of the group G* 
which, considered as a coset, contains the element x. Since x does not belong 
to H y it follows that x* 0. By its construction, H' is composed of all the 
elements of G which are mapped into zero by all the characters of 4>. Hence 
the element x* is mapped into zero by any character of <£, i.e., a(x*) = Ofor 
every a e $. On the other hand, x* is a non-zero character of the group <$, 
since x* 0 , and therefore there exists an element & e 4> such that x*(j 8 ) 5 ^ 0 . 
But x*( 0 ) « jS(x*) and we have arrived at a contradiction. Hence H' cH; but 
by D) we have H' d H f and therefore H f = H. 

Theorem 35. Let Gbea topological group y H a subgroup of Gy y an element of G 
which does not belong to H, and p* a character of the group H . Then there exists d 
character a of. the group G such that a{y) s* 0 and a(x) = P*(x) for every x elf. 
The character a becomes in this way an extension of the character p*. 

Theorem 35, just as Theorem 33, is a direct consequence of Theorem 32. 
We shall indicate here a way of reducing Theorem 35 to Theorem 32. 

F) If Theorem 32 is true, then Theorem 35 is also true. 

Let X be the character group of the group G. Let 4> = ( X , H) and 
X* = X/#. Since Theorem 32 is true by assumption, it follows from E) that 
H * (Gy 4>). From Theorem 32, G is the character group of the group X and 
therefore we can assert by Theorem 34 that H is the character group of the 
group X * and, conversely, X* is the character group of the group H . 

Since p* is a character of the group Hy P* e X*. We denote by p an ele- 
ment of the coset P*. Then p(x) =* P* (x) for xeH. If now P(y) 1 * 0, ther 
our proposition is proved. In case P(y) » 0, some further considerations arc 
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necessary. Let us consider this case. Since y is not in H, there exists an ele- 
ment 7 e # such that y(y) ^ 0. Suppose a - 0 + 7. Then a{y) * 0 (y) 
+ y(y) = y(y) ^ 0. At the same time a(x) = 0 (x) for x e H , since 7(0;) ** 0 
as 7 e <f>. 

32. Simple Examples and Preliminary Considerations 

We shall consider here the character groups of the simplest groups. We 
shall establish the truth of Theorem 32 for these groups. This will not only 
serve as a concrete example, but will also form the foundation of the proof of 
Theorem 32 in the general case. 

First of all we establish some properties of the group K (see §30, A)). 

A) Every subgroup N of the group K either coincides with K , or else is of a 
finite order r, r = 1, 2, • • • . In the latter case, all the elements of the group N 
can be expressed in the form 

(1) p/r, V = 0, 1, • • • , r - 1 

(see §30, A)). Hence N is a cyclic group with the generator 1/r. If N is finite, 
it can be characterized as the group composed of all the elements of the set K 
of finite order whose orders divide the number r. 

Suppose that the group N is infinite. Then there exists an element in K 
which is a limit element for the subset N y and hence N contains two elements a 
and b arbitrarily close to each other. The difference c = a — b is arbitrarily 
close to zero, and its multiples nc, n = 1, 2, • • • , which belong to N , fill up 
the group K arbitrarily densely. Since the set N is closed in K y it follows that 
N = K. 

Let us now consider the case of a finite group N of order r. If a e AT, then 
ra = 0, which means that the element a can be written numerically as p'/r. It 
is obvious that every element of the form p'/r can be written in the form p/r t 
where 0 S p < r. The totality of all the elements p/r, p = 0, 1, • • , r — 1, 

forms a group of order r. We can conclude from this that N is composed of all 
the elements of the form (1), since the elements which are not of that form 
cannot belong to N , and there are just r elements of the form (1).. 

B) There are only two automorphisms of the group K , the identical auto- 
morphism, a(x) = x, and another automorphism 0 for which 0 {x) = — x. 

Let 7 be an arbitrary automorphism of the group K . The only element of 
order 2 in the group K is 1/2 (see A)); therefore 7(1/2) = 1/2. K contains 
only two elements of order 4, namely 1/4, and —1/4. There are therefore 
two possible cases, 7(1/4) = 1/4 and 7(1/4) = — 1/4. These two cases are 
realized by the automorphisms a and 0 . We shall show that no other auto- 
morphisms exist. Let us consider the case in which 7(1/4) — 1/4* The ele- 
ment 1 /8 can go over under the automorphism 7 only into one of the elements 
1 /8, 3/8, 5/8, or 7/8, but since the automorphism 7 is a continuous mapping 
it preserves the cyclic order on K , and knowing that 

7(0) = 0, 7(1/4) - 1/4, 7(1/2) - 1/2, 7(3/4) * 3/4, 
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we conclude that 7 ( 1 / 8 ) = 1/8. Continuing in this way we conclude that 
7 ( 1 / 2 ") = 1/2". Multiplying the last equation by a positive integer m < 2", 
we get y(m/2 n ) «■ m/ 2*. It follows from the continuity of the automorphism 
7 and from the last relation that 7 is the identical automorphism. Similarly, 
the case in which 7 ( 1 / 4 ) = — 1/4 leads to 7 = /3. 

C) Every homomorphism a of the group K into itself can be expressed in 
the form a(x) = mx, where m is an integer which characterizes the homomor- 
phism «, a = a m . If a m and a„ are two homomorphisms of the group K into K, 
i.e., two characters, then 

Ofm “I* CC n * <*»+»• 


Let N be the kernel of the homomorphism o. From remark A), N either 
coincides with K, or else is finite and is characterized by a positive number r. 
If N « K, then a(x) = O x. Suppose that N is finite. Then the factor group 
K' °= K/N can readily be seen to be isomorphic with the group K. The ques- 
tion now arises as to how to establish an isomorphic mapping of the group K' 
on the group K, since it is not possible to have an isomorphic mapping of the 
group K' on a subgroup of the group K. It follows from B) that there exist 
only two isomorphic mappings of the group K' on the group K, and they corre- 
spond to the two distinct cases a(x) = rx and a(x) = — rx. Hence C) is 
proved. 

D) Let G be an infinite cyclic group, i.e., a group isomorphic with the addi- 
tive group of integers. Then the character a of the group G can be given by 
the relations a(ng) = no, where g is a generator of the group G and a an arbi- 
trary element of the group K. The element a determines the character 
« = a„. The sum of two characters is defined by the formula, «„ + <*» = a a+ ». 

Proposition D) is obvious. 

E) Let G be a finite cyclic group of order r. Then every character a of the 
group G is defined by the relation a(ng) = np/r, where g is a generator of the 
group G and p/r an element of the group K, written in fractional form. The 
character « is defined by the element p/r, and we write o = a„/ r . The sum of 
two characters is defined by the formula a p / r + a,/, = a( P+Q )/ r . 

Proposition E) follows -directly from remark A). 

F) Let G be a discrete infinite cyclic group, and let X be the character group 
of the group G. Then X is isomorphic with the group K and Theorem 32 is 
true for the pair (?, X. 

This follows directly from remarks D) and C). 

G) Let G be a finite cyclic group and X its character group. Then X is iso- 
morphic with G and Theorem 32 is true for the pair G, X. 

This proposition follows directly from remark E). 

H) Let G be the topological additive group of all real numbers. Then every 
character a of the group G can be expressed in the form a(x) =• dx, where x 
is an arbitrary element of the group G, d is a real number defining the char- 
acter a, a = - aa, and where the right side is defined up to an additive in- 
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teger. The sum of two characters of the group G is defined by the formula 

«e + <*d 885 

Let N be the kernel of the homomorphism a. If N ** 0 we have the case 
a(x) = 0 • x. If N does not coincide with G , then N contains a least positive 
number t f and N is an infinite cyclic group with the generator t . Then the 
group K' = G/N is isomorphic with the group K, and we are to find the iso- 
morphism which will map the group K f on K. By B) there are then only two 
possible cases: a (x) = x/Janda(x) = — x/t. Hence H) is proved. 

I) Let G be the topological additive group of all real numbers, and let X be 
the character group of the group G. Then X is isomorphic with G and Theo- 
rem 32 is true for the pair G , X . 

This follows directly from remark H). 

The following proposition enables us to construct character groups and to 
prove Theorem 32 for a wider class of groups. 

Theorem 36. Let 

(2) Gu---,G r 

be a finite system of topological groups. Let us denote by X> the character group 
of the group Furthermore , let G be the direct sum of the groups of the system 

(2) , and X the direct sum of 

(3) Xr* 

Then X is the character group of the group G. In greater detail , if x = (xi, • • • , x r ) 
is an element of the group G and a — (a u • • • , a r ) an element of the group X , then 
the character a of the group G is defined by the relation 

(4) a{x) — ai(xi) + • • • + a r (Xr). 

Furthermore , if Theorem 32 is true for the groups of the system (2), then it is also 
true for the group G. 

Proof. It is obvious, first of all, that relation (4) actually gives a character 
of the group G. Let a' be an arbitrary element of the group (?• Since the 
groups of the system (2) can be regarded as subgroups of the group G, the 
character a ' is defined also for the group (?», i.e., to the character a' corre- 
sponds a definite character a { of the group <?». It is not hard to verify that 
a ' (oj, • • • , c£). Hence the set X contains all the characters of the group G. 
in the same way, it is not hard to verify that X is the character group of the 
group G . 

Now let x' be an arbitrary element of the group X . Just as above, to x' 
corresponds a definite character x\ of the group X*. Since Theorem 32 is true 
by assumption for the pair (?*•, X t , it follows that x[ e 6*. Hence there exists 
an element (xj, • • • , x') = x" in G. It can easily be verified that x 9 » x n z G. 
Hence Theorem 36 is completely established. 

J) If the discrete group G has a finite system of generators, (see §6, B)) # and 
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if X is the character group of the group G, then Theorem 32 is true for the 
pair G, X. We shall call the group X a generalized toroidal group. 

This follows directly from proposition F) of §6 and Theorem 36 together with 
remarks G) and F). 

K) Let G be a discrete group having a finite system of linearly independent 
generators (see §6, A), B)) and X its character group. Then X can be decom- 
posed into a direct sum of a finite number of groups isomorphic with the group 
K, and we shall therefore call X a toroidal group. The generalized toroidal 
group (see J)) can be decomposed into the direct sum of a toroidal group and a 
finite group. 

The proof of this proposition follows directly from F) of §6, and Theorem 36 
together with remarks G) and F). 

L) Let G be the additive topological vector group, and X its character group. 
Then X is isomorphic with G, and Theorem 32 is true for the pair G, X. 

Since the vector group G can be decomposed into the direct sum of groups 
isomorphic with the group of real numbers, proposition L) follows directly from 
Theorem 36 and remark I). 

We shall now make two preliminary remarks of a general character. 

Lemma. Let Gbe a topological group, and H a subgroup of G such that the fac- 
tor group G/H is discrete. Let 0 be a character of the group H and g an element 
of G not belonging to the subgroup H. Then the character p can be extended to 
some character a of the whole group G in such a way that a(g) ^ 0. In other 
words our lemma asserts the truth of Theorem 35 in case the factor group G/H is 
discrete. 

P»oof. Since the factor group G/H is discrete, there exist only a countable 
number of cosets of the subgroup H in the group G. Let us select a single 
element from each coset, and denote the elements selected by 

(®) gu i gn> ■ ■ ■ , 

where we let gi *= g. We denote by H n the minimal subgroup of the group G 
which contains the subgroup H and the finite system of elements g lf ■ ■ ■ , g n , 
and by ff# the subgroup H itself. We now construct by induction the sequence 
of characters 

W 00 = P, ft, • • • , p n , ■ ■ ■ , 

where Pn+i is a character of the group H n + 1 and is the extension of the char- 
acter P». As soon as the construction of the sequence (6) is effected, the lemma 
is proved, the character a being defined by setting a — p n on the group H n . 
Since every element of the group G is in one of the groups H„, a is defined 
over the whole group G. The homomorphism a coincides with P on H, and 
since H contains a neighborhood of zero of the group G, the continuity of a 
follows from the continuity of p (see §19, B)). Hence it remains only to verify 
that a(g) ft 0. 

Let us suppose that the homomorphism P n has already been constructed, and 
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let us construct the homomorphism 0 n +i. In doing this we have to separate 
three cases: 

a) If the element 0 n +i e H «, then H n + 1 * H n , and we have 

fin + 1 = fin* 

b) If no multiple of the element g n + 1 belongs to the subgroup H n , then every 
element x e H n +i can be written uniquely in the form x = y + mg n + x where 
y sH n and m is an integer. In this case we shall suppose that 

fi n +\{x) = finiy) + mo, 

where a is an element of the group K. In case n = 0 we shall suppose that 
a ^ 0 in order that fii(g) should not map into zero. If x — y + mg n +i and 
x' = y f + m f g n + 1 are two elements of the group H n + h then we have 

finilix + x') = 0 n (2/ + 2/') + (m + m')a = j3 n (i/) +ma + /3 n (t/') + m’a 
= 0 n+1 (z) + fi n + i(x'). 

Hence fi n +i is a character of the group H n + i. 

c) Let r > 1 be an integer such that rg nH _i e H ny and suppose r is the least 
number satisfying this condition. Then every element x of the group H n + 1 can 
be written uniquely in the form x = y + mg n + \ where y z H n , and m is a non- 
negative number less than r. Let a be an element of K such that ra = fi n (rg n +i)* 
There always exist one or more elements a satisfying this condition. There- 
fore, if n = 0, we can suppose that a^O, The character j3 n +i is now defined 
by the relation 

fi n +\(x) = fi n {y) + ma. 

Let x = y + m(7n+ 1 and x' = y' + m'g n+ i be two elements of the group H n +i* 
Let us denote by j a number which is equal to zero if ra + ra' < r, and which 
is equal to one if m + ra' ^ r, so that 0 ^ m + ra' — jr < r. We then have 

fin+ i(x + x') = finiy + y' + jrg n +\) + (m + ra' - jr)y 

= /3 n (2/) + j3 n (2/') + j/3 n (r0 n + 0 + ma + m'a - jra 

= /3n(2/) +ma + 0 n (2/') + w'a = fi n + i(z) + fin+i(x')* 

Hence fi n +i is a character of the group H n +u and the lemma is proved. 

As a consequence of this lemma we have the following proposition: 

M) Let X be the character group of the group G and H a subgroup of the 
group G such that G/H is discrete. Let <i> = (X, H) (see Definition 35). 
Then H has for its character group the group X* = X/<t>. This can be stated 
in greater detail as follows; If a and a' are two elements of the group X be- 
longing to the same coset of the subgroup 4>, then the characters a and a ' 
coincide on H . In this way every element of the group X* can be regarded as 
a character of the group H , and X*, taken as the sejb of all these characters to- 
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gether with its original topology and addition, is the character group of the 
group H. 

Let us denote by X*' the character group of the group H. Every character 
a of the group G defines on the subgroup H some character ^(a). It can be 
checked in a trivial way that the mapping ^ is a homomorphic mapping of the 
abstract group X on the abstract group X*'. It is also not hard to see that the 
mapping tp is continuous. Roughly speaking this can be expressed by saying 
that two homomorphisms which are neighboring on G will also be neighboring 
on H. It follows from the fact that every character of the group H can be 
extended into a character of G (see the Lemma) that the mapping ^ is a map- 
ping on the whole group X*'. Furthermore, the character a e X maps into 
zero on the group H if and only if a e #. Hence the kernel of the homomor- 
phism $ is <t>. By Theorems 13 and 12 the group X*' is isomorphic with X/4> 
and hence proposition M) is proved. 

Example 47. Let G be a compact commutative topological group. If g(x) 
is a representation of the first degree of the group G (see Definition 32), 
we shall consider g(x) not as a matrix of order one, but simply as a num- 
ber. This number, as can easily be seen, has absolute value unity. Let 
a(x) = log (g(x))/2ri. Then a(x ) is a real number, defined up to an addi- 
tive integer, and hence a(x) can be treated as an element of the group K (see 
§30, A)). It is not hard to verify that a(x) is a character of the group G 
(see Definition 34). Conversely if P(x) is a character of the group G then 
h(x) = e 2r ^ (l) is a representation of the first degree of the group G 

Let G — K. Then g n (x) — e lrinx is a representation of the group G = K (see 
Example 44), and the corresponding character a„(x ) = log (g n (x))/2ri = nx. 
The set a„(x), n — 0, ± 1 , ± 2, • , contains all the characters of the group K 

(see C)), and therefore the corresponding set g n (x), n - 0, ± 1, ±2, • • • , gives 
a complete system of irreducible representations of the group K. Hence by 
Theorem 27 the system of functions gr„(x), n = 0, ± 1, ±2, • • • , is a complete 
orthogonal system. Conversely, proposition C) can be made to follow from a 
theorem in analysis concerning the completeness of this system of functions. 

33. Compact and Discrete Groups 

We shall prove here for compact and discrete groups the propositions which 
we have formulated in §31. We shall be concerned primarily with Theorem 32, 
since Theorems 33 and 35 follow as corollaries. We shall also give Theorem 38, 
which has no analogue for general locally compact groups. By way of applica- 
tions of the results of this section we shall give Examples 48 and 49, which, 
however, are not devoid of general value. 

A) Let G be a discrete group and X its character group. Then Theorem 32 
is true for the pair G, X. (We should recall here that the group X is compact 
by Theorem 31.) 

To prove this, we make use of remark C) of §31. Let gi, • • • , g», • • ■ be 
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the totality of all the elements of the group 0. Let us denote by H n the mini- 
mal subgroup of the group 0 which contains the elements 

(1) fht • • • » ff- 

Then the group H n has a finite system of generators, namely the system (1). 
Furthermore, the sequence 

(2) H u • • • , Hn, • • • 

is non-decreasing, and it exhausts the whole group G, i.e., an arbitrary element 
* e G is contained in one of the members of the sequence (2). Let now 
<t>„ = ( X , H n ), (see Definition 35). Since the sequence (2) is non-decreasing 
it follows that the sequence 

(3) *i, • 

is non-increasing, i.e., <t> n+ i c <t>„, n = 1, 2, • • • . Since, moreover, the sequence 
(2) comprises the whole group G, it follows that the intersection of all the ele- 
ments of the sequence (3) contains only the zero of the group X. We can con- 
clude from this that for every neighborhood V of zero of the group X, a suffi- 
ciently large number m can be found such that 

(4) $«c7 
(see §13,0). 

We shall show that condition b) of remark C) of §31 is satisfied. Let * be a 
character of the group X, and U the neighborhood of zero of the group K con- 
sidered in remark B) of §30. Let us denote by V a neighborhood of zero of 
the group X such that x(V) c U. It follows from (4) that x($ m ) c U, but by 
remark B) of §30 this means that x(4>m) = 0. Hence the character x of the 
group X can be looked upon as a character of the factor group X* = X/$ m 
(see Theorem 34). By remark M) of §32 the group H m has for its character 
group the group X*, but since the group H m admits a finite system of genera- 
tors, it follows from remark J) of §32 that H m is in turn the character group 
of the group X*. Hence the character x of the group X* is contained among 
the elements of the group H m , or x t H m , which means that x, being a character 
of the group X, belongs to the group G. 

We shall now show that condition a) of remark C) of §31 also holds here. 
Let g be an element of the group G, distinct from zero. Let us denote by fi 
the null character of the null subgroup of the group G. The conditions of the 
lemma of §32 are satisfied here, and hence there exists a character a of the 
group G such that a(g) ^ 0. 

In this way, A) follows from remark C) of §31. 

B) Theorem 33 is true for a discrete group G. 

This statement is a direct consequence of remark E) of §31 and proposi- 
tion A). 
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In order to prove Theorem 32 for a compact group G, we formulate in terms 
of the notation of the present chapter the single result of the theory of represen- 
tations which we shall need in this chapter. 

C) If G is a compact group, and a one of its elements, distinct from zero, 
then there exists a character a of the group G such that a (a) ^ 0. 

By Theorem 28 there exists an irreducible representation g of the group G 
such that. 0(a) is not a unit matrix. By Theorem 26 the irreducible representa- 
tion 0 is of the first degree, and hence g(x) is a unitary matrix of the first order. 
We shall treat g(x) simply as a complex number of absolute value unity. Let 
a(x) « log (g(x))/2wi. Then a(x) is an element of the group K, and since 0 is a 
representation, a is a character of the group G. Since 0(a) 5* 1, a(a ) 7* 0. 

D) If G is a compact group and X its character group, then Theorem 32 is 
true for the pair G , X. (We recall here that X is discrete by Theorem 31.) 

To prove this we shall make use of remark B) of §31. Let G f be the char- 
acter group of the group X . By Theorem 31, the group G' is compact. Fur- 
thermore, by remark B) of §31, there exists a natural homomorphic mapping (p 
of the group G in the group G f . We shall show that this mapping is isomorphic 
By remark C) there exists for every element a z G, distinct from zero, a char- 
acter azX such that a(a) 7 * 0. But this implies that the character <p(a) of 
the group X does not map the element a into zero, and therefore <p(a) 5* 0. 
Hence the mapping <p is an isomorphic mapping of the group G on the subgroup 
<p(G) of the group G ', since the set <p(G ), being compact, is closed in G'. We 
shall simply say that by means of the isomorphism <p the group G is imbedded 
in the group G', or <p(G) = G. 

We shall now show that G = G f . Suppose the contrary is true. Then there 
exists an element b belonging to G' f but not to G. We denote the factor group 
G'/G by G*, and the coset containing b by b* Since b is not in G, 6* 5* 0. 
Hence by C) there exists a character a of the. group G* such that a(b*) t* 0. 
A character a of the factor group G* can be looked upon as a character of the 
group G f (see Theorem 34) with a(G) = 0. G' is the character group of the 
group X, but by A) the group X is in turn the character group of the group 
G'. Hence a e X. But the character a of the group G f maps the whole group 
G Into zero, while the group X was originally defined as the character group 
of the group G. Therefore a is the null element of the group X, but then 
ct(b*) «* 0. Hence we have arrived at a contradiction, and G' = G, which 
proves D). 

E) Theorem 33 is true for a compact group G. 

This follows directly from remark E) of §31 and from D). 

Theorem 37. If G is compact or discrete all propositions of §31 hold . 

Proop. Theorems 32 and 33 are proved in this case in A), B), D), and E). 
Theorem 35 is also true since in case the group G is compact or discrete all 
the groups encountered in the proof of this theorem are also compact or dis- 
crete (see §31, F)). 
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We could conclude here the consideration of compact and discrete groups 
were it not for an important proposition which unfortunately has no analogue 
in the general case. 

Definition 36. Let G be a discrete group, and X a compact group. We 
shall-say that the groups G and X form a pair if there exists a law of multiplica- 
tion of the elements of the group G by the elements of the group X, i.e., to every 
pair of elements x e G and £ e X there corresponds an element a e K, called 
the product of the elements x and £, x£ = £z = o e K. Moreover, two dis- 
tributive laws, and a condition of continuity of the product have to be satis- 
fied. The distributive laws have the following form; (a; + x')£ = x( + x'(, 
x(£ + £') = x£ + x£'. The condition of continuity is as follows: if 
lim„,» £„ = £, where £» e X, » = 1, 2, • • • , and if £ e X, then lim n .. x£„= *$, 
where x is an arbitrary element of G. 

Let H be a subgroup of the group G. We shall call the set of all elements £ 
of the group X for which a:£ = 0 for every x e H the annihilator (X, H). In 
the same way we introduce the annihilator ( G , <$), where $ is a subgroup of the 
group X. It is not hard to show that the annihilators are subgroups. 

If the following conditions are satisfied for the pair G, X 

(G, X) = {o} (X, (?) = {o} 

then this pair is called orthogonal 

F) If G and X form a pair, then every element x e G represents naturally a 
character of the group X . In order to determine the character x it is sufficient 
to let x(Z) = x£> where the right side is defined since G and X form a pair (see 
Definition 36). In the same way every element £ of the group X is a character 
of the group G. 

The following theorem, which is very convenient for applications, is a direct 
consequence of the theory of characters: 

Theorem 38. If G and X form an orthogonal pair, then each of these groups 
is the character group of the other. 

Proof. Let G' be the character group of the group X. Since X is compact, 
it follows that G' is discrete (see Theorem 31). By F) every element x z G is a 
character of the group X. We denote this character by x' - <p(x). Using the 
same considerations which were used to prove B) of §31, it is easy to show that 
the mapping <p of the group G in the group G' is homomorphic. The proof is 
considerably simplified here by the fact that G and G' are discrete, and hence 
all topological considerations may be omitted. Furthermore, it can readily be 
seen that the mapping <p is isomorphic. In fact, let a be an arbitrary element 
of the group G distinct from zero. Since the groups G and X are orthogonal 
there exists an element a e X such that aa ^ 0, and this implies that the char- 
acter <p(a) is not null. Hence <p is an isomorphic mapping of the group G on a 
subgroup G" of the group G'. Because of the orthogonality we have 
(X, G") * { 0 } . But since G' is the character group of the group X it follows 
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from Theorem 32 and 33 (see Theorem 37) that G" = ((?'{()}) = O'. Hence 
G" =» G', and the group G is the character group of the group X. We can 
conclude from this with the help of Theorem 32 (see Theorem 37) that the 
group X is the character group of the group 0. 

Hence Theorem 38 is proved. 

The proof of the corresponding theorem in the general case of locally com- 
pact groups does not go through because it is not possible to assert that G" 
is a subgroup of the group G', since the subset G" may not be closed in G' . 
Example 50 (see below) shows that Theorem 38 is actually not true in the gen- 
eral case. 

In Examples 48 and 49 given below we shall make clear the connection be- 
tween the topological properties of the character group A of a discrete group G 
and the algebraic properties of the group G itself, 

Example 48. Let G be a discrete group and X its character group. We shall 
show that X is connected if and only if the group G has no elements of finite 
order. 

Suppose that G contains an element a of finite order r > 1. We denote by H 
the cyclic subgroup of the group G having the generator a. The group H is 
finite and is of order r. Let = (X, H). Then by Theorem 33 (see Theorem 
37) we have H = (G, <t>). Furthermr % by Theorem 32 (see Theorem 37) the 
group G is the character group of the group X. We can conclude from this 
and from Theorem 34 that the group X/<t> has the group H for its character 
group. But then the group X/<f> is the character group of the group H. It 
follows from remark G) of §32 that the group X/ $ is of finite order r. Hence 
the group X can be mapped continuously on the finite set X/<t>, which contains 
more than one element. But this means that X is not connected.- 

Let us now suppose that X is not connected, and let X' be the component of 
zero of the group X (see §22, A)). Then the factor group X/X' = X* is a 
O-dimensional group (see §22, C)) . Let us select in X* a small open subgroup 
<t>* (see Theorem 17). Then X*/ 4>* is a finite group (see §22, E)). We denote 
by 4> the inverse image of the group 4>* in the group X under the natural homo- 
morphic mapping. Then X/4> is also finite and contains more than one ele- 
ment. Let H - ((?, <t>). Then H is the character group of the group X/$, 
and hence H is a finite subgroup of the group G, i.e., G contains elements of finite 
order. 

Example 4 r Let G be a discrete group and X its character group. We shall 
show that the dimension of the group X is equal to the rank of the group G (see 
§6, A)). 

Suppose that the rank of the group G is finite and is equal to r. We shall 
show that in this case the dimension of the group X does not exceed r. Let H n , 
n — 1, 2, • • • , be an increasing sequence of subgroups of the group G which 
comprises the whole group G, such that each group of the sequence admits a 
finite system of generators. Let 4>„ = (X, H n ); then the group XS = X/$, 
is the character group of the group ff«. Since admits a finite system of 
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generators, it follows that XJ is a generalized toroidal group (see §32, J», and 
it can be seen directly that the dimension of the group XX is equal to the rank 
of the group H n , but, obviously, the rank of the group H n does not exceed r. 
Since the group is by construction arbitrarily small, it can easily be proved 
(see §44, F)) that the dimension of the group X itself does not exceed the num- 
ber r. 

In order to give a lower bound for the dimension of the group X we consider 
the component of zero X' of the group X. Let H = (G, X'). From consid- 
erations similar to those of Example 48 it follows readily that H is composed 
of all the elements of the group G having a finite order. Therefore the group 
G* = G/H has no elements of finite order, and its rank is equal to the rank 
of the group G. Moreover, X' is the character group of the group G*. We 
shall now show that the dimension of the group X' is not less than the rank of 
the group G*. This will complete our investigation. 

Let 

(5) Xi, • • • , x„, - • • 

be a complete system of linearly independent elements of the group G*. Then 
every element x of the group G* can be expressed linearly in terms of the ele- 
ments of the system (5) with rational coefficients (since G* contains no elements 
of finite order, division in G* is always unique, although not always possible). 
Let 

(6) dif ■ • * j dn t • 

be a finite system of real numbers. Starting with the system (6) we define the 
character a of the group G*. Let x = and let a(x) = r <d„ where 

the right side is considered as an element of the group K, i.e., it is reduced 
modulo 1. The character a, defined in this way, depends on n real parameters 
and therefore the group X' is at least n -dimensional (see §44, B), C)). But n is 
an arbitrary number not exceeding the number of elements of the sequence (5), 
i.e., n is an arbitrary number not exceeding the rank of the group G*. Hence 
the dimension of the group X is not less than the rank of the group G *, and 
hence not less than the rank of the group G. In conjunction with what we 
have proved above we see that the dimension of the group X is equal to the 
rank of the group G. 

Example 50. Let G be a discrete group with two linearly independent gen- 
erators a and b. We denote by D the additive topological group of real num- 
bers. We define the law of multiplication of the elements of the group G by 
the elements of the group D (see Definition 36), starting with two real 
numbers a and 0 whose ratio a/0 is irrational. The product of the element 
x — ma + nb e G by the element d e D is defined by letting xd = dma + dn0, 
where the right side is considered as an element of the group X, i.e., is reduced 
modulo 1. It can readily be seen that the law of multiplication thus defined 
satisfies the distributive laws and any natural continuity conditions. Fur- 
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tbermore, the groups 0 and D are orthogonal in the sense of Definition 36. In 
fact xd = d(ma + nfi) can be' equal to zero (mod 1) for every dzD only if 
x « 0. Moreover, if d e (D, <?), we have da = 0, dp * 0 (of course we under- 
stand here equations with respect to the modulus 1, so that in the usual nu- 
merical notation these equalities should be written as follows: da * m,bfi » n, 
where m and n are integers). But this is impossible if d 5 * 0, since the ratio 
a/& is by assumption irrational. 

It is obvious, however, that neither of the groups G and D is the character 
group of the other. Hence Theorem 38 is not true for general locally compact 
groups. 

Example 51. Let a x , • • • , a r be a finite system of linearly independent irra- 
tional numbers, i.e., such that a sum n x a x •+••••+ n r a T with integral coeffi- 
cients can be an integer only if all of its coefficients are equal to zero. We 
shall show that for any e and any system of real numbers d l} • • • , d r a system 
of integers n Xf • * • , n r and an integer m can be found such that 

| ma, — d t — n,| < €, i = 1, • • • , r. 

This proposition is an elementary theorem in the theory of approximations 
of real numbers by integral multiples of irrationals. We shall prove it here 
by use of the theory of characters. This proof is of interest since the original 
exposition of the theory of characters depended on the above theorem in the 
theory of irrational numbers. 

Let G be a discrete group with r linearly independent generators a Xf • • • , a r . 
We associate with every integer m a character 0 m of the group G in the following 
way: if s = n x a x + • • • + then we shall define p m (x) = m(n x a x + • • • +n r a r ) 1 
where the right side is considered as an element of the group K , i.e., is reduced 
modulo 1. It can readily be seen that 0 m + 0 n = 0 m+n . Hence the set A of all 
the characters of the type forms a group. We denote by X the character 
group of the group G . Then A is a subgroup of the abstract group X . We 
denote by <t> the closure of the set A in X . It can be seen easily that if 
Pm(x) = 0 for every m, then x = 0. This follows from the linear independence 
of the numbers a,-. We can conclude from this that (G, $) = {0 } , and this 
gives us by Theorem 33 the equality $ = X. Hence the set A is everywhere 
dense in X, i.e., every character 0 of the group G can be approximated arbi- 
trarily closely by characters of the form j3 m . The proof of the theorem now 
follows directly from the above statement. In fact if d Xf • • , d r are given 
numbers, we can define a character /3 of the group G by setting 0(a<) = d i} 
i * 1, • • • , r, where the right side is considered as an element of the group X. 
By approximating the character & by the characters S m we get the desired rela- 
tions. 

34. The Direct Sum for a Group and for its Character Group 

The connection between a group G and its character group X which we have 
established in the preceding section in case G is compact or discrete enables us 
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to associate with every decomposition of the group 0 into a direct sum a definite 
decomposition of the group X into a direct sum (see Definitions 10* and 29). 
This question has already been considered in Theorem 36 for a finite number of 
summands only. Here we shall consider this question simultaneously for a 
finite and an infinite number of summands, but we shall have to confine our- 
selves to compact and discrete groups. 

A) Let 0 be a compact or discrete group, X its character group, and Af a 
set of subgroups of the group G. We denote by £2 the totality of all the sub- 
groups of the group X of the form (X, H), where H e Af, by L the minimal sub- 
group of the group G which contains all the groups of the set M, and by 4r the 
intersection of all the subgroups of the set £2. Then we have 

(1) * - (X, L), 

or what is the same, 

(2) L = «?, *). 

It follows from Theorem 33 (see Theorem 37) that M is composed of all the 
groups of the form {G, <f>), where $ e £2. Let 

(3) *' = (X, L) 

and 

(4) L' = (G, *). 

For every H e M we have H c L, and therefore (X, H) 3 (X, L) = 4'', i.e., 

(5) 

Furthermore, for every # e £2 we have 4> 3 4' and hence (G, 4>) c ((?, 4>) i.e., 

(6) L c L' . 

From Theorem 33 we have 'J r = (X, L'), and since L c L' , it follows that 
(X, L) a (X, L'), i.e., 4 f ' 3 4 r. The last relation together with (5) gives V = 4 r . 
Hence A) is established. 

Theorem 39. Let Gbe a compact or discrete group and X its character group. 
Let us suppose that G decomposes into the direct sum of a countable or finite system 
of its subgroups Hi, • • • , H n , • • • . Then there exists ope and only one decom- 
position of the group X into a direct sum of subgroups 4>i, • • • , $», • • • which 
satisfies the following conditions: 

a) For i j, we have 

(7) $ 4 c(X, Hi), 
or what is the same, 

( 8 ) 


HjC(G, *,). 
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b) The groups Hi and Qiform an orthogonal pair by virtue of the same law of 
multiplication which holds for the groups G and X (see Definition 36). Hence 
the groups Hi and $,■ are character groups of each other (see Theorem 38). 

Proof. Let us denote by L* the minimal subgroup of the group G which 
contains all the subgroups H ( with the exception of H k . We denote by H' t the 
intersection of all the subgroups Li with the exception of the group L k . It is 
obvious that H, c H\. We shall show that Hi = H\. 

Since by assumption the intersection of all subgroups Li (see Definitions 10* 
and 29) contains only zero, it follows that the intersection H' t 0 L { also contains 
only zero. Since G can be decomposed into the direct sum of the groups H , and 
Li (see §5, A*) and §21, A)) it follows that Hi + L f = G and hence H' t + L, = G, 
and G is decomposable into the direct sum of the groups H\ and L,-. Suppose 
there exists an element z e H\, which does not belong to H t . Then, since G 
is decomposable into the direct sum of the subgroups Hi and L,-, z = x + y, 
where x e H„ and y e L<. We also have x e H t , y e L„ and z = z + 0, where 
z e H'i, 0 e L,. Hence if G is considered as the direct sum of the group H' t and 
Li we get two decompositions of the element z: z = z + 0 = x y, therefore 
z — x, i.e., z e Hi, and H\ - H t . 

Let us now take <f\- = ( X , Li), P< = (X, Hi). It follows from Theorem 37 
and proposition A), that P* is the minimal subgroup containing all the sub- 
groups <f\ with the exception of $*, and P* is the intersection of all the sub- 
groups Pi with the exception of P*. Since the minimal subgroup containing 
all the groups Hi coincides with G, the intersection of all the subgroups P, con- 
tains only zero (see A)). Furthermore, since the intersection of all the sub- 
groups Li contains only zero, the minimal subgroup containing all the 
subgroups P< coincides with X. Hence X is decomposable into the direct 
sum of the subgroups Pi, • • • , P», • • • . 

Relations (7) and (8) are obvious. Let us show that Hi and P< form an 
orthogonal pair. Let x e H,, i ^ 0: then there is an element y e X such that 
v(x) 5* 0. Let y = a + 0, where a e P,-, and p e P,-. Since P, = (X, Hi), 
it follows that p(x) = 0, and hence a(x) = y(x) y* 0. We therefore get 
(Hi, #<) = {0}. In view of the complete symmetry of the relations, we 
can prove in an analogous way that ($,-, H { ) = {o}. Hence the groups H { 
and €>,• are orthogonal. 

Suppose now that there exists another decomposition of the group X into 
a direct sum of subgroups $!,-••,$«,••• satisfying condition a), i.e., such 
that for i ^ j we have (X, Hf). It follows from this relation that c 'p, 
for t j, i.e., c $<. Let is now denote by 'Pi the minimal subgroup contain- 
ing all the subgroups with the exception of $i. Then ’Pjc'p*. Since 

+ 'Pj = X, it follows that + P,- = X. Since the intersection $, n P, 
contains only zero, the intersection n P< also contains only zero. Hence G 
is decomposable into the direct sum of the subgroups and P,-. We have 
here exactly the same state of affairs as in the beginning of the proof of this 
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theorem. Just as we proved there that H\ = Hi, so we can show here that 
- $<. This proves the uniqueness of the decomposition of the group X into 
a direct sum satisfying condition a). This completes the proof of Theorem 39. 

Theorem 39 shows that the study of the decomposition of the group X into 
a direct sum is entirely equivalent to the study of the decomposition of the 
group 0 into a direct sum. 

The primary value and interest of Theorem 39 consists in the reduction of 
the problem of decomposition of a compact commutative group into a direct 
sum to the same problem for a discrete commutative group. 

35. Locally Compact Groups 

It was shown in the preceding section that every compact commutative 
group is the character group of a discrete group. We have given in this way 
a method of construction of a general compact commutative group, and its 
study has been reduced to the study of a discrete group. We have now before 
us the problem of proving Theorem 32 for locally compact groups. Before 
attempting to do this, however, we have to make a rather detailed investigation 
of the structure of locally compact commutative groups. Lemma 1 (see below) 
enables us to reduce the study of locally compact commutative groups to that 
of compact groups, which we have already investigated. It turns out that 
fundamentally a locally compact, commutative group differs from a compact 
group only by a vector direct summand (see Theorem 41 and Remark E)). 

Lemma 1. Let G be a locally compact, commutative, connected, but not compact 
group. Then there exists in G a discrete subgroup D having a finite system of 
linearly independent generators (see §6, B)), such that the factor group G/D is 
compact. 

In order to prove Lemma 1 we shall first prove the following lemma. 

Lemma 2. Let G be a connected, commutative, locally compact, but not compact 
group, and U a symmetric neighborhood of zero of the group G i.e., such that 
— U = U, for which the closure U is compact. Then there exists an element d in 
the boundary U' = V — U of the open set U such that the relation nd e U, where 
n is an integer, implies that n = 0. In this way the element d generates a discrete 
infinite cyclic subgroup of the topological group G. 

Proof. Let lh = U, and define U n +i by induction from (see §2, A)) 

(1) Un+l =U n +U. 

Since U is open, U n is also open (see §16, C)). It can be seen easily that 

(2) U r +U. = U r+ . 

and 

(3) Ur + U, - U r+ .. 
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Since U is compact, U n is also compact (see §16, G)). Let 

(4) Un'- Un - Un, 

Since U n is compact, it follows that U n 5* G, and since G is connected we can 
conclude that U' n is not empty. 

We shall show that 

(5) Ur + U. - l/ r +«. 

In fact let a e t/ r , and 6 e 17,. Since b is a limit element of U 9f there exists an 
arbitrarily small element c such that b — c e 17, (c is arbitrarily small in the 
sense that it can be selected from an arbitrary neighborhood of zero). Since c 
is arbitrarily small, we can suppose that a + c e U Ti since U r is open. Then we 
have 

a + b = (a + c) + ( 6 — c) e U t 4 

(see (2)). Hence t/ r + U, c J7 r+# . It is obvious that UV +!/.=> DV*.. 

We now construct an infinite sequence 

(6) dj, • • • , d n , 

of elements of the set 1/ such that 

(7) di + * • • + d n £ I/ n 

for every n. Since l/» is not empty, there exists an element c n e U' n . From (3) 
this element c n can be written in the form 

(8) Cn = dl.n + • * • + d*, n , 

where d», n e [7, i = 1, * • • , n. We shall show that for j < n, 

(9) g = di,n + • * * + dy, n £ U 

In fact let h = c n — g. Obviously g e_C/„ h e U„-/, but since <7 + A = c n e Uj,, 
it follows from (5) that gr e U). Since U is compact, we can make use of the di- 
agonal process (see Theorem 9) to select a sequence of integers n h • • • , n*, • • • 
such that the limit 

(10) lim d t ,n k = d, 

Jb— » so 

exists for every t. We shall show that 

(11) d t + . . . + d, e U] 
for every j. In fact 

d\ + • • • + d) == lim {di,n» + • • • + dj,n k } 

(see (10)), but since the sum under the limit sign in the last relation belongs 
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to Uj (see (9)), the left side also belongs to C/J, since C/J is closed. Hence the 
sequence (6) is constructed. 

We shall now show that for an arbitrary system 


(12) mi, • • • m r 
of distinct integers we have 

(13) a = dmi + * • * + dm r e Ur- 

Let n be an integer exceeding all the numbers of the system (12). Then the 
sum 

(14) c = d\ + • * • + d n 

can be written in the form c = a + b. Obviously b e [7„_ f and a e U r . Since 
moreover, a + b e U' n (see (7)), it follows that a e (/' (see (5)). 

Let d be a limit point of the sequence (6). We shall show that 

(15) rd e U' r 
for an arbitrary positive integer r. 

Let V be a neighborhood of the element rd. We denote by W a neighbor- 
hood of the element d such that 

(16) rW c Y. 

Since the element d is a limit element for the sequence (6), there exists in the 
neighborhood W a system of elements d mv • • • , d mr , all of whose indices are 
distinct. It follows from (13) that 

(17) a = d mx + • • • + dm, e V' r . 

Hence an arbitrary neighborhood V of the element rd intersects U' r since a z V 
(see (16) and (17)). But the set U' r is closed and therefore rd e U\. 

Since U\ does not intersect U for any value of r, the element rd cannot be- 
long to [/for any positive integer r (see (15)). Therefore since the neighbor- 
hood U is symmetric, no element nd ) where n is an integer, belongs to U with 
the single exception of 0 • d. 

Hence Lemma 2 is established. 

Proof of Lemma 1. Let U be a symmetric neighborhood of zero of the 
group G f i.e., — [/=[/, for which the closure U is compact. We shall con- 
struct by induction the system 

(18) A r = {flj, * ' * ; 0f} 

of elements of the group G satisfying the following conditions: a) The linear 
form ni<h + • * • +n r a T with integral coefficients belongs to U only if n< » 0, 
i * 1, • • • , r, and b) e U r f i — 1, • • , r. 

We denote by D r the set of all linear forms 



186 COMMUTATIVE GROUPS [ch. v 

(19) nia, + • • • + n r a T 

with integral coefficients, and show that if the system (18) satisfies conditions 
a) and b), then the set D r is a discrete subgroup of the group 0 having the 
system of linearly independent generators (18). First, it is clear that the set D r 
is a subgroup of the abstract group G . Furthermore, it follows from condition 
a) that if n x a\ + • • • + njx r = 0, then n t - = 0, i « 1, •• • , r, and this means 
that the system (18) is a linearly independent system of generators of the 
group D r . Since the neighborhood U contains only the zero element of the 
group D r} the group D r is closed in the topological space G and is a discrete 
subgroup of the group G. 

We note that from Lemma 2 the system of elements (18) satisfying condi- 
tions a) and b) exists for r = 1. Supposing that the system (18) has been con- 
structed for r » s, we show that there are two possible cases: 1) the factor 
group G/D 9 is compact, in which case Lemma 1 has already been proved, and 
2) the system (18) constructed for r = s can be enlarged to the system with 
r = 8 + 1 by adjoining one element. 

Let us suppose that the first case does not occur, i.e., that the factor group 
G* — G/D 9 is not compact. Let / be the natural homomorphic mapping of 
the group G on the group G* (see §19, C)). From the construction of the neigh- 
borhoods in the factor group G* (see Definition 24), /([/) = U* is a neighbor- 
hood of zero of the group G*. Since U is symmetric, U* is also symmetric, 
i.e., — [/* = U*. Since 

(20) U* c/(C7), 

U* is compact. We shall show that 

(21) U'*cf(U'). 

In fact U* cf(U) u /([/') (see (20)). Subtracting from both sides of this rela- 
tion the set U* = f(U) we get U f * cf(U'). We now apply Lemma 2 to the 
group G * and its neighborhood 17*. Let d* be such an element of U'* that 

(22) nd* e U* implies n = 0. 

We now denote by a«+i an element of C/' such that /(a, + 0 = d*. This ele- 
ment exists because of relation (21). It can readily be seen that the system 
aiy • • • , a 9f a,+i satisfies conditions a) and b). It is obvious that b) is satisfied 
since a 9 ± i e U\ Let us suppose that 

(23) a - rii a x + • • • + n 9 a $ + n i+l a, +l e U . 

Then /(a) * n 9 + x d* e U* and hence by (22), n 9+l = 0. Thus the linear form 

(23) becomes a = n x ai + * * * +n t a 9 . But if a e U, then n< — 0, i = 1, • • • , «, 
since condition a) is satisfied for the system A t by assumption. 

Hence we can enlarge the system A r by induction as long as the group G/D r 
is not compact. But an unlimited enlargement is not possible since U r is com- 
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pact, and it follows, from condition a) in particular, that the difference a< —a* 
where i 5^ j, cannot belong to U. 

Hence Lemma 1 is proved. 

Theorem 40. Let G be a locally compact group , <?' the component of zero of the 
group G (see §22, A)), and U a neighborhood of zero of the group G. If the factor 
group G/G' is compact , there exists a compact subgroup QcU of the group G such 
that the factor group G/Q decomposes into the direct sum of a toroidal group T 
(see §32, K)), a vector group A , and a finite group C. 

To prove Theorem 40, we first prove the two following propositions A) and 

B). 

A) Let G be a locally compact commutative connected group and D a dis- 
crete subgroup of G having a finite system of linearly independent generators. 
If the factor group G/D is a toroidal group T*, then the group G can be decom- 
posed into the direct sum of a vector group A and a toroidal group T. 

The group T*, being toroidal, decomposes into the direct sum of a finite 
number r of groups isomorphic with K (see §32, K)). In this way T* can be 
thought of as a factor group A*/N , where A* is the vector group of dimension r, 
and N is composed of all the vectors of the group A* with integral components. 
We denote the natural homomorphic mapping of the group A* on the group T* 
by/, and the natural homomorphic mapping of the group G on T * by g. Since 
the groups D and N are discrete, the mappings / and g are one-to-one in small 
neighborhoods of zero, and therefore we can define uniquely the mapping 

(24) g~Kf(x)) = h(x) 

of a neighborhood U of zero of the group A* on a neighborhood V of zero of 
the group G. The mapping h is a local isomorphism of the group A* in G (see 
Definition 30). 

We now extend the local isomorphism h of the group A* on the group G into 
a homomorphism h f of the whole group A* on the whole group G. Let x be an 
arbitrary element of the group A*. There exists a sufficiently large number n 
such that x/n e U , and we let h'(x) = nh(x/n). It can readily be §een that h f 
is defined by this relation uniquely and that it represents a homomorphic map- 
ping of the group A* on the group G. Furthermore, it follows from (24) that 

(25) /Or) = g{h'{x)). 

Let us denote by N' the kernel of the homomorphism h\ It follows from 

(25) that N f cN. It is also not hard to see that the factor group N/N f is 
isomorphic with the group D. Since the factor group N/N f contains no ele- 
ments of finite order (see §6, A)), we can select a system of linearly independent 
generators 

(26) fflj, * * * , a 9) a«fi, * # * , a, r 

of the group N in such a way that <*1, • * • , a 9 form a system of generators of the 
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group iW. In fact by E) of §6, we can select in N a system of linearly inde- 
pendent generators (26) in such a way that the elements c?icu, ••• , d $ a 9 , where 
di > 0, t * 1, • • • , s, and is divisible by d if i — 1, • • , a — 1, form a 
system of generators of the group N\ It can readily be seen that since the 
factor group has no elements of finite order, then all the must be equal to 
unity. The vectors of the system (26) can be taken for a basis of the vector 
space A*. Making use of this choice of basis, it becomes obvious that the 
factor group A* fN* = G can be decomposed into the direct sum of s groups 
isomorphic with the group K and r — s groups isomorphic with the additive 
group of real numbers. Hence G decomposes into the direct sum of an s-dimen- 
sional toroidal T and the (r — $)-dimensional vector group A , which proves A). 

B) Let G be a locally compact commutative group, O' the component of 
zero of the group G, and D a discrete subgroup of the group G f having a finite 
system of linearly independent generators. If the factor group G/D is a gen- 
eralized toroidal group, then the group G decomposes into the direct sum of a 
vector group A and a generalized toroidal group T (see §32, J)). 

It can readily be seen that G'/D is the component of zero of the group G/D, 
and since the group G/D is a generalized toroidal group, the group G r /D is a 
toroidal group (see §33, K)). Therefore the group G f decomposes by A) into 
the direct sum of a vector group A and a toroidal subgroup T r . 

Since it follows from what we have just said that the group G/G f is finite, 
it can be decomposed into the direct sum of a finite number of finite cyclic 
groups Zi 9 • • • , Zk (see §6, F)). We denote the generator of the group Z * 
by z*, and an element of the coset z* by z t . If r t is the order of the group Z if 
then £ (?', and G r contains an element £,• such that r t x t — r t z i} since division 
is always possible in the group G, which is a direct sum of a vector group and a 
toroidal group. Let z\ = z< — £«, then r x z\ = 0. The subgroup C of the group 
G having z \ , • • , z* for generators can easily be seen to be finite, and the group 

G decomposes into the direct sum of the subgroups G r and C. And since G' 
in turn decomposes into the direct sum of A and T proposition B) follows 
from remark K) of §32. 

Proof of Theorem 40. Let D be a discrete subgroup of the group G f having 
a finite system of linearly independent generators and such that the factor 
group G f /D is compact (see Lemma 1). Since the factor group G/G f is com- 
pact by assumption, and since the factor group G f /D is also compact, the factor 
group G/D = G* is compact (see §18, F)). Let us denote by / the natural 
homomorphic mapping of the group G on the group G*. Since the subgroup D 
is discrete, there exists a sufficiently small symmetric neighborhood V of zero 
of the group G such that the neighborhood 4 V contains only the zero element 
of the group D. We shall also suppose that V is compact and belongs to U, 

By Theorem 37 the compact group G * is the character group of some dis- 
crete group X. Let Hi, • • * , H», • •• be an increasing sequence of subgroups 
of the group X , which exhausts the group X , and is such that each H n admits a 
finite system of generators. Let QJ * (G*, H n ). It can readily be seen that 
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for a sufficiently large m we have Q%cf(V) (the proof pf this is similar to the 
proof of remark A) of §33). Then the factor group G*/G^, being the character 
group of the group H m , is a generalized toroidal group (see §32, J)). Let us 
denote by Q the complete inverse image of the group m V under the 
mapping /. It follows that Q is a compact subgroup of the group G, whose 
intersection with D contains only zero. We shall prove only that Q is a 
subgroup, the rest being evident. Let a and b be two elements of Q; then 
f(a — b) » f(a) — f(b) e Q„, and there exists an element c e Q, such that 
f(c) = f(a — b ), i.e., /(a — b — c)_ = 0, or what is the same, a-b-ceD. 
Since, moreover, a - 6 - ce 3Fc4F, it follows that a — b — c = 0, i.e., 
a — b = c e Q. Hence Q is a group. We note that the complete inverse image 
of the group Q * in the group G under the mapping / is D + Q. Hence the 
factor group G/(D + Q) is isomorphic with the factor group G*/QZ (see §19, 
E)). We denote the factor group G/Q by H and the image of the group 
D + Q in the group H under the corresponding homomorphism by E. Then 
the factor group H/E is isomorphic with the factor group G/(D + Q ) (see §19, 
E)). Since, furthermore, D nQ contains only zero, E is isomorphic with D 
(see Theorem 14). Hence the group H contains the discrete subgroup E hav- 
ing a finite system of linearly independent generators and such that the factor 
group H/E , which is isomorphic with the factor group G*/Q™> is a generalized 
toroidal group. Hence by B) the group H decomposes into the direct sum of a 
vector group A and a generalized toroidal group T'. Hence Theorem 40 fol- 
lows from remark K) of §32. 

C) Let G be a locally compact commutative group and G f the component of 
zero of the group G . If the factor group G/G' is compact then there exists in G 
a compact subgroup Z such that the factor group G/ Z is a vector group. The 
subgroup Z is the maximal compact subgroup of the group G in the sense that 
all other compact subgroups of the group G are contained in Z. In this way Z 
is defined uniquely. 

Let Q be a compact subgroup of the group G such that the factor group 
G/Q = G* can be decomposed into the direct sum of a vector subgroup A 
and a generalized toroidal subgroup T (see Theorem 40). We denote by Z 
the complete inverse image of the group T in the group G . Since the groups T 
and Q are compact, the subgroup Z is also compact (see §18, F)). Further- 
more, the factor groups G/Z and G*/T are isomorphic (see §19, E)). But since 
the factor group G*/T is obviously isomorphic with the vector group A (see 
Theorem 14), it follows that the factor group G/Z is also isomorphic with the 
vector group A, and the first point of proposition C) is proved for the subgroup Z. 

Let now Z' be an arbitrary compact subgroup of the group G. Under the 
homomorphism of G in G/Z, the group Z 9 maps into a compact subgroup of 
the vector group A. But the vector group contains only one compact sub- 
group, namely the null subgroup. Hence under the homomorphism of G in 
G/Z the subgroup Z' maps into a null group and hence Z'cZ. This proves 
the second point of proposition C) for the group Z. 
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D) If a locally compact commutative group 0 admits a compact subgroup Z 
such that the factor group O/Z =» G* is a connected group, then the group G 
satisfies the conditions of remark C), i.e.,the factor group G/G', where G' is 
the component of zero of the group G, is compact. 

Let H == G' + Z. Since Z is compact, H is a subgroup of the group G (see 
§20, D)). We shall show that G - H. To do this we prove that G/H con- 
tains only zero. Let G/G' = G**, and denote by H** the image of the group H 
in G**. Then the groups G/H and G**/H** are isomorphic (see §19, E)). 
Furthermore, the group G** is a 0-dimensional group (see §22, C)). But then 
the group G**/H** is also a 0-dimensional group. In fact, the group G** con- 
tains an arbitrarily small open compact subgroup Q ** (see Theorem 17). The 
image of the group Q** in the group G**/H** is also an arbitrarily small open 
compact subgroup, and, therefore, G**/H** is a 0-dimensional group (see §22, 
G)). Hence the group G/H is a 0-dimensional group. On the other hand, 
the group G/H is isomorphic with some factor group of the group G/Z (see§19, 
E)), i.e., G/H is connected. Being both connected and 0-dimensional, the 
group G/H contains only zero. Hence H = G. 

It follows that the factor group G/G' is isomorphic with the factor group 
Z/Z' , where Z' is the intersection G' nZ (see Theorem 14). And since Z is 
compact, G/G' is also compact (see §18, E)). 

Remark C) leads us naturally to the following theorem, which plays an im- 
portant part in what follows. 

Theorem 41. Let G be a locally compact commutative group and G' the com- 
ponent of zero of the group G. If the factor group G/G' is compact, then the group 
G decomposes into the direct sum of a compact subgroup Z and a vector subgroup A. 
Here the compact subgroup Z is defined uniquely, while the vector subgroup A is 
arbitrary , except that its dimension is determined by the group G. 

Proof. Let Z be the maximal compact subgroup of the group G (see C)). 
We denote by 

(27) Ui, ■ ■ • , Un, • • • 

a decreasing sequence of neighborhoods of zero of the group G which is such 
tW. the closure U n of every neighborhood U n is compact and the intersection 
of all Un contains only the zero of the group G. We shall now construct by 
induction the sequence of subgroups 

(28) Go = <7, (?„ • •• , Gn, 

satisfying the following conditions : a) G*+i c G„, b) the intersection Z n G n c U n , 
c) the group sum Z + G» -» G, and d) the groups G* satisfy the condition of re- 
mark C). 

The firat member of the sequence (28) is the group G. Let us suppose that 
all the groups up to and including G„ have already been constructed. We then 
construct the group G„+i. 
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By Theorem 40 there exists a compact subgroup Q n c [/ n +i of the group 6 « 
such that the factor group G n /Q n decomposes into the direct sum of a vector 
group A n and a generalized toroidal group T n . We denote the inverse image 
of the group T n in the group G n by Z n , and the inverse image of A n by G«+i. 
Obviously G n +i/Q n is isomorphic with A n) i.e., it is connected, and therefore 
by D), the group G n +i satisfies the conditions of remark C). Hence condition 
d) holds for the group G n +i. Furthermore, 

(29) G n-fi n Z n - Q n 

and since obviously G n +i + Z n = G n , it follows from Theorem 14 that G n /Z n is 
isomorphic with the vector group A n . Hence Z n is the maximal compact sub- 
group of the group G n (see C)). Then the intersection G n +i n Z, being a com- 
pact subgroup of the group G n , belongs to Z n and hence 

(30) Gn+i nZc G n+1 n Z„ c Q n c U n+ 1 

(see (29)). Hence condition b) holds for the group G»+i. By the hypothesis 
of the induction G = G n + Z; but G n = G n + 1 + Z n and therefore 

(31) G = G„+ 1 + Z n + Z = G n+ i + Z, 

since Z n , being a compact subgroup of the group G, must be contained in Z 
(see C)). Hence the group G n +i satisfies the condition of C). Since condition 
a) is automatically satisfied, the induction is completed and we can assume the 
existence of the whole sequence (28). 

We now denote by A the intersection of all the subgroups (28) and show that 
G is decomposable into the direct sum of the subgroup Z and the subgroup A 
(see Definition 28). 

It follows from condition b) that the intersection of Z and A contains only 
zero. We shall show that Z + A = G. In fact let x be an arbitrary element 
of the group G. Then by condition c), x = z n + a nf where z n e Z, a n e G*. 
Since the group Z is compact, we can select from the sequence of elements z n , 
a subsequence which converges to an element z t Z. Then the corresponding 
subsequence of elements of An will converge to the element x — z — a, and 
we have x = z + a. Since the sets G n are closed, it follows that at A. Hence 
G = Z + A and all the conditions of Definition 28 are satisfied. 

The subgroup A is isomorphic with the factor group G/Z, and since the tatter 
is a vector group, it follows that A also is a vector group. 

This proves Theorem 41. 

Theorem 41 analyzes the structure of a rather wide class of locally compact 
groups. The following remark shows the relation of this class to general locally 
compact groups. 

E) Let G be an arbitrary locally compact commutative group. Then there 
exists a subgroup H in G satisfying the following conditions: a) the factor 
group G/H is discrete, b) the factor group H/H f , where H* is the component of 
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■ero of the group H, is compact. In this way the group H satisfies the condi- 
tions of Theorem 41. 

Let us denote by (?' the component of zero of the group G. Then the factor 
group G/G* ** G* is a 0= dimensional group (see §22, C)). By Theorem 17, the 
group G * contains an open compact subgroup H*, We denote the inverse im- 
age of the subgroup H* in the group G by H. Then the factor group G/H is 
isomorphic with the factor group G*/H* (see §19, E)), and since the latter is dis- 
crete, G/H must also be discrete. Furthermore, since the factor group G/H is 
discrete, the component of zero H f of the group H coincides with the compo- 
nent of zero of the group G , and H/H f is isomorphic with H *, which is compact 
by assumption. In this way E) is proved. 

We now pass to the proof of the fundamental theorem of the theory of char- 
acters for general locally compact groups. To do this we first prove the follow- 
ing proposition; 

F) Let G be an arbitrary locally compact commutative group. Then there 
exists in G an expanding sequence of subgroups 

(32) H h • • • , Hny • • • 

which comprises the whole group (?, and which satisfies the following condi- 
tions: a) the factor group G/H n is discrete, b) every group H n decomposes into 
the direct sum of a vector group A nf a compact group Z„, and a discrete group 
D n having a finite system of linearly independent generators. 

Let H be the subgroup of the group G which we have constructed in remark 
E), Since the factor group <7* = G/H is discrete, it contains an expanding 
sequence of subgroups 

( 33 ) Hi, 

which comprises the whole group G*, and is such that every group H * admits a 
finite system of generators. We denote the inverse image of the group H* in 
the group G by H n , and we shall show that H n is decomposable into the sum of 
three groups as indicated. The fact that the factor group G/H n is discrete is 
obvious, since H cH n and G/H is discrete. 

The group H * can be decomposed into the direct sum of a finite group C* 
and a group D * having a finite system of linearly independent generators 
a* , • * • , a* (see §6, F)). We denote the inverse image of the group C * in the 
group G by (7». Then the factor group C n /H is isomorphic with the group C* 
and hence it is finite. Therefore the group C n satisfies the conditions of Theo- 
rem 41, since the group H satisfies these conditions. Hence the group C n de- 
composes into the direct sum of a vector group A n and a compact group Z n . 
We denote by one of the inverse images of the element a* in the group G, 
% m 1, • • , r, and by D n the subgroup of the abstract group G with the genera- 
tors oi, • • , Or* It is not hard to see that D n is a discrete subgroup of the 
group (?, and that H n decomposes into the direct sum of the groups C n and D n . 
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But since we have just shown that the group C» decomposes into the direct sum 
of the group A n and Z n the proposition F) is proved. 

Proof of Theorem 32. This proof depends on remark C) of §31. Let 

(34) Hr, ■■■ ,H n , - 

be the sequence of subgroups of the group G constructed in proposition F). 
We denote by X„ the character group of the group H n . Since the group 
decomposes into the direct sum of three groups for each of which Theorem 32 
has already been proved (see §32, J) and L), and §33, D)), it follows from Theo- 
rem 36 that the group H n is the character group of the group X n . Therefore 
every non-zero element xtH n is a non-zero character of the group X n , i.e., there 
exists an element /? e X n such that 

(35) *(P) = P(x) * 0. 

We shall show that condition a) of remark C) of §31 holds for the group G. 
Let x be an element different from zero of the group G. Since the sequence 
(34) comprises the whole group G, there exists a number n such that x e H n . 
From relation (35) there exists a character /3 of the group H n such that P(x) ^0. 
Since the factor group G/H n is discrete, the character 0 can be extended into a 
character a of the whole group G (see Lemma of §32) and therefore we have 
a(x) 5^ 0. 

We shall now show that condition b) of remark C) of §31 is also satisfied for 
the group G. Let X be the character group of the group G, and let 4> n = (X, H n ) 
(see Definition 35). By Theorem 34, the group G/H n has the group <J>„ for its 
character group, and since G/H n is discrete, the group 4>„ is compact (see Theo- 
rem 31). Since the sequence (34) is an increasing sequence, the-sequence 

(36) $i, • • 

is decreasing. Also since the sequence (34) comprises the whole group G, the 
intersection of all the groups of the sequence (36) contains only the zero of the 
group X. It follows from this that there exists for every neighborhood V of 
zero of the group X a sufficiently large number m such that 

(37) 4>m c V. 

Let now x be an arbitrary character of the group X and let U be that neigh- 
borhood of zero of the group K which we have discussed in remark B) of §30. 
Furthermore, let V be a neighborhood of zero of the group X such that 
x(V) c U. We then have *(<*>„) c U (see (37)), and hence x(<b„) = {O} (see 
§30, B)). Therefore the character x of the group X can be considered as a 
character of the factor group X/$ m (see Theorem 34). It follows from re- 
mark M) of §32 that the factor group XJ 4>m is the character group of the group 
H m , i.e., X m - X/# m . From what we have mentioned before H m is in turn the 
character group of the group X m and therefore x e H m , and this means that x, 
being a character of the group X, belongs to the group G. 
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In this way Theorem 32 follows from remark C) of §31. 

Proof of Theorem 33. Since we have now established Theorem 32 for all 
locally compact groups, Theorem 33 follows from remark E) of §31. 

Proof of Theorem 35. Since Theorem 32 is now proved for all locally com- 
pact groups, Theorem 35 follows from remark F) of §31. 

Hence all the results in the theory of characters which we formulated in §31 
are now proved for general locally compact commutative groups satisfying the 
second axiom of countability. 

The following natural question arises here : How can we explain the excep- 
tional role played by the group K in the exposition of this theory, and is this 
choice of the group K accidental or not? The following proposition gives an 
answer to this question. 

G) Let Q be a locally compact commutative group. We denote by X the 
group of all homomorphisms of the group K, and by K the group of all homo- 
morphisms of the group K, in the group Q. Then the groups K and K are 
isomorphic if and only if the group Q is isomorphic with the group K. Hence 
the group K is the only group which can be employed in the foundation of the 
theory of characters in order that the fundamental Theorem 32 should 
hold. 

We now proceed to prove this. If X contains only zero, then K also con- 
tains only zero, which contradicts the supposed isomorphism between the 
groups K and K. Hence there exists a non-zero homomorphism a of the group 
K into the group’ Q. Under this homomorphism a the group K maps into some 
subgroup K' of the group Q. Since the homomorphism a is not zero, the 
group K' is isomorphic with K (see §32, A)); while the homomorphism a itself 
is not necessarily an isomorphism. Hence Q contains a subgroup K' isomor- 
phic with the group K. 

We denote by P the maximal compact subgroup of the component of zero 
of the group Q (see §35, C)). Then K' cP. We shall prove that P decom- 
poses into the direct sum of the subgroup K' and some subgroup L'. 

We denote by G the character group of the group P, and suppose that 
H = (G, K'). Then G/H is the character group of the group K' , i.e., G/H is a 
free cyclic group (see §32, F)). We denote by z one of the inverse images of a 
generator of the group G/H in the group G, and by Z the free cyclic subgroup 
of the group G having z as generator. It can readily be seen that G decom- 
poses into the direct sum of the subgroups Z and H. Let L' = ( P,Z ). Then P 
decomposes into the direct sum of the subgroups K' and L' (see Theorem 37 and 
39). Every homomorphism /3 of the group K in the group Q maps K into P, 
fi(K) c P, and since the group P decomposes into the direct sum of the sub- 
groups K' and L', the group X of all homomorphisms decomposes into the 
direct sum of the subgroups A and B, where A is composed of all the homo- 
morphisms of the group K in the group K', and B of all the homomorphisms 
of the group K in the group L'. Hence A is a free cyclic group, while the 
nature of the group B does not concern us. 
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Since the group^T^ is decomposable into the direct sum of its subgroups A 
and B , the group K of all the homomorphisms of the group X in the group Q 
decomposes into the direct sum of the subgroups C and D, where C is isomorphic 
to the group of all homomorphisms of the group A in the group Q, and D is 
isomorphic with the group of all homomorphisms of the group B in the group Q. 

Since A is a free cyclic group, the group of all homomorphisms of the group A 
in the group Q is obviously isomorphic with the group Q itself. Hence the 
group C is isomorphic with Q . 

The group K is by assumption isomorphic with the group K . Therefore Q 
is isomorphic with some subgroup of the group K. Since, moreover, Q con- 
tains a subgroup K ' isomorphic with K , it follows that the group Q is isomor- 
phic with K. 

This proves proposition G). 

Proposition G) shows that the group K is actually exceptional, and is the 
only group which could have been used for the purpose of constructing the 
theory of characters. This peculiarity of the group K is emphasized by the 
fact that all factor groups of K contain either only zero, or else are isomorphic 
with the group K itself. This same property is possessed by finite groups of 
prime order, but these groups, being finite, cannot be used for the construction 
of the theory of characters. 

Example 52. Let G be a locally compact group and X its character group. 
By Theorem 41 the component G f of zero of the group G decomposes into the 
direct sum of a vector group A and a compact group. In the same way the 
component X ' of zero of the group X decomposes into the direct sum of a 
vector group II and a compact group. Let H = (G, II ). Making use of Theo- 
rems 32 and 33 we can show that G decomposes into the direct sum of the 
subgroups H and A , where H has a compact component of zero. Hence every 
locally compact group G can be decomposed into the direct sum of a vector 
subgroup A and a subgroup H having a compact component of zero. 

We leave the proof of this proposition to the reader. 

We shall call an element of the group G compact if all of its multiples are 
contained in a compact subset of the group G. The totality of all compact 
elements of the group G forms a group (G, X r ) — Z such that the factor group 
G/Z contains no compact elements, and is decomposable into the direct sum 
of a vector group and a discrete group having no elements of finite order. 

If the group G is a O-dimensional group, then its character group contains 
only compact elements. Conversely, if the group G contains only compact ele- 
ments, then its character group is a O-dimensional group. 

We leave the proofs of these propositions to the reader. 

36. Locally Connected Commutative Groups 

We shall occupy ourselves here with the investigation of locally compact 
commutative groups satisfying the rather special topological condition of being 
locally connected. This enables us, in particular, to clarify in greater detail 
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the structure of general locally compact commutative groups. The study of 
locally connected groups is of interest because it enables us to solve for com- 
mutative groups the so-called fifth problem of Hilbert, the problem of deter- 
mining the structure of topological groups having a neighborhood which is 
homeomorphic with an open set of Euclidean space. The condition of being 
locally Euclidean can be applied to topological groups only with extreme diffi- 
culty, and we therefore replace it by another and weaker condition of local con- 
nectedness. 

A) A topological space R is called locally connected if for every point azR 
and neighborhood U of a there exists a neighborhood V of a such that for any 
x e V there exists a connected set S c U which contains the points a and x. 

A topological group is called locally connected if its topological space is locally 
connected. 

Obviously every open set of Euclidean space satisfies the condition of local 
connectedness. 

B) Let G and G* be two topological spaces and / an open continuous map- 
ping of the space G on the space G* (see §18, C)). If the space G is locally 
connected, then G * is also locally connected. 

Let a* be a point of G*, and U* a neighborhood of a*. We denote by a 
a point of G such that /(a) = a*, and by U a neighborhood of a for which 
/(17) c U*. Furthermore, let V be a neighborhood of the point a , such that 
for x e V there exists a connected set S c U containing the points a and x. 
Suppose that V * = f(V). Since the mapping /is open, V * is open in G*. For 
every point x* e V * there exists a point x e V such that f(x) = x* . If now 
S c U is a connected set containing a and x, then S* = f(S ) c U* is a connected 
set (see §11, E)), containing a* and x*. Hence G* is locally connected. 

We consider first of all the local topological structure of some groups of spe- 
cial form. 

C) Let G be a discrete commutative group of finite rank r (see §6, A)) having 
no elements of finite order, and let X be the character group of the group G. 
Then there exists a neighborhood V of zero of the group X which is homeo- 
morphic to the topological product of the spaces E and $ (see Definition 21), 
where E is the interior of an r-dimensional cube, and <t> can be one of two things: 
a) $ contains only one point, and then the group G admits a finite system of 
linearly independent generators, b) 4? is an infinite compact O-dimensional 
group, in which case G does not have a finite system of generators. 

Let 

(1) fll> * * * > ®r 

be a system of r linearly independent elements of the group G. We consider 
the neighborhood V* of zero of the group X which is defined by the compact 
set F composed of the points of the system (1), and by a neighborhood U of 
zero of the group K (see Definition 34) which consists of all elements a of the 
group K which satisfy the inequality | o| < $ (see §30, A)). 
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Every element x of the group G can be represented uniquely in the form 

(2) x = siai + • • • + s r a r , 
where s,-, i = 1, • • • , r, are rational numbers. Let 

(3) d lt • • • , d r 

be a system of real numbers satisfying the inequalities 

(4) | d.| < h i = 1, • • • , r. 

We associate with every system of numbers (3) a character 

(5) ot(di, • • • , d r ) = a 

of the group G. If x e G is defined by relations (2), then a is defined by letting 

a(x) = Sidi + • * • + s r d n 

where the right member is considered as an element of the group K, i.e.,is re- 
duced modulo 1 (see §30, A)). The set of all characters of the form (5) will 
be denoted by E. Obviously E is homeomorphic to the interior of an r-dimen- 
sional cube. It follows from (4) that E c V\ The inverse relation, however, 
holds only in exceptional cases. 

We denote by H the subgroup of the group G generated by elements of the 
system (1). Let = (X, H ); then 4>'c V'. Let r be any character of the 
set V\ Then y(a t ) = d t , i = 1, • • • , r, where |d,| < § since y e V '. Here 
the d x are considered simply as real numbers. Let a = a(d iy • • • , d r ) (see (5)); 
then 0 = y — a £ <£', since the characters y and a coincide on the subgroup H . 
In this way every element y e V' is represented in the form y = a + 0, where 
a e E, 0 e <£'. It is not hard to see that this representation is unique. There- 
fore the neighborhood V decomposes into the direct sum of the set E and the 
subgroup 4>'. From this it follows that V' is homeomorphic to the topological 
product of the set E and the set 

We now make clear the structure of the set By Theorem 34, is the 
character group of the group G* = G/H . If the group G* is finite, < f >/ contains 
only a finite number of elements. Then E is an open set in V f and therefore E 
is a neighborhood of zero of the group X. We have here case a). Since H 
has a finite system of generators, and since G* is finite, it follows that G also 
admits a finite system of generators; and since G has no elements of finite 
order, it must admit a finite system of linearly independent generators (see §6, 
F)). If the group (?* is infinite, we denote by H* f • • , H* y • • • an infinite 
increasing sequence of finite subgroups of the group G *, whose sum coincides 
with G*. Such a sequence exists in G* since every element of (?*, as can easily 
be seen, is of finite order. Let <f>i * (<£', H *). Then the intersection of all 
the groups of the decreasing sequence • * • , & n) * • contains only zero, and 
therefore there exist arbitrarily small groups in this sequence. On the other 
hand, the factor group $'/$»> being the character group of the group HJ, is 
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finite. Hence the group $' has arbitrarily small open subgroups, and therefore 
$'is a O-dimensional group (see §22, G)). At the same time is infinite since 
6* is infinite. We have here case b) . The group 0 does not admit a finite sys- 
tem of generators, for were such a system to exist in G, it would also exist in the 
factor group G*. But then G* would be finite since all of its elements are of 
finite order. 

Hence C) is proved. 

D) Let G be a discrete commutative group of finite rank r (see §6, A)) having 
no elements of finite order. The character group X of the group G is locally 
connected if and only if the group G admits a finite system of linearly independ- 
ent generators. 

The proof of D) follows directly from C). Case a) gives a locally connected 
group, while in case b) local connectedness is obviously impossible, since every 
neighborhood V splits up into separate slabs converging to each other. 

In order to consider infinite ranks we prove the following proposition. 

E) Let G be a discrete group having no elements of finite order. If every 
increasing sequence Hi, • • • , //„, • • • of subgroups of a constant finite rank r 
becomes constant after a certain n, then the group G decomposes into the direct 
sum of a finite or infinite number of infinite Cyclic subgroups. 

To prove this we shall construct by induction the sequence 

(6) Go, G\, • • • , G„ • • • 

of subgroups of the group G, which comprises the whole group G, and is such 
that the following conditions are satisfied: a) the subgroup G r is the maximal 
subgroup of the group G having the rank r; this is to be understood in the sense 
that every subgroup H of rank r which contains G r coincides with G„ b) the 
subgroup G r admits a finite system of linearly independent generators 

( 7 ) a u • • • , a„ 

c) the system of linearly independent generators for Gy+i is obtained by adjoin- 
ing to the system (7) the single element o r+ i. 

We number the set of all elements of the group G by denoting them by 

( 7 ') 01, , Qn, • 

We construct the sequence (6) by induction. We take for G 0 the subgroup 
which contains only zero. Let us suppose that the subgroup G, has already 
been constructed. If the rank of the group G is r, then by a), G *» G„ and 
hence G admits a finite system of linearly independent generators (see b)), i.e., 
it decomposes into the direct sum of a finite number of infinite cyclic subgroups 
(see §6, F)). If the rank of the group G exceeds r, then the sequence (7') con- 
tains elements not belonging to G r ] we denote the first such element by x r . By 
adjoining to the group G, the element x, we obtain a subgroup Hi of rank r + 1 
which contains Q, and has a finite number of generators. If Hi is not the maxi- 
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mal group of rank r + 1 we can adjoin to Hi an element of the group G in such 
a way that the resulting group Hi will contain H\ but will preserve the rank 
r + 1. Continuing this process, we obtain an increasing sequence of sub- 
groups of rank r + 1, each of which admits a finite system of generators. 
This sequence after a finite number of steps becomes constant on reaching a 
maximal group of rank r + 1 with a finite number of generators. We shall 
denote this group by G>+ 1 . Let (7) be the system of linearly independent gen- 
erators of the group (? r . We shall show that we can obtain from it the system 
of generators for the group G>+i by adjoining one element to the system (7). 
Let G* — G>+i/G>. The group (?* admits a finite system of generators since the 
group G >+ 1 admits such a system. Furthermore, G* has no elements of finite 
order. In fact, if H* is the subgroup of the group G * composed of all elements 
of finite order, then we denote by H the complete inverse image of the group H* 
in the group G r + i. Then it can easily be seen that H is a group of rank r which 
contains the group G n and therefore by condition a), H = G>, which means 
that H* contains only zero. Therefore the group G*, being of rank 1 as can 
readily be seen, is an infinite cyclic group having a generator a* (see §6, F)). 
We denote one of the inverse images of the element a* in the group G r +i by 
a r +i. It is obvious that the system ai, • • • , a r} a r + 1 is a system of linearly inde- 
pendent generators of the group G r +\. 

This completes the induction. 

If the construction of the sequence (6) terminates after a finite number of 
steps, then the group G decomposes into a finite direct sum of infinite cyclic 
subgroups. If the sequence (6) is continued indefinitely then we denote by 

(S) 0 >\ , * • , drp 

an increasing sequence of linearly independent generators of the groups of the 
sequence (6) (see b) and c)). Then the system (8) gives an infinite sequence of 
linearly independent generators of the group G. If we denote by A{ an infinite 
cyclic group having the generator a,-, then it is not hard to see that G decom- 
poses into the direct sum of the subgroups A\ f •• • , A r , * * * . Hence proposi- 
tion E) is proved. 

Theorem 42. A compact locally connected and connected commutative group X 
decomposes into the direct sum of a finite or countable number of subgroups , each 
isomorphic with the group K (see §30, A)). 

Proof. Let G be the character group of the group X . Then by Theorem 32, 
X is the character group of the group G, where G is discrete (see Theorem 31). 
Since the group X is connected, the group G has no elements of finite order 
(see Example 48). Suppose that the group G does not satisfy the conditions 
of remark E),i.e.,that G contains an unlimited expanding sequence of sub- 
groups 


(9) 


Hi, • • , Hn, * • • 
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of a constant finite rank r. We denote by H the minimal subgroup containing 
all the subgroups j/ n . Since the sequence (9) expands without limit, the group 
H cannot admit a finite system of generators. Let $ » ( X , H). Then 
X* *» X/# is the character group of the group H (see §32, M)). Since the 
group X is locally connected, the factor group X * is also locally connected (see 
B)), But then by remark D) the group H admits a finite system of generators, 
and therefore we have arrived at a contradiction. Therefore the group G satis- 
fies the conditions of remark E) and it follows that X decomposes into the di- 
rect sum of a finite or infinite number of subgroups isomorphic with the group K 
(see Theorem 39 and §32, F)). Hence Theorem 42 is proved. 

Theorem 42 can easily be generalized to non-connected groups. 

F) A compact locally connected commutative group X can be decomposed 
into the direct sum of a finite or infinite number of groups isomorphic with K } 
and a finite group. 

We denote by X 1 the component of zero of the group X. From the local 
compactness of the group X follows the local compactness of the groups X' 
and X/X f (see B)). The group X/X' is 0-dimensional and compact, and 
therefore, being locally connected, must be finite. For were X/X' infinite, 
it would have zero for a limit element, i.e., there would exist some element a in 
every neighborhood of zero. But zero and a cannot both be included in a con- 
nected set, since X/X ' is a 0-dimensional group. Therefore the supposition 
that X/X' is infinite contradicts the assumption of local connectedness. The 
The group X f is connected and by Theorem 42 decomposes into the direct sum 
of a finite or countable number of groups isomorphic with K. From the facts 
that X r has such a simple structure and that the factor group X/X ' is finite it 
follows easily that X is decomposable into the direct sum of the group X ' and a 
finite group. 

Theorem 43. A locally compact locally connected and connected commutative 
group G decomposes into the direct sum of a finite number of groups isomorphic 
with the additive group of real numbers and a finite or countable number of groups 
isomorphic with the group K (see §30, A)) . 

Proof. By Theorem 41, the group G decomposes into the direct sum of a 
vector group A and a compact group Z. Since G is connected Z is also con- 
nected (see §11, E)). Furthermore, since G is locally connected its factor 
group G/A ~ Z is also locally connected (see B)). Hence by Theorem 42, 
Z decomposes into the direct sum- of a finite number of groups isomorphic 
with K . The vector group A in turn decomposes into a direct sum of a finite 
number of groups, isomorphic with the group of real numbers. Hence Theo- 
rem 43 is proved. 

Theorem 44. If a locally compact commutative group G has a neighborhood of 
zero homeomorphic to an open set of Euclidean space , then it decomposes into the 
direct sum of a finite number of groups isomorphic with the group of real numbers , 
and a finite number of groups isomorphic with the group K (see §30, A)). 
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Proof. It follows from the fact that G has a neighborhood of veto homeo* 
morphic to an open set of Euclidean space that G is locally connected, and 
therefore satisfies the conditions of Theorem 43. However, it would be im- 
possible here to have an infinite number of direct summands isomorphic with 
the group K y since in that case the group G would have infinitely many dimen- 
sions. This proves the theorem. 

Example 53. Let G' be the discrete additive group of rational numbers, and 
G one of its subgroups distinct from zero, Obviously G has no elements of 
finite order and its rank is equal to 1. Therefore the character group X of the 
group G is connected and one-dimensional (see Examples 48 and 49). 

It is not hard to see that every compact connected group of dimensionality 1 
can be obtained as the character group of a group G c (?'. If the group G has 
a finite system of generators, then it is an infinite cyclic group. Hence since 
the group X is locally connected, it is isomorphic with the group K (see D) 
and §32, F)). 

The group X considered here has been investigated in detail by van Dantzig 
[8], who called these groups solenoidal groups. 

It has been supposed that every finite-dimensional connected compact group 
decomposes into the direct sum of solenoidal groups. This supposition has, 
however, been shown to be false. ' In fact there exists a two-dimensional con- 
nected compact group which in general does not decompose into a direct sum. 
The construction of this example can be achieved by constructing a discrete 
group G of rank 2 having no elements of finite order which does not decompose 
into a direct sum. Then the character group of the group G gives the desired 
example of a compact topological group (see [28]). 

37. Topologized Algebraic Fields 

It is natural to consider together with topological groups some other topolo- 
gized algebraic structures. We meet very frequently in mathematics with just 
such structures; it is sufficient to point out the field of real numbers, and the 
field of complex numbers. These fields are not purely algebraic structures, 
since limiting processes play in them as important a part as the operations of 
addition and multiplication. The question of the structure of topologized al- 
gebraic fields seems to me of interest because its solution would clarify the 
role played by real and complex numbers and give a reason for their exceptional 
position in mathematics. What is it that separates them from other analogous 
entities? Real and complex numbers arise in mathematics in a purely con- 
structive way. It is desirable now to give a deductive definition for them, and 
to sho\y that their exceptional position is not due to historic accident, but is a 
necessity arising from very general considerations. 

The above investigation of topological groups makes the solution of this 
problem almost trivial. 

Definition 37. A set K is called an algebraic field , or simply a field } if two 
operations are established in K: addition and multiplication , which satisfy the 
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following conditions: The set K forms a commutative group under the opera- 
tion of addition. The •zero of this group is called the zero of the field K. Un- 
der multiplication the totality of all the elements of the set K with the excep- 
tion of zero also forms a group, in general not commutative. The identity of 
this group is called the identity of the field K. By definition the product of 
zero by an arbitrary element is equal to zero. The operations of addition and 
multiplication are connected by distributivity conditions 

x(y + z) = xy + xz y (y + z)x - yx + zx. 

A field K is called topological if the set K is a topological space, and if the 
algebraic operations operating in K are continuous in the topological space K. 

Well-known examples of topological fields are the fields of the real and com- 
plex numbers with their natural topologies and the usual operations of addition 
and multiplication. Both these fields are commutative. An example of a 
non-commutative topological field is afforded by quaternions. 

A) Let us denote by K * the set of all linear forms of the type 

(1) a + hi + cj + dk = x y 

where a, b f c, d are real numbers, while the symbols i, j y k are as yet undefined. 
Addition can be defined naturally in the set Ki as the addition of linear forms. 
We shall now define the operation of multiplication in the set K*. We shall 
agree beforehand that multiplication is to be distributive and associative, that 
real numbers are to be multiplied in the usual manner, and that they commute 
with all quantities. Under these conditions in order to define the law of multi- 
plication it is sufficient to define the product of the quaternion units i y j y k . We 
set 

(2) i 2 = — 1, j 2 = — 1, k 2 « — 1, ij « — ji = k f jk = — k j - t, ki - — ik = j. 

A topology can be introduced naturally into the set K 2 , and the resulting topo- 
logical field is called the field of quaternions y and its elements are called qua- 
ternions. 

The norm of the quaternion x (see (1)) is the nonnegative real number 

(3) | x| = + vV + 6 s + c* + d*]. 

Direct calculation shows that if x and y are two quaternions, then 

W I *v\ -I' '*11 y\> 

and 

(6) | * + v\ *| +| y\. 

The inverse of the quaternion x is the quaternion x~ l defined by 

(6) x~ l =| x\ {a — bi — cj — dk). 
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In this way every quaternion whose norm is different from zero has an inverse, 
and the norm zero corresponds to the quaternion zero. 

It is not necessary for our purposes to go into greater detail about the proper- 
ties of quaternions. 

We can define in a natural way isomorphism between topological fields. 
Two topological fields K' and K are said to be isomorphic if there exists a 
homeomorphic mapping of the field K on the field K' which preserves the oper- 
ations of addition and multiplication. 

Theorem 45. Let Kbe a locally compact connected topological field satisjying 
the second axiom of countability. Then K is isomorphic with one of three topo- 
logical fields D, K h Kt, where D is the field of real numbers, K\ is the field of com- 
plex numbers, and K* is the field of quaternions. 

As a preamble to the proof of this theorem we make the following remark. 
B) A topological field K satisfying the conditions of Theorem 45 contains a 
subfield D isomorphic with the field of real numbers, and such that every ele- 
ment of D commutes with every element of K. Furthermore K contains a 
finite system of elements x l} • ■ • , x r , such that every element x of the field K 
can be naturally represented in the form 

x — ao + a&i + • • • + a,x, 

where o< e D, i = 0, 1 , • • • , r. 

Let us show first of all that K cannot be compact. K contains at least two 
elements, zero and one. Therefore, being connected, the field K must have 
zero for a limit element. Let yi, • • • , y n , • • • be a sequence of elements of the 
field K which are distinct from zero, but converge to zero. Then the sequence 
of inverse elements yf 1 , ■ ■ ■ , yZ 1 , ■ ■ ■ cannot have a limit element. Therefore 
the field K is not compact. 

Since A is a commutative group under addition, it follows from Theorem 41 
that this group is decomposable into the direct sum of a vector group A and a 
compact group Z. Let a be an element of the subgroup A distinct from zero. 
Then the sequence 

(7) a, 2a, ■ ■ ■ , na, ■ • • 

of integral multiples of the element a has no limit points in K. Furthermore 
let z be an element of the group Z distinct from zero. The sequence 

(8) z, 2z, • • • , nz, 

of integral multiples of the element z has limit points in K since Z is compact. 
But the sequence (8) can be obtained from the sequence (7) by multiplication 
by o~‘z and hence, because of the continuity of the operation of multiplication, 
the sequences (7). and (8) simultaneously do or do not have limit elements. 
Therefore, the assumption that both subgroups A and Z contained elements 
distinct from zero leads to a contradiction, and hence one of the subgroups 
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must contain only zero. And since K is not compact, Z must contain only 
zero, and K coincides with A. 

Hence K f being an additive group, is isomorphic with a vector group. We 
shall think of K simply as an additive vector group. 

The product cur of a vector x by a real number a is defined in K, We denote 
by e the identity of the field K and show that 


(9) 

(bx)(ae) = ( ab)x 

and 


(10) 

(ae)(bx) = (ab)x 


where a and b are all real numbers and x e K. 

Relation (10) is obvious when a is a positive integer n, for then 
ne = e + • • • + e, and (10) follows from the distributivity of multiplica- 
tion in K . If n is a negative integer, we can easily show (10) to be true 
for n by letting n' - - n. It follows in this way for an integer n^O that 
(ne)(l/n)e) = e, i.e., ( ne)~ l = (1 /ri)e. Furthermore, for n ^ 0 we have 
(rib)x = ( ne)(bx ). Multiplying both sides of this relation by (ne)" 1 we get 
((1 /n)e){nbx) = ((1 /n)nb)x. Letting nb = c we get ((1 /n)e)(cx) = ((l/n)c)x. 
Hence (10) is proved for a = l/n. Let now m and n > 0 be integers. From 
what we have just shown (( m/n)e ) = (me){(l/ri)e) . Multiplying this by bx 
we get ((m/n)e)(bx) = (me)((l/n)e)(bx) = ( me)((b/n)x ) = (( m/n)b)x . Hence 
(10) is proved for a rational a. Because of the continuity of the operation of 
multiplication in K y we can now extend relation (10) to an arbitrary real num- 
ber a. 

Relation (9) is proved in like manner. 

We denote by D the set of all the elements of the field K which can be 
written in the form de, where d is a real number, and e is the identity of the 
field K. If a and b are two real numbers, then it follows from the properties 
of the vector space K that ae + be « (a + b)e. Moreover, it follows from 
(10) that (ae)(be) = (ab)e. This shows that the set D is a field isomorphic 
with the field of real numbers. Relations (9) and (10) taken together show 
that every element of the set D commutes with every element of the field K. 

We now select in if a complete system of linearly independent vectors, which 
include the vector e. Let e, x lt • • • , x r be this system. Then every element x 
of the vector space K can be written uniquely in the form 

x = b 0 e + b x Xi + • • • + b r x r 

where bi f i « 0, 1, • * • , r, real numbers. But by (10) this same element x can 
also be written in the form 

x = Go + ciiXi + • • • + a r x r 

where e D, i * 1, • • • , r. 

Hence B) ia proved. 
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Frobenius has shown that every field of the type to which we have reduced K 
is isomorphic with one of the fields D, Ki, or K t . Hence Theorem 45 follows 
from this result of Frobenius, the proof of which follows. 

Proof of Theorem 45. We shall simply identify the field D constructed in 
remark B) with the field of real numbers. 

a) if K — D, then Theorem 45 already holds for the field K. 

b) We now denote by I the set of all elements z t K for which the following 
conditions are fulfilled; z 2 e D, z 2 ^ 0, and show that every element xeK can 
be decomposed uniquely into the sum. 

(11) x — d + z, where dzD, zel. 

Consider the sequence 

(12) 1, x, x 1 , • • • , x\ • • • 

of powers of an element x. Since by remark B) the field A is a vector space 
of a finite number of dimensions, the elements of the sequence (12) are linearly 
dependent with respect to the field D of real numbers. Therefore there exists 
a polynomial f(y) with real coefficients which reduces to zero when the un- 
known y is replaced by the element x , f(x) = 0. We can assume that f(y) is 
irreducible; and it is well known that an irreducible polynomial in the domain 
of real coefficients is of the first or second degree. If f(y ) = y — d, then 
x = d e D, and the decomposition (11) is established. Let now f(y) = y 1 
+ py + 9- By a simple algebraic transformation the polynomial f(y) can be 
reduced to the form f(y) = (y — d) 2 + c 2 . Let x — d — z: then zel and 
hence x = d + z. 

Hence (11) is proved. Suppose that we have also x = d' + z', where 
d' tD,z' e I. Then z' = z + d — d'. Squaring both sides of this relation we 
get z' 2 = z 2 + (d — d') 2 + 2(d — d')z, from which it follows that (d — d')z is 
a real number. But this is possible only if d — d' — 0 or z = 0. In either 
case the uniqueness of the decomposition (11) readily follows. 

c) We shall now show that / is a linear subset of elements of K, i.e., 

(13) ax + by e I, 

if x e 7, y e I, and a and b are real numbers. 

We shall first consider the case where x, y, and 1 are linearly dependent with 
respect to the field D of real numbers, i.e., where there exist real numbers a, (3, y 
not all zero .such that ax = (Sy + y. It can readily be seen that the elements 
ax and Py belong to I, and therefore because of the uniqueness of the decom- 
position (11), y = 0. Hence y = (a/fi)x and the element ax + by assumes the 
form (a + b{a/p))x, from which (13) follows directly. 

Let us now suppose that the element ax + by can belong to D only under 
the condition o = 0, b = 0. Let 

ax + by — d' + z' 


(14) 
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where d' e D, z' e I (see (11)). Here the elements d' and s' depend on the 
choice of the real numbers a and 6; s' reduces to zero if and only if a ** b = 0. 
We must show that d' *= 0 for an arbitrary choice of a and b. Let 

(16) xy + yx = d + z 
(see (11)). Squaring both sides of (14) we get 

d'* 4- s'* -1- 2 id's' = a*!* + by + ab{xy + j/x) 

( 16 ) 

= o*x* 4- b*y* -f- obd + obs. 

Since the decomposition (11) is unique it follows from (16) that 

(17) 2d's' = abz. 


Suppose that d' is not equal to zero for at least one pair of values a, b. Then 
equation (17) shows that 2^0, and this means in turn that d' 0 if ob 0 
since s does not depend on the choice of o and b. Hence we have 


(18) 


ob 


2d' 


2 , 


where the equation always has a meaning when ab 7* 0. Hence 

ob 

(19) ax + by = — — z + d'. 

Zd 

Since z does not depend on the numbers a and 6 and since equation (19) has a 
meaning whenever ab t* 0, it follows that (19) can give two independent rela- 
tions connecting the elements x, y, and s. Eliminating s from them we get 
a'x + b'y = c', which contradicts the original relation. Hence we have ar- 
.rived at a contradiction by supposing that d' is distinct from zero for some pair 
of values a and b. This means that d' = 0, and hence the linearity of the set I 
is established. 

d) Let i and j be two elements of K such that i* = — 1, j* = — 1, and 
k ** ij t I. We shall show that the elements i, j, and k are linearly independ- 
ent with respect to the field D and form a system of quaternion units, i.e., they 
satisfy relation (2). 

Since ij e I, we can write ij in the form al, where a e D and l* = — 1. We 
have ( ij){ji ) = *(— l)t = 1. Hence ji = (ol)~*. The element {al)~ l can 
easily be seen to be equal to —a~H, and hence ji = — a~H. Since I is a 
linear set, and since the elements i and j belong to I, it follows that i + j e I. 
Hence (i + j) 1 = i* + j* + ij + ji is a real number, and this means that ij + ji 
is also a real number. It follows from this that (a — (1 /a))l e D, i.e., o* = 1, 
and hence the condition fc* = — 1 is satisfied for k = al. We have therefore 

(20) t* . - 1, j* = - 1, 

Taking inverses on both sides of the equation 


k* m - 1 . 
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(21) ij - k 

we get j-Hr 1 = Jr 1 , or what is the satne (see (20)), ji = — fc. Multiplying 
relation (21) on the left by — i we get j = — tfc. The remaining relations of 
the system (2) are obtained in the same manner. We now suppose that the 
relation 

(22) bi + cj + dk — 0 

holds with real coefficients. Multiplying (22) oh the left by k we get 
bj = ci + d. Because of the uniqueness of (11) we have d = 0, and this 
means that bij = — c, which is possible only when b = c =» 0, since (ij) 2 =* — 1. 
This proves the linear independence of the elements i, j, and k . 

e) Let us suppose that K 9* D, but that any two elements in 7 are linearly 
dependent with respect to the field D. Then the field K is isomorphic with 
the field Ki of complex numbers. In fact, let us select an element i in 7 such 
that i 2 = — 1. Since any two elements in the set 7 are linearly dependent, 
it follows from the decomposition (11) that every element of K can be uniquely 
represented in the form a -t bi where a and b are real numbers, and this means 
that K is isomorphic with the field of complex numbers. 

f) Suppose now that 7 contains two elements x and y, linearly independent 
with respect to the field D. We can then show that K contains a subfield FU 
isomorphic with the field of quaternions. 

Let xy - z + d t where z e J, d e D (see (11)). Then we can select a real 
number a such that ax 2 = — d, and for this particular number a we would have 
x(u + ax) = z . Since x and y are linearly independent, x 5* 0 and y f *» y + ax 
7* 0, where y' e I since I is a linear set (see c)). Normalizing x and y r = y + ax 
by real multipliers we get elements i and j such that i 2 = — 1, j 2 « — 1, 
ij = k e /. Then the elements i } j , and k are linearly independent and satisfy 
the relations of quaternion units (see d)). It can be seen readily that the set 
of all linear forms a + bi + cj + dk forms a subfield K% of the field K which 
is isomorphic with the field of quaternions. 

g) Suppose finally that the field K contains the subfield K% of quaternions. 
We then show that in this case K = K%. 

Let t, j, and k be the quaternion units of the field K%. If the field K con- 
tains some elements not belonging to Kt, then we can find an element z e 1 
which is linearly independent of the units t, j , k. Let 

iz = d\ + * 1 , jz = da + z*, kz = d 8 + z% 

(see (11)). Suppose further that 

l = a(z + d\i + daj + djc) f 

where a is a real number. Then since I is linear (see c)), il e 7, jl e 7 and kl e 7. 
Furthermore, since 7 is a linear system and since z is linearly independent of 
the units i, j, k , we can select the number a in such a way that I 2 « — 1. Then 
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the elements i, l, and il form a system of quaternion units (see c)). In particu- 
lar il ■ — li, (il)* = — 1. The same is true for the elements j and k, and we 
get 

(23) (il)* = (jl)* = (kl)* = - 1, il = - li, jl = - lj, kl = - Ik. 

It follows from relation (23) that on one hand 

(24) (il)k = (- li)k = l(- ik) = lj, 
while on the other 

(25) (il)k = i(lk) = i(- kl) = (— ik)l = ;7. 

Equations (23), (24), and (25) give 2 jl = 0, which contradicts the relation 
(jl)* = — 1. Hence we have arrived at a contradiction, assuming that 
K*K t . 

This proves Theorem 45. 

Example 54. Let K be the field of rational numbers. We introduce a topol- 
ogy into K by assigning a system of neighborhoods of zero in the field K as 
follows: Every rational number rzK can be written in the form p h (m/n), 
where p is a prime number fixed for a given construction, m and n are integers 
not divisible by p, and k may be positive or negative or zero. A neighborhood 
U, of zero in the field K is defined as the totality of all numbers r for which 
k i£ s, where s is a positive integer. Hence the higher the power of p by which 
r is divisble, the closer is the element r to zero. The topological field thus 
obtained will not be locally compact, but it can be made so through addition 
of new elements which are sequences of elements of the field K, just as is done 
in introducing real numbers. This enlarged locally compact field K is called 
the field of p-adic numbers. It is not connected. 



CHAPTER VI 

THE CONCEPT OF A LIE GROUP 

So far, in considering topological groups, we have imposed upon them condi- 
tions of a rather general character formulated in terms of abstract algebra and 
abstract topology. The concept of a Lie group, however, contains in its very 
definition the condition of analyticity — or at least of differentiability of the 
functions which define the operation of multiplication in the group (see Defini- 
tion 38). Therefore in studying Lie groups we can avail ourselves of the ma- 
chinery of analysis, including the theory of integration of differential equations. 
Because of these possibilities Lie groups admit a very detailed investigation 
which finally reduces their study to that of some elementary, although very 
delicate algebraic problems. These problems are essentially some special prob- 
lems in the theory of matrices. Only after these considerations begins the 
really refined and deep theory of Lie groups. However, we shall not take up 
these problems in the present chapter. 

Usually in theories of an older date the question of the differentiability or 
analyticity of the functions under consideration was not subjected to a rigorous 
scrutiny. All the functions arising in the consideration of certain given func- 
tions were simply assumed when necessary to be differentiable or analytic. 
This, however, has one serious defect. It is one thing to suppose that some 
definite functions appearing in the definition of a given object are differentiable, 
and quite another thing to suppose in advance the differentiability of all func- 
tions which may arise in the process of investigation of this object. In actual 
fact we may know nothing in advance of the nature of these functions; we can- 
not compute them a priori and it may happen that a thoroughly natural prob- 
lem leads to non-differentiable functions. This is precisely the unsatisfactory 
situation in the classical theory of Lie groups. Let us suppose for example that 
we are investigating a given Lie group G. Although it does not follow a priori 
that every subgroup of this Lie group is also a Lie group, still the necessity 
of considering such subgroups may easily arise. The same is true in connection 
with factor groups. It may also become necessary to discuss the automor- 
phisms of a Lie group. Can they be expressed in terms of differentiable func- 
tions? We devote this chapter to the solution of these preliminary questions. 
Starting with the differentiability or analyticity of some definite functions we 
arrive at the differentiability or analyticity of a series of functions which arise 
naturally in the course of the investigation. It would in fact be possible to 
limit ourselves to the single assumption of differentiability, since with this as- 
sumption we can reduce our entire investigation, without loss of generality, 
to that of analytic functions. We shall be forced, however, to make a double 
investigation in this chapter, assuming differentiability and analyticity in turn, 
as the corresponding proof of the reduction of differentiable to analytic t une- 
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tioo8 is beyond the. scope of the present chapter. On the other hand we cannot 
limi t ourselves to differentiable functions alone, for in that case the results of 
the following chapter will not be complete. 

If, however, the reader is willing to confine himself to the classical way of 
handling this problem and does not care to enter more deeply into the funda- 
mental principles discussed above, he need not read this chapter in its entirety. 
It would then be sufficient to read §§38, 39, and 42, omitting Theorem 48. 

In the classical theory a Lie group G is defined as any local group in which 
differentiable coordinates D have been introduced (see Definition 38). The 
properties of the group G are those properties of the system of equations (3) of 
§38 which remain invariant under a differentiable transformation of the co- 
ordinates D (see §38. A)). Furthermore by a subgroup H of the group G is 
understood only such a subgroup as is defined by relations (1) of §41, i.e. 
Theorem 50 is reduced to a definition. In the same way only those homo- 
morphisms % which are defined by relations (21) of §41 are admitted as homo- 
morphisms of the group G, i.e. Theorem 51 is also reduced to a definition. 

The results of this chapter are intended primarily as preparatory material 
for Chapter VII in which we shall show that the study of compact topological 
groups satisfying the second axiom of countability can be reduced to the study 
of Lie groups. There we shall also define compact Lie groups in general terms 
without making use of the concept of differentiability. 

Because of the great many calculations which we shall have to face in this 
and the ninth chapter, we make use of tensor notation in both these chapters, 
without assuming, however, a knowledge of tensor calculus. We shall simply 
eliminate the summation sign £)• The usual rule is that indices are written 
both as subscripts and as superscripts, and if a monomial has the same index i 
as both subscript and superscript then this monomial represents a sum over i, 
i going over all possible values. If a monomial contains not one double index 
but several, then this monomial represents a corresponding multiple sum. For 
example the monomial a % b l stands for2^_,a,-& { , while stands for the double 
sum £ .; E 4«'. It is not permissible to interchange the subscripts with the 
superscripts, so that every system of numbers has a definite distribution of 
indices. This distribution should of course be carried out in some convenient 
way. In particular, the coordinates of points and the components of vectors 
are denoted by letters with superscripts, where the letters chosen are the same 
ss those used for the points and vectors themselves. For example the coordi- 
nates of the point x are denoted by x l , x 2 , • • • , x r . We shall not write the 
upper indices in parentheses to distinguish them from powers, but on the con- 
trary when we want to raise a letter to some power we shall use parentheses as 
follows: (a)" will mean the n-th power of a. However powers will hardly be 
met with in our discussions. We shall denote by ij a number equal to unity 
tnr i = i. and eaual to aero for i j. 
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38. Lie Groups 

The classical theory of Lie groups studies first of all local Lie groups, and 
therefore we shall give here the definition of a local Lie group, which however 
is applicable to entire groups. 

Definition 38. A local group G (see §23, D)) is called a local Lie group, if 
the following conditions are fulfilled: 

1) A coordinate system can be introduced in <?. This means that there exists 
a topological mapping <p of a neighborhood U of zero of the group G on an 
open set Fof a Euclidean space S, under which the identity transforms into the 
origin. In this way to a point x e U corresponds a system of real numbers 

( 1 ) X 1 , X*, ■ ■ ■ ,x r 


which are the coordinates of the point <p(x) e S. We shall call these numbers 
the coordinates of the point x e U. The identity will have its coordinates equal 
to zero. Furthermore, to every system of numbers (1), if these numbers are 
sufficiently small in absolute value, corresponds a definite point x e U having 
these numbers for its coordinates. The dimension r of the space S is called 
the dimension of the group G. 

Let W be a sufficiently small neighborhood of the identity of the group G, 
so that for any two elements x and y in W the product xy is defined and xy e U. 
We then have 


(2) xy = z = f(x, y). 

Since all the points x, y, and z belong to U, they all have coordinates, and in 
coordinate form relation (2) can be rewritten as 


(3) z‘ = f'(x, y) = f'(x\ ■ ■ ,x r ;y\ ■ ■ ■ , y r ) 


where the functions/* in the right side of the equation are continuous functions 
defined for all sufficiently small values of the arguments. Since furthermore 
xe = x, ey = y, we have 

(4) /‘Or 1 , • • • , x'; 0, • • • , 0 ) - x*, f‘(0, 0, • • • , 0; y\ • • • , y T ) = y'. 


2) Differentiable coordinates can be introduced into G. More precisely, for 
some choice of a neighborhood U and a mapping <p, the functions f l which ap- 
pear in the right side of (3) have all their third derivatives, and these deriva- 
tives are continuous. 

It follows from (4) that 

df' dp i 

(5) -i- = = 3, 

dx 1 dy 1 


for x = y = e, 


where || 5]|j is the unit matrix. 

3) Analytic coordinates can be introduced into G. This means that for 
feome choice of a neighborhood U and a mapping <p , the functions appearing in 
the right side of (3) are analytic. 
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An entire topological group G is called a Lie group if it satisfies the second 
axiom of countability, and is a local Lie group i.e., if in some neighborhood of 
the identity coordinates can be introduced in the proper way. 

It can readily be seen that a Lie group is always locally compact. Obviously 
condition 2) is a direct consequence of condition 3). In this chapter we shall 
distinguish between analytic Lie groups , i.e., Lie groups satisfying condition 3) 
and differentiable Lie groups , which satisfy condition 2). We shall show in the 
ninth chapter that analytic coordinates can be introduced into every differ- 
entiable Lie group. Hence the distinction which we have introduced here is 
temporary and conditional. 

We shall formulate here one important problem, the so-called fifth problem 
of Hilbert. This problem can now be stated as follows: Is condition 3) a 
consequence of condition 1)? This has been answered in the affirmative for 
compact and for commutative groups (see Theorems 37 and 44). In the gen- 
eral case this still remains an open question. 

The whole investigation of a Lie group G is built on the properties of the 
differentiable coordinates which can be introduced into it. We study not the 
properties of the group G itself, but the properties of the system (3) which ex- 
presses the law of multiplication in G. Actually we study only such properties 
of this system which do not depend on the choice of coordinates in G y and which 
therefore express properties of the group G itself. First of all it is clear that 
together with some definite system D of differentiable coordinates we can con- 
sider a whole set [/)] of coordinate system obtained from D by means of 
differentiable transformations (see A)). We should therefore endeavor to 
study only those properties of the system (3) which hold in all the coordinates 
of the totality [D]. Since this has to do with finding the invariants of the 
system (3) under differentiable transformations of coordinates, no particular 
difficulty arises at this point. We should further clarify the question of 
whether there exists in [D] a differentiable system of coordinates D f such that 
a differentiable transition from the system D to the system D 1 is impossible. 
We shall show below (see §40) that such a system does not exist, and therefore 
that the whole question of finding all the properties of the group G reduces to 
the question of finding such properties of the system (3) which remain un- 
altered under differentiable transformations of coordinates. 

We shall recall here the definition of a differentiable and of an analytic trans- 
formation of coordinates. 

A) Let G be a local Lie group and D some definite differentiable or analytic 
system of coordinates in G (see Definition 38). The coordinates of a point x 
in the system D are denoted as usual by x\ Let 

(6) * { {x) « *«(*», • • , x 0, i - 1* * * * , r, 

be a system of differentiable functions having three continuous derivatives, or a 
system of analytic functions, such that 
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( 8 ) 


t 

Pi 


d<P { (e) 
dx * 


and suppose that the determinant of the matrix ||pj|| is different from zero. 
Then the system of equations 


(») 


x' 1 = <p l (x l , • • • , x r ) 


can be thought of as introducing a new system of coordinates in G, i.e., the new 
coordinates of the point x are the numbers x'\ It can readily be seen that if 
both the original coordinates D and the transformation (9) are differentiable 
or analytic, then the new coordinates Z>' will be correspondingly differentiable 
or analytic. 

B) Let G be a local Lie group and D a system of differentiable coordinates 
defined on G . We shall say that a curve x(t), 1 1 1 < a, is defined in G if there 
exists an element x{t) which depends continuously on a real parameter t and 
which is such that x(0) = e. We shall say that the curve x(t) has a tangent in 
the system of coordinates D if the derivatives 


( 10 ) 


dx l ( 0) 

= a 1 

dt 


exist. We shall call the numbers a* the components of the vector a which is 
tangent to the curve x(t). Of course we understand here a tangent vector at 
the point t = 0, but as other tangent vectors will not be considered, we shall 
omit the words “at the point t = 0.” 

When we pass from the system D to the system D' by means of relations(9), 
the vector a will have a new set of components in the new coordinate system 
which can be expressed by means of the old components as follows : 


(11) a” = p)a 

(see (8)). 

By means of the above construction we associate with a local Lie group a 
vector space R composed of all vectors tangent to the curves in <?. The con- 
nection between G and R is given by means of a definite system of coordinates 
Z). To every transformation of coordinates (9) in G corresponds a definite 
transformation of coordinates (11) in R } and the connection between G and R 
is invariant with respect to a differentiable transformation of coordinates in (?. 
It can readily be verified that if the curves x(t) and y(t) have the tangent vec- 
tors a and 6, then the curve z(t) = x(t)y{t) has the tangent vector c » a + b (see 
(5)). In this way the addition of vectors in R assumes an invariant meaning. 

We note here also that the dimension of the vector space R is equal to the 
dimension of the group (?. 
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C) If G and G 9 are two differentiable or analytic local Lie groups, then their 
direct product H is a differentiable or analytic local Lie group. 

Let D and 2)' be differentiable or analytic coordinates of the groups G and G'. 
If x l , • • • , x r are the coordinates of the point x eG, and x n , • * • , x ft are the 
coordinates of the point x f e G', then we take for the coordinates of the pair 
(x, x ') e H the numbers x l , * • * , x r , x' 1 , • • • , x'*. If the operation of multipli- 
cation in the groups G and G' is written in coordinate form by the relations 

(12) 2 ‘ = /‘Or 1 , • * * , x r ; y\ • • * , y r ) 

and 

(13) ? . , = fix’ 1 , • • • , x’ 9 ; y’\ • • , y' 9 ) 

then the law of multiplication in the group H can be written by means of the 
relations (12) and (13) taken together. This proves C). 

Example 55. Let G be the set of all square matrices of order n whose deter- 
minants are different from zero. By remark A) of §27, G is a topological group. 
We shall show that G is an analytic Lie group. To do this we introduce co- 
ordinates into G in the following way. We represent an arbitrary matrix x eG 
in the form 

(14) e + ||*;|| 

where e is the unit matrix, and the elements of the matrix ||rj|| are taken for 
the coordinates of the matrix x. The mapping thus obtained of the whole 
group G on an open set of the Euclidean space S of n 2 dimensions maps the 
identity into the origin. Relation (3) assumes for G the following algebraic 
form 

(15) z] = x) + y] + xly). 

Hence G is an analytic Lie group. 

39. One-Parameter Subgroups 

In the study of Lie groups an important part is played by one-parameter sub- 
groups (see §23, M)). These subgroups are connected invariantly with the 
Lie, group, i.e., they do not depend on the choice of coordinates in the group, 
and allow the introduction of a special set of coordinates into the group. 

A) As we have remarked before (see §23, M)), a one-parameter subgroup of 
the group G is a curve g(t), | $| ^ a (see §38, B)), which satisfies the condition 

(1) k g(s)g(t) = g(s + t). 

Two one-parameter subgroups git) and h(t) of the group G are said to coincide 
if the equation g(t) « h(t) holds for sufficiently small values of t. Obviously 
under this condition the two subgroups really coincide for all those values of t 
for which they are both defined (see (1)). If now G is a local Lie group and D 
a differentiable coordinate system in G, then the one-parameter subgroup g(t) 
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is said to be differentiable in th6 coordinates D if the curve g(t) has a tangent 
vector a in these coordinates (see §38, B)). We shall call the vector a the 
direction vector of the subgroup g(t). 

We shall now take up the question of the existence and of the uniqueness of 
a one-parameter subgroup with a given direction vector o. In order to formu- 
late in detail the corresponding theorem we shall introduce the auxiliary func- 
tions 


d 

(2) v)ix) * v )(x\ ♦••,/) = — /(x 1 , ••••/; 0, ••• , 0) 

dy’ 

(see §38, (3)). 


Theorem 46. Let Gbea local Lie group and D a differentiable system of coordi- 
nates on G . Then every one-parameter subgroup g(t) having the direction vector a 
in the coordinates D satisfies in these coordinates the following system of equations 


(3) 


dgjt) 

dt 


W))a 


(see (2)), having for initial conditions 

(4) g'( 0) = 0. 

Conversely , the solution of the system (3) with the initial conditions (4) defines a 
one-parameter subgroup g(t) having a for its direction vector . Because of the 
existence and the uniqueness of the solution of system (3) under the initial condi- 
tions (4), the group G contains one and only one one-parameter subgroup g(t) with 
the direction vector a. 


Proof. Let <7(0 be a one-parameter subgroup having the direction vector a. 
We shall show that the coordinates g l (t) of its element satisfy the system of 
equations (3) with the initial conditions (4). 

Let us evaluate the limit 


9 l (t + s) - g'(t) 
hm 

*-♦0 S 




From relations (1) and (3) of §38 we have 

g\t + s) = f\g(t), g(s)) = g'(t) + v',(g(t))g'(s) -1- «‘s. 

From this equation we obtain (see §38, (4)) 

g'(,t + s) - ff‘(0 v /JNS ff'(s) , • 
= v,(g(t)) + t 


where -♦ 0 as s — » 0 It follows from this that the derivative g { '(t) exists 
and that the functions g*(t) satisfy the system (3). Since #(0) * e it follows 
that jr‘(0) = 0 and this gives the initial conditions (4). 
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Since the functions g*(t) satisfy the system (3), it follows that the group g(l) 
with the direction vector a is unique inasmuch as the system (3) has a unique 
solution under the initial conditions (3). It also follows from (3) that the func- 
tions g*(t) have three continuous derivatives if the system of coordinates D 
is differentiable, and are analytic if the system of coordinates D is analytic. 

We shall now prove the existence of the one-parameter family g(i) having the 
direction vector a. We shail suppose that the functions g '(t) satisfy the system 
(3) with the initial conditions (4), and show that in this case the point g(t) hav- 
ing the coordinates g*(t) describes a one-parameter subgroup having a direction 
vector a. 

We note first of all that it follows from relations (5) of §38, that dg*(0)/dt = a*, 
i.e., the curve g(t) has the tangent vector a. Hence it remains to show only that 
g(t) is a one-parameter subgroup. 

Let 

(5) 9* (<> w) = g(t)g(u), 

and denote by u) the coordinates of the point g*{t } u ). Let us estimate 
the difference 

(6) g*\t, u ) - g\t + u) = eju 

by showing that «{ tends to zero with u. 

We have 

9*'(t> u) = f'(g(t), g{u)). 

From this and equation (2) we get 


(7) g*\t, u) = g\t) + v'(g(t))a’u + tju, 
where 4 — * 0 with u. On the other hand from (3) we have 

(8) g\t + u) = g\t) + v](g(t))au + e t u, 

where 4 “ * 0 with u. Our assertion about follows now from (7) and (8). 
We shall now show that the functions g* i (s, t) satisfy the system of equations 


(9) 


dt 


v,(g*(s, t))a ’ 


with the initial conditions 

(10) . g*‘(s, 0) = g'(s). 

The initial conditions (10) follow directly from (5). We shall calculate 
dg*‘(8, l)/dt. We have 

^<(8, < + u) » fKgis), g(t + u)). 

From this, taking into account relation (6), we get 
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g*\s, t + w) « / (p(s), g* ( t , «)) + uu, 

where e« — * 0 as v — * 0. From this, and because multiplication is associative, 
we get 

g*\s, t + u) = /V(s, t), g( «)) 4- uu. 

This can be written in view of (2) as follows: 


(11) g*'(8, t + u) = g*\$. t) + v'(g*{s , t))au + tin, 

where «« — > 0 for u —► 0. Equation (9) follows directly from this. 

On the other hand the functions g { (s + t) obviously satisfy the system of 
equations 


( 12 ) 


dg'($ 4- 0 
St 


= v](g(s + t))a 


with the initial conditions 


(13) g'(s + 0) = rW, 

since equations (12) coincide with equations (3). 

Hence the functions 0* l ‘(s, t) and g*(s + t ), considered, as functions of t f 
satisfy the same system of equations (9), (12) with the same initial condi- 
tions (10), (12). It follows from the uniqueness of the solution of this system 
that 0**‘(s, t) = 0*‘(s 4- 0, and this means that g(s)g(t) = g(s + t) (see5)),i.e., 
g(t) is a one-parameter subgroup. This completes the proof of Theorem 46. 

B) Let G be a local Lie group. The differentiable system of coordinates D 
established in the neighborhood U of the identity of the group G is called a 
canonical system of the first kind if every system of equations g'(t) = a% 
|/| S «, in the coordinates D gives a one-parameter subgroup g(t), \t\ S 
Here the a* are arbitrary constants and a is a positive number satisfying the 
sole condition that if |t[ Si a then U contains a point with coordinates a { t. 

It can easily be seen that a linear transformation of the canonical coordi- 
nates of the first kind (see §38, A)) leads again to canonical coordinates of the 
6rst kind. 

C) Let G be a local Lie group, D canonical coordinates of the first kind in G, 
and U an open set in which these coordinates D exist. Every one-parameter 
subgroup g(t) y |f| S which is differentiable in the coordinates /), and defined 
in G, and which satisfies the condition g(t) e U for 1 1\ <; a can be expressed in 
the coordinates D by the equations 

(14) g>(t) = a% | <| g «, 

where the a 4 are the coordinates of the direction vector a of the subgroup g(t ), 

We now denote by g*(t) the point with coordinates a% and by M the set of 
all positive numbers j3 a such that for \t\ ^ fi the point g*(t) exists. If 
3 b M f then by B) the curve g*(t)y 1 1 j ^ 0, is a one-parameter subgroup. Since 
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the direction vector of the subgroup g*(t) is obviously equal to a, it follows 
from Theorem 46 that g(t) « gf*(0 for sufficiently small values of the parameter 
t But in that case the one-parameter subgroups coincide in the whole domain 
of their existence (see A)), i.e.,g(t) = g*(t) for \t\ ^ £, We denote by 7 the 
least upper bound of all the numbers in the set M. Since for | <| < 7 we have 
g*(t ) = g(t), and for |f| » 7 we have g(t) e U y it follows that for |f| * 7 the 
point whose coordinates are a { t exists and coincides with the point g(i ). If now 
7 < a then there exists a positive € such that 7 + 6 < a and the point g*(t) 
is defined for all t not exceeding 7 + € in absolute value, i.e., 7 + t z M . Hence 
if 7 < a then 7 cannot be the least upper bound of all the numbers of the set M, 
and consequently 7 = a. Therefore g(t ) » g*(t) for 1 1\ S ct 9 i.e., relations (14) 
are true. 


Theorem 47. Let D be a differentiable or analytic system of coordinates of a 
local Lie group. Then there exists a canonical system of coordinates D f of the 
first kind having a transformation into the system D which is differentiable or 
analytic , and such that the matrix ||pj|| which corresponds to the transformation 
from coordinates D' to coordinates D (see §38, A)) is a unit matrix . 

Proof. Let g(t) be a one-parameter group, differentiable in coordinates Z), 
and having the direction vector a (see Theorem 46). We put in evidence the 
dependence of the one-parameter subgroup g(t) on the vector a by writing 

(15) g{t) = g{a , t). 

We denote the coordinates of the point g(t) in the system D by g { (t), and the 
coordinates of the vector a by a*. We may then write 

( 16 ) ' g*(t) = ^(a, t) = ^(a 1 , • • • , a r \t). 


We consider the function g(at) where a is a real number. The point g(at) 
considered as a function of t describes a one-parameter subgroup since 

g(as)g(at) = g(ots + at) = g(a(s + 0 )* 


The direction vector of the one-parameter subgroup g(at) can easily be seen 
to be aa. In fact 


dg l {at) dg l (at) 

523 Cl 5 = (xa % 

dt d(at) 


for 


t = 0 . 


Since by Theorem 46, G contains only one one-parameter subgroup having the 
direction vector aa we have 


(17) g(a, at) = g(aa, t). 
This can also be written: 

(18) ' 


or 


g ( (a, at) = g { (aa, t), 
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(19) #*( « S •• •,«’■; «0 * • • • , «a r ; <)• 

We note that the functions (16) are differentiable or analytic functions of all 
their arguments. This follows directly from the fact that they are solutions 
of the system of equations (3) . 

We now introduce the functions 

(20) h*(a ) = h { ( a 1 , ■ ■ ■ , a') = g‘(a\ ■■ ■,<!'; 1). 

We show that they are defined for all sufficiently small values of the arguments. 
In fact, by a well known theorem in the theory of differential equations, there 
exist sufficiently small numbers e and 5 such that for |a*| < e the solution 
of the system (3) is defined for |f| < S. In greater detail, the functions 
g i (a 1 , ■ ■ ■ , a r ; t), being solutions of the system (3), are defined and are differ- 
entiable or analytic for | <| < 5. But in view of (19) this means that the func- 
tions (20) are defined for | o*| < «$. 

The functions (20) satisfy the condition 

( 21 ) hKO, • • • , 0 ) = 0 . 

In fact 

h^Oa 1 , ■ ■ • , 0 a r ) — g'(a l , ■ • ■ , a T ) 0-1) = 0. 

We now calculate the derivatives of the functions (20) for arguments which 
become zero. It is obvious that in calculating (d/da‘)h { ( 0, • • • , 0) all the 
arguments except a’ can be put equal to zero beforehand. We therefore assign 
to the vector a a special value o' by assuming that all the coordinates of the vec- 
tor a are zero with the exception of the j - th coordinate, which is equal to 1. 
We now calculate the derivative ( d/dt)h ‘(a't). From formulas (20) and (19) we 
have h ( (a't) = g‘(a', t). Hence ( d/dt)h'(a't ) = (d/d^g^a', t). Supposing 
that t = 0 in the last equation we get as the derivative (d/dtig'W, 0) the i-th 
coordinate of the direction vector o' of the subgroup g(ct', t). From (3) and 
this special choice of the vector a' we obtain in this way 

(22) h\ 0, • • • , 0) = S). 

da 7 

In order to introduce the coordinates D' in the group G we consider the sys- 
tem of equations 

(23) = h'{x n , ■ ■ ■ , x ,T ) 

in the unknowns x ,k . If x* = 0, the system (23) has the solution x * * 0 (see 
equation (21)). Furthermore, the Jacobian of the system (23) is equal to unity 
when all the arguments equal zero (see equation (22)). Therefore the system 
(23) has a uni que solution, which is continuous in the neighborhood of the zero 
values of the arguments, and therefore it can serve to introduce a new system 
of coordinates x'* for the point x which had the coordinates x* in the system D 
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(see §38, A)). The new system of coordinates thus obtained we shall denote 
byD'. 

We consider in the group 0 a curve g*(t) given linearly in the coordinates D' 
as follows: 

(24) g*‘(0 = a‘t. 

Let us consider the form of this curve in the coordinates D. To do this we 
substitute in equation (23) the expression a*t for x' k and get 

« h‘(a% ■ ■ ■ , a't) = g%a\ • • • , a'-, t) 

(see (20) and (19)). This shows that the curve g*(t) under consideration is a 
one-parameter subgroup. Hence any curve given in D' coordinates by equa- 
tions (24) is a one-parameter subgroup, and therefore the coordinates D ' con- 
stitute a canonical system of the first kind (see B)). 

Since the functions (16) are differentiable or analytic the functions (20) 
possess the same property, and therefore the transformation from D' coordi- 
nates to D coordinates is correspondingly differentiable or analytic. 

Hence Theorem 47 is proved. 

The following Theorem 48 shows that every one-parameter subgroup is dif- 
ferentiable in any differentiable system of coordinates. In this way Theorem 
48 is the first step towards the proof of the differentiability of certain functions 
for which differentiability was not presupposed. 

Theorem 48. If D is a system of differentiable coordinates in the local group G, 
then every one-parameter subgroup g(t) of the group G is differentiable in the co- 
ordinates D. 

Proof. Since by Theorem 47 it is possible by means of a differentiable trans- 
formation to go from the coordinates D to a set of canonical coordinates of the 
first kind, we can suppose without loss of generality that the coordinates D 
themselves are canonical of the first kind. 

We denote by V that neighborhood of the identity e of the group G in which 
the coordinates D are defined. We now denote by U„ the set of elements of V 
whose coordinates satisfy the relations 

(25) | x<\ < a. 

Obviously there exists a positive number < such that for a = e there corre- 
sponds to every system x* satisfying equation (25) a point of V . Let U, — U. 
There also exists a positive number 5 such that 

(26) u\cU, 

and such that the product of any two elements of Ui is defined (see §23, E)). 
We set U, - U'. 

Let V be a sufficiently small positive number such that 
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(27) g(t)eU' for \t\ St'. 

We denote the coordinates of the point g(t) in the system D by g*(t). Further- 
more, let n be a positive integer. We set 


(28) 


o» 


M9 


and denote the vector whose coordinates are a* by a n , and the one-parameter 
subgroup having the direction vector a n (see Theorem 46) by g n (t), while the 
coordinates of the point g n (t) we denote by Since the coordinates D are 

canonical it follows that 


(29) 


g n (t) = a n t. 


It should be remembered that equations (29) hold only for sufficiently small 
values of the parameter t f in fact only as long as the curve g n (t) remains in the 
region V (see C)) in which the coordinates D were defined. The curve g n (t) 
may leave the region V and return to it again and the point g n (t) will again have 
coordinates, but they will not be defined by equations (29). 

We now take up the question: for what values of the parameter t do 
equations (29) hold? We shall show that they hold for all values of t for which 

Since for g(t) e U', it follows that g{t'/n) e U', and therefore 

IgW/n)] < S. It follows from this that |aj,t| < $ for |<| t'/n (see (28)). 
Hence for 1 1\ S t'/n we have 

(30) g n (t) e U' 

and equations (29) have a meaning for these values of the parameter. We get 
from equations (28) and (29) that g^it'/n) = g'(t'/ n) and hence 


(31) 


gn{i'/n) = g{t'/n). 


Now let m be a positive integer which does not exceed n. 
(31) to the wi-th power we get 


Raising equation 


(32) 




where the left side exists because of the existence of the right side. We now 
consider a positive number t which does not exceed This number can be 
written in the form t = ( m/n)t f + s, where tn ^ n and 0 < t f /n. It fol- 

lows from equation (1) that 

g*(t) = gJ^ <'^7n(s) = g(— 

By (27), g((m/n)t') t U\ and by (30) we have ?.(«) e V, and therefore 



m CONCEPT OF LIE GROUP [ch. VI 

g»(t) e U'U ' c U. Hence for |f| g f we have g n (t) t U, and equations (29) 
have a meaning for all t such that 1 1| S t’. 

Supposing that m = n in (32) we get g»(t') = g(t'). Writing this equation 
in coordinate form, which is possible by what we have just proved, we get 
a£<' =■ g*(t'). Hence aj, does not depend on the number n and therefore the 
group g n (t ) does not depend on n, and we can denote it by g*(t). Equation (32) 
can then be written 

(33, ‘j - <7 <’) 

where m and n, m £ n, are arbitrary positive integers. Since the elements of 
the groups g*(t ) and g(t) are continuous functions of t, it follows from (33) that 
g*(t) = g(t), and this means that the group g(t) coincides with the differentiable 
group g*(t). Hence Theorem 48 is proved. 

Theorem 48 can be thought of as the first invariance theorem. It shows that 
every one-parameter subgroup has a direction vector in any differentiable co- 
ordinates. 

40. Invariance Theorem 

We shall show here that if a Lie group has two differentiable systems of co- 
ordinates, then these system are connected by a differentiable transformation. 
The significance of this proposition has already been explained in §38. It 
forms the basis for a coordinate study of Lie groups. In fact, when we in- 
vestigate the law of multiplication of a group from the point of view of co- 
ordinates, we actually study the properties of the system of equations (3) of 
§38. In order to study the properties of the group itself, we must look for 
those properties of this system which remain invariant under a transformation 
of coordinates. Theorem 49 below shows that we need only consider differ- 
entiable transformations of coordinates. 

To prove Theorem 49 we introduce canonical coordinates of the second kind 
(see A)). 

We note here that the dimension r of the Lie group 0 was defined by means 
of coordinates (see Definition 38) , and therefore if we do not wish to refer to 
the topological theorem of the invariance of the number of dimensions, we can- 
not as yet assert that the dimension is an invariant of the group G. Therefore 
we shall speak here of the dimension of the group G with respect to a given 
system of coordinates. We also recall that the dimension of the group G in 
the coordinates D is equal to the dimension of the vector space 12 associated 
with the group G by means of the coordinates D (see §38, B)). 

We now pass to the construction of canonical coordinates of the second kind. 

A) Let G be a local Lie group and D a system of differentiable or analytic 
coordinates defined in <?; and let the dimension of the group G be equal to r 
in these coordinates. We shall say that a set of One-parameter subgroups of 
the group G are linearly independent in the coordinates D if their direction vec- 
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tors are linearly independent in the system D. We select in G a system, of r 
one parameter subgroups, ^ 

( 1 ) ■ ■ ■ , 9r(t), \t\£a, 

which are linearly independent in the coordinates D. We consider the points 

(2) g(t\ •■•,«') = • • • g r (t'), M <fi g a, 

which exist for sufficiently small values of /3. 

If is chosen sufficiently small, then the points of the type (2) form a neigh- 
borhood U of the identity in the group G such that every point of U can be 
uniquely represented in the form (2), i.e., it defines the numbers t k . Therefore 
if we take the numbers V 6 for the coordinates of the point g(t l , • • * , t r ) z U, we 
shall introduce into G a new system of coordinates D', which is called a canoni- 
cal system of the second kind . 

We can then show that there exists a differentiable or an analytic transfor- 
mation of D into D' according as the original system D was differentiable or 
analytic, respectively. 

In order to prove A) we denote by g[(t) the coordinates of the point g k (t) in 
the system Z), by g*(t l 9 • • • , t r ) the coordinates of the point g{t l } ■ ■ - , t r ) in 
the system Z>, and by a\ the coordinates of the direction vector a k of the group 
g k (t) in the system D. 

The transition from the system D' to the system D is effected by 

(3) ^ - g\t\ • • • , * r ), 

where the x { are the coordinates of the point x in the system D while the t h are 
the coordinates of the same point in the system D\ To prove A) we show that 
the system (3) satisfies the conditions of Definition A) of §38. 

The system (3) is differentiable or analytic. This follows from Theorem 46. 
Since g k ( 0) = e, it follows that 0 ( 0 , * • • , 0) == e, and hence g'( 0, • • • , 0) « 0- 
We now calculate the derivative (d/dt^g^t 1 , • • • , t r ) when the arguments all 
become zero. In this calculation we can suppose that all the arguments ex- 
cept one, t h } are already zero, and then find the derivative with respect to t k . 
We therefore obtain 

— g\t l 9 • • • , t) = — gl(t) = ait for t « t = 0. 
dt k dt 

Hence the Jacobian of the system (3) is equal to the determinant of the matrix 
1 1 oi| |, which is different from zero because of the linear independence of the 
selected system of subgroups (1). 

Hence the system of equations (3) has a solution in a small neighborhood of 
zero, and therefore assertion A) is proved. 

Before taking up Theorem 49 we make one more preliminary remark. 

B) Let G be a local Lie group, D and D' two differentiable systems of coordi- 
nates defined in G, and R and R’ the vector spaces associated with G by means 
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of the coordinate systems D and D f (see §38 B)). Let g(t) be a one-parameter 
subgroup of O f and a and a* its direction vectors in the coordinates D and D' 
(see* Theorem 48), aefi, a ; e R\ The one-to-one correspondence a < p± o' thus 
obtained between the spaces R and R' is bicontinuous. Therefore a topology 
can be introduced in a natural way into the set of all one-parameter subgroups 
of the group 0 independently of any coordinate system. The proximity of 
two subgroups is defined as the proximity of their direction vectors in any dif- 
ferentiable system of coordinates. 

It follows from Theorem 47 that we can assume without loss of generality 
that D and D f are canonical systems of the first kind. To prove the continuity 
of the mapping a — * a' in the neighborhood of some definite vector a, we select 
a sufficiently small number r such that a point with coordinates a*‘r in the sys- 
tem D and a point with coordinates a fi r in the system D ' are defined and both 
coincide with the point g(r) (see §39, B) and C)). To a small change in the 
vector a there obviously corresponds a small change in the point g(r) y and to a 
small change in g(r) correspond small changes in the coordinates a'*r, i.e., a 
small change in the vector a\ Hence the mapping a — » a' is continuous. The 
continuity of the mapping a' — ♦ a is proved in the same way. 

Theorem 49. Let D and D r be two systems of coordinates in a local Lie group (?• 
We suppose that they are both either differentiable or analytic , We denote by r 
and s the dimensions of G in the coordinates D and D respectively . Then r = s, 
and there exists a differentiable or analytic transformation of coordinates D to 
coordinates D' (see §38, A)), i.e., the transformation of the coordinate system D 
to D ' is given by 

(4) x n = • • • , x r ), 

where the functions on the right hand side are differentiable or analytic, and the 
Jacobian of the system (4) does not become zero when the arguments assume zero 
values . 

Proof. Suppose that r g s. We select, as in A), a system of r linearly inde- 
pendent one-parameter subgroups in the coordinates D, 

(5) »l(0, * • * > 9r(t). 

These subgroups will have direction vectors in the coordinates D r (see Theorem 
48), but it is not at all obvious that the one-parameter subgroups (5) will be 
linearly independent in the coordinates D\ Since s ^ r, it is possible by a 
slight change in these subgroups to make them linearly independent in 2)'. 
This change, being arbitrarily small, will not affect the linear independence of 
the subgroups (5) in the coordinates D. Hence the subgroups (5) are linearly 
independent in both sets of coordinates D and D'. In case s > r we adjoin 
to the system (5) the one-parameter groups gr+i(t), • • • , g M (t) in such a way that 
the new system 

(50 


* • • # 9r(t)f 9r+l(t)f 9 • • , g 9 {t) 



SUBGROUP AND FACTOR GROUP 


§41] 


195 


is linearly independent in the coordinates D'. 

The systems (5) and (5') of one-parameter subgroups can be taken as 
bases for the construction for canonical coordinate systems D* and D'* of the 
second kind. Let 

(6) t'\ • • • , V, <" +1 , •••,<'* 

be a system of arbitrarily small numbers. If these numbers are sufficiently 
small then there exists a point x whose coordinates in the system D'* are num- 
bers of the system (6). Also, if the numbers of the system (6) are sufficiently 
small, then the coordnates of the points x are defined in the system D* ; we de- 
note them by 

, r. 

We now have 

ffl (t l ) ’ * • gr(t')g r +M * • ■ jf.(0) = 0,(*' 1 ) • * • 0r(*")0r + l(*'' +1 ) * * * 

If we consider this equation from the point of view of the coordinate sys- 
tem D'*, we conclude that the point x has in this system the coordinates 
t l y • • • , t r } 0, • • * , 0, and at the same time the coordinates t n y • • • , t\ 
t /r + l , • • , V *. This is possible only when £' r+1 = • • • = t fa = 0. This last 
equation contradicts the assumption that the numbers of the system (6) 
are arbitrary, although sufficiently small. Hence the assumption that s > r 
has led to a contradiction. Therefore s = r, and the systems (5) and (5') of 
one-parameter subgroups coincide, which means that the coordinate systems 
D* and D'* also coincide. 

By A) there exists a differentiable or analytic transformation from the system 
D to the system D*. In the same way there exist a differentiable or analytic 
transformation from the system 2)' to the system D'*. Since, as we have just 
shown, D * = D'* } it follows that there exists a differentiable or analytic trans- 
formation from the system D to the system D'. 

This proves Theorem 49. 

Example 56. Let G be a commutative Lie group. We introduce into G 
canonical coordinates of the second kind. We denote the elements having the 
coordinates t* by g(t\ • • • , t r ). It is not hard to see that the product of two 
elements can be expressed by the formula 

g(s\ • • • , s r )g(t l f •••,«')= g(s l + *S ' ' * > * r + * r )- 

This shows that the commutative group G is locally isomorphic with a vector 
group (see Definition 30). 

41. Subgroup and Factor Group 

We shall show in this section that every subgroup H of the Lie group Gis 
also a Lie group, and that H is a differentiable manifold in the manifold G. 
We shall also show that every factor group G* of the Lie group G is also a Lie 
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group, and that a natural homomorphic mapping of the group G on the group 
G * can be given by means of differentiable functions. It will be proved here 
that in considering subgroups and factor groups we can limit ourselves to dif- 
ferentiable functions. 

Theorem 50. A subgroup H (see §23, 1)) of a local Lie group G is also a local 
Lie group, and H is a differentiable or analytic Lie group according as the group G 
is differentiable or analytic. We denote by D and E arbitrary systems of coordi- 
nates in the groups G and H. We shall suppose that D and E are either both 
differentiable or both analytic. Let y l , • • • ,y* be the coordinates of the point yzH 
in the system E, and x l , • • • , x r the coordinates of the same point in the system D. 
Then we have 

(1) x' = +'(y l , • • • , y‘), i = 1, • • • , r, 

where the functions in the right side of equation (1) are differentiable or analytic. 
Furthermore let 

(2) q, = —AO, • • ■ ,0). 

by 1 

Then the rank of the matrix ||g}|| is equal to s, i.e. } in 'particular s S r. 

In short, Theorem 50 can be formulated by saying that a subgroup of a local 
Lie group is also a local Lie group, and is a differentiable or analytic mani- 
fold of the correspondingly differentiable or analytic manifold G. 

Proof. Let D' be a system of canonical coordinates of the first kind in G 
(see §39, B)), and V the open set in which they exist. We denote the dimen- 
sion of the group G by r, and the coordinates of the point x e V by x i in the 
system D\ We denote by U a the set of all the points x for which the following 
inequality holds: 

z i x i -f . . . -f x r x r < a 2 , 

where a is a positive number. There exists a sufficiently small number p such 
that any set of numbers y * which satisfy the inequality y l y l + * * • + y r y r £ p 2 
defines a point y tV with coordinates y { . There also exists a sufficiently small 
number y 2* P such that the product of any r + 1 elements of U y is defined, 
and if these elements belong to H then their product also belongs to H, (see 
§23, E)). Finally there exists a sufficiently small number $ g 7 such that the 
set U$ n H is closed in Ut- We shall make use of all these conditions of small- 
ness in what follows. In order not to introduce unnecessary complications 
into the calculations we shall suppose that 5 is equal to unity. This is permis- 
sible since we can always change the scale of the construction by an appropriate 
transformation of coordinates. 

Let b e Ui be an element of H whose coordinates in the system D* we denote 
by M. Let /> » VX&ty 1 + * • • +6 f 6 r ). We shall show that if m is an integer 
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satisfying the inequality mp < 1, then the element (b) m has the coordinates nib { 
and belongs to H, 

(3) (&)" e H for mp < 1. 

We consider the one-parameter subgroup g{t), |f] < 1/p, the coordinates of 
whose direction vector are the numbers bK We then have g l (t) = bH, |(| g 1/p 
(see §39, B)). Hence b — g( 1). Let p be an integer not exceeding m. Rais- 
ing the relation b = #(1) to the p-th power, we get (by = g(p), i.e., the coordi- 
nates of the elements (by are the numbers pb { . This element exists since 
p < 1/p. We shall show that all the elements b, (6) s , • • • , (b) m belong to H. 
The proof is by induction. Let p + 1 g m so that (b) p e Ui, and suppose that 
(b) p e H. Then the product b(b) p is defined and belongs to H since both factors 
belong to Ui and to H. Therefore (b) p+l e H. 

Theorem 50 is obviously true in case the identity e of the group G is an iso- 
lated element of the group H. For then s = 0 and relation (1) becomes x* = 0. 

We now make the following inductive assumption. Suppose that for some 
non-negative k there exists a system of one-parameter subgroups 

(4) </.«), • • , g*(t) 

which has the following properties: 1) the element g,(t) belongs to H for 
| <| g 1, j = 1, • •• , fc; 2) The direction vectors a u ■ , a k of the subgroups of 

the system (4) are orthogonal unit vectors in the system of coordinates D'; 
if we denote the coordinates of the vector a, by a), then 

r ^ 

(5) CLpCLq = Spq. 

»-l 

Obviously k ^ r. 

Our inductive assumption is obviously true for k = 0. Suppose that it is 
true for a given k. We denote by Hk the set of all elements of the form 

(6) g(t\ •••,<*) = ai(t l ) ■ • • g k (t k ), | t>\ gl, j = 

If k = 0 we let H k = {e\. 

The set Ilk is entirely contained in H inasmuch as every element g,(t') be- 
longs to H and to Ui and k £ r by hypothesis. We shall now show that there 
exist two mutually exclusive cases: a) the set H k contains some neighborhood 
of the identity of the group H, b) the system of subgroups (4) can be enlarged 
by adjoining one more subgroup in such a way that the inductive assumptions 
will hold for the enlarged system. 

We denote by L k the set of all elements of Ui for which the coordinates 
x l , ■ ■ ■ , x r satisfy the linear relations 

ib a ' x * = °> 

i-t 


(7) 


j = I,---,*. 
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If k - 0 we suppose that L k - U t . We denote by 

(8) * * ■ i *) 

the element g(t l t • • • , f*)x -1 , 'where x e Ui. The set of all elements of the form 

(8) for a fixed x and for |f*| S 1, j = 1, • • , fc, is the set H&r 1 . 

We consider the intersection of the sets L k and H k x~ l with respect to the 
element x, for x in the neighborhood of e. 

To do this we denote by ■ ■ ■ ,t k ;x) the coordinates of the element (8). 
In order to find the intersection of the sets L* and H k x~ l it is sufficient to solve 
with respect to the parameters t 1 , ■ ■ ■ ,t k the system of equations 

(9) 52 a iQ (* »••>*> *) — j - h 

i - 1 

For x = e this system has the obvious solution t { = 0, j = 1, • • • , k. In order 
to clarify the question of the solution of the system (9) we calculate the 
Jacobian of this system for t p ■= 0, p = 1, • • • , k, x = e. Under these condi- 
tions we have 

(10) A 9* (*\ ' ■ ■ » ‘*5 *) “ 4 skt) = a* for t = 0. 
dt 1 

Hence for t p — 0, p * 1, • * * , fc, x = e we have 


a 


23 (<»**•» * j *0 * 2^ 




(see (10) and (5)). Hence for x in the neighborhood of e there exists only one 
solution of the system (9) which is in the neighborhood of the original solution, 
and which depends continuously on x. This means that if x is sufficiently 
close to e then there exists one and only one point of intersection of the sets L* 
and H&r l which is close to e, and that this point <p(x) depends continuously 
on x and <p(e) — e. 

Let us suppose that assumption a) is not fulfilled. Then there exists a se- 
quence 


(11) frl » l>*> * * ’ > bnt * * 

of dements of the group H which converges to the identity c and is such that 
its elements do not belong to the set Hu* Let c« 858 <p(W* Since the function 
<p(x) is continuous and since p(e) = e, the sequence 

(12) Cif c»t • • • f c» f 

converges to c. All the points of this sequence belong to L* since ip(x) e £*. 
Furthermore, they all belong to H. In fact c n e HkK 1 c H since b„ 1 e 17 1 - We 
note another important fact, namely, that no element of the sequence (12) 
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equals e. For if we suppose that c, = e we get e e HjbZ 1 , but then b» z H k , 
which contradicts our assumption. 

We shall use system (12) together with the properties just established, 
namely: 

(13) c n e L k , c n zH, c„ s* e, lim c» = e, 

n— ♦ oc 

as the foundation of the following construction. We denote the coordinates 
of the point c„ of the sequence (12) by 

(14) d 


and suppose further that 

(15) _ Pn = V(C n C n + • ' • + CnC n ). 

The point with coordinates 


(16) 



/«* 


= a n 


we denote by a'„. It is not hard to show that the point o! n lies on the intersec- 
tion of the set L k and the boundary of the neighborhood Ui. Therefore there 
exists a point a which is a limit point of the sequence 


(17) 


/ t t 

cih Ch> • • * > a Pi • • • , 


and a also lies on the intersection of the set Lk and the boundary of the neigh- 
borhood U\ . We denote by a i k+1 the coordinates of the point a in the system 
Z)'. These coordinates satisfy the system of equations (7) since a e Lk- More- 
over 

1 1 i i r r i 

a*4-iajb+i -+-••• -r 0*41°*+ 1 = 


since a belongs to the boundary of the neighborhood U\. 

We consider the one-parameter subgroup gk+i(t) defined by the relations 
0fc+i(O = <4+i*, \t\ ^ 1. The direction vector of this subgroup has the co- 
ordinates o£ +1 , and therefore if we adjoin the subgroup gk+i(t) to the system (4) 
the inductive assumption 2) will still hold for the enlarged system. It can also 
readily be seen that the subgroup gk+ i(t) satisfies the inductive assumption 1). 
In fact the point c„efl has the coordinates p n a» (see (16)). From this it fol- 
lows that (c n ) m e H and has coordinates mp n ai if mp n < 1 (see (3)). Now let t 
be a real number satisfying the inequalities 0 < t g 1. Since the sequence 
(17) has the limit point a, and since lim n .*ooP» 33 0 (see (13)), we can find in- 
tegers m and n such that mp n < 1 and | <a£ +1 — mp n a* | < €, where e is a pre- 
assigned positive number. Hence the point g*+i($) is a limit^ point for points 
of the form (c„)* e Ui ft H, and since Ui n H is closed in Ui it follows that 
0*+i(O e H. 
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Thus we have shown that either the case a) or the case b) holds. 

The above inductive construction enables us, beginning with k ~ 0, to en- 
large the system (4) to a system 

(18) 0t(O, * * • , g,(t) where k = $ g r, 

and condition a) is satisfied for the whole system (18). The direction vectors 
Oi, • • • , a, of the system (18) are linearly independent because of the orthogo- 
nality conditions (5). If $ < r we can enlarge the system (18) to a complete 
linearly independent system 

(19) Qlifyf • ‘ * ) Q»(t), 1(0> > Qr( 0* 

By remark A) of §40 the system (19) can be taken as the basis of canonical 
coordinates D* of the second kind in G. 

Condition a) is satisfied for the system (18), and hence there exists a neigh- 
borhood W of the identity in the group H such that W c H». Since the set 
of all open sets of the form U a forms a complete system of neighborhoods of 
the identity in G f there exists a sufficiently small positive number a' such that 
the intersection H n U a > is entirely contained in W, and hence in H t . More- 
over, we can suppose that a' is so small that the coordinates D* are defined in 
the neighborhood U a If now y is a point of H belonging to t/„', then its 
coordinates in the system D* are the numbers t l 9 • , 0, • • • , 0. We can 

take the numbers t l , • • , t* as coordinates of the point y in the group H. In 

this way we obtain a coordinate system E* in the group H. It can readily be 
seen that the coordinates E* thus obtained in the group H are differentiable or 
analytic according as the coordinates D * are differentiable or analytic. Re- 
lation (1) holds obviously for the systems D* and E*, and has the particularly 
simple form 

(20) a; 1 = y l > r 2 = y 2 , • • • , x* = y% x* +l = 0, • • • , x r = 0. 

If D is a system of differentiable coordinates in G, then by Theorem 49 there 
exists a differentiable transformation from it to the system D *. If, on the 
other hand, the system D is analytic, then by remark A) of §40 the transforma- 
tion from D to D* will be analytic. For the same reason, the transformation 
from a system E of H to E* will be correspondingly differentiable or analytic. 
Combining in the proper way the transformations from one system of coordi- 
nates to another we can obtain formula (1), which also satisfies the conditions 
of Theorem 50, from formula (20). 

This completes the proof of Theorem 50. 

Theorem 51. Let G be a local Lie group of r-dimemions, and H a factor group 
of the group G (see §23, J)). Then H is also a local Lie group, differentiable or 
analytic according as G is differentiable or analytic. We denote by x the natural 
local homomorphic mapping of the group G on the group H (see §23, K)), and by D 
and E coordinate systems in the groups G and H which are either both differentiable 
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or both analytic , Then the homomorphism x can be expressed by means of the 
coordinates D and E as follows: 


yi = x >( X l y • . • , X r ), 


J = 1 , * 


where the functions on the right side of the equations are differentiable or analytic . 
Furthermore let 


(22) rl = x ’(0, • • • , 0). 

Then the rank of the matrix ||r^|| is equal to s, i.e. } in particular s ^ r, and the 
kernel of the homomorphism \ has (r — s) dimensions. 

Proof. We denote by N the kernel of the homomorphism x- By Theorem 
50, N is a local Lie group. Suppose the dimension of the group N is r — s, and 
denote by 

(23) , Or® 

a system of r — s linearly independent one-parameter subgroups of the group N 
(see §40, A)). By Theorem 50, the subgroups (23) are also linearly independ- 
ent in the group G. Hence the system (23) can be enlarged to form a system 

(24) <7,(0, • , <7,(0, 0«t«(O, * -fOrtf), 

in such a way that the new system is composed of linearly independent sub- 
groups in G, We shall use the system (24) as the basis for the construction of a 
canonical system D* of the second kind in G (see §40, A)). 

We denote by K the set of all those elements of G for which the last r — s 
coordinates become zero in the system D*. It can be seen easily that every 
element x z G which is sufficiently close to the identity decomposes uniquely 
into a product 

(25) x = uvj 

where u zK, v e N, Furthermore, two elements x = uv and x' = u f v' which 
are sufficiently close to the identity belong to the same coset of N if and only 
if u = u f . In fact if u = u' } we have = trV e N. Conversely, if x and 
x' belong to the same coset, then x' = xw y where w z N, and hence x' = uvw, 
where u z K, vw z N, i.e., because of the uniqueness of the decomposition (25) 
we have u f = u . This remark shows that all the elements which belong to one 
and the same coset X of the subgroup N have their first s coordinates in com- 
mon. We shall take these first s coordinates for the coordinates of the coset X. 
We denote the system of coordinates thus obtained in H by E *. 

Let X and X 1 be two cosets, and let t l , • • • , t* and t' 1 , •••,$'* be their co- 
ordinates in the system E*. We now denote by x the elements with the co- 
ordinates 


(26) 


V, * “ , t% 0 , • ■ • , 0 
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in the system D*, and by x' the element with the coordinates 

(27) t'\ • • • , t'\ 0, • • • , 0 

in the same system. Then x e X, x' e X'. We denote by 

(28) <"», • • • , t"‘ 

the first a coordinates of the product xx' — x" in the system D*. Then the 
coordinates of the coset X" = XX' in the system E* will be equal to (28). 
Since the numbers (28) are obtained from the numbers (26) and (27) by means 
of those operations which form a product in the system D*, it follows that the 
coordinates E* are differentiable or analytic according as the coordinates D* 
are differentiable or analytic. Hence H is a Lie group. 

In the coordinates D* and E* relations (21) become 

(29) y 1 = x l , ■ ■ ■ , y = x‘. 


It is clear that this relation satisfies the conditions of Theorem 51. In going 
from the coordinates D* and E* to arbitrary coordinates D and E we can make 
sure that Theorem 51 is also true for them by using Theorem 49 and remark A) 
of §40, just as was done in the proof of Theorem 50. This completes the proof 
of Theorem 51. 

Theorems 49, 50, and 51 show that from now on in studying Lie groups we 
can confine our attention to differentiable functions only. 

We give here one rather important corollary to Theorem 50. 

A) Let G be the set of all complex square matrices of order n with non-zero 
determinants. From remark A) of §27, G is a topological group. It can be 
shown that G is also an analytic Lie group. Hence by Theorem 50 every sub- 
group of the group G is also an analytic Lie group. 

In order to introduce coordinates into the group G, the matrix x eG can be 
written in the form 

(30) x = e + || 4- ixl! || 


where e is the unit matrix, i = \/— 1, and and z* are real numbers. We 
shall take these numbers as coordinates of the matrix x. Hence the dimension 
of G is 2n*. If x, y, and z are three matrices, and if z = xy, then in coordinate 
form this relation may be written 


(31) 


/ /; t<* n ti , /i , / /a fi a 

Zk Xk + Vk + Xalfk ~ XaVk ) Zk 88 Xk + Vh + X a Vk + 2 /*. 


Since these relations are analytic, the group G is an analytic lie group. 

42. Supplementary Remarks about Canonical Coordinates 

If we make use of canonical coordinates of the first kind (see §39, B)), then 
the relations appearing in Theorems 49, 50, and 51 are linear and can be ob- 
tained rather simply. To prove this we give a preliminary proposition. 
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A) Let us consider a differentiable function 
(1) /(**» •••,**) 

defined in the neighborhood of arguments which approach zero and such that 

(2) f(0, ■ ■ , 0) - 0. 

Let us further suppose that the function (1) is homogeneous, that is, if 
g i = c % i = 1, • • • , k, where c 1 , • • • , c* are arbitrary constants and t is a 
parameter, then the function 

(3) f(c% • • • , cH) = d 

is a linear function of the parameter t. Under these conditions the function (1) 
is linear, i.e., 

/(z l , • • , 2 *) = pi? 1 + ■ ■ • + p* i k , 

where pi, • ■ • , p* are constants. 

Let c 1 , • • • , c k be a system of arbitrary but sufficiently small numbers. 
Then relation (3) has a meaning for t = 1, and we get 

(4) c = /(c 1 , • • ■ , c k ). 

Differentiating relation (3) with respect to t and letting t = 0, we get 

(5) c = £ ~m, • • • , 0)c\ 

t w l ^ 

Since in relations (4) and (5) the numbers c l , ■ ■ ■ , c k are arbitrary and suffi- 
ciently small we see that (1) is a linear function. 

B) If we now assume the systems of coordinates considered in Theorems 49, 
60, 51 to be canonical of the first kind, then relation (4) of §40, and (1) and (21) 
of §41 assume a linear form and become 

„ „ t% * i 

(6) x = p,x 

/i i i 

(7) x = q«/ 

, v i i i 

(8) y = r x x . 

The proof of proposition B) follows directly from remark A). On the right 
sides of relation (4) of §40, and relations (1) and (21) of §41, we put the coordi- 
nates of a point which describes a one-parameter subgroup. Since all the co- 
ordinates under consideration are canonical of the first kind, it follows that all 
the arguments and functions become linear functions of the parameter t and 
remark A) can be applied in this case. 



CHAPTER VII 

THE STRUCTURE OF COMPACT TOPOLOGICAL GROUPS 

The object of the classical theory of continuous groups is the study of Lie 
groups (see Definition 38). These groups have been studied in considerable 
detail, and it is therefore advisable to establish the connection between general 
topological groups and Lie groups. It turns out that it is possible by means of 
a certain limiting process to construct any compact topological group satisfying 
the second axiom of countability from compact Lie groups (see Theorem 54). 
Therefore, questions about topological groups of a rather general character can 
be reduced to corresponding questions concerning Lie groups. In particular, 
it is possible to single out compact Lie groups from general topological groups 
by imposing certain conditions o r f a rather general character (see Theorems 56 
and 57). All these results depend entirely on Theorem 28 of the fourth chap- 
ter. Since no analogue of Theorem 28 has as yet been found for locally com- 
pact groups, the methods which are applicable to compact groups cannot be 
generalized to locally compact groups, and many of the fundamental problems 
are still open for these groups. 

The problem of distinguishing Lie groups from topological groups of a more 
general type was formulated by Hilbert. Modernizing a little the statement 
of this problem without, however, altering its meaning, we can formulate the 
problem as follows: 

We shall call a topological group G a parameter group if there exists a neigh- 
borhood U of the identity of the group G which is homeomorphic with n-dimen- 
sional Euclidean space. This means that coordinates or parameters can be 
introduced into the neighborhood U. The problem consists in proving that 
every parameter group is a Lie group. 

von Neumann (see [21]) solved this problem in the affirmative for com- 
pact groups by use of Theorem 28. For commutative groups the positive 
answer to this question was given by me (see Theorem 44). 

On the basis of Theorem 28 results have been given after von Neumann’s 
which expose the structure of compact topological groups and contain in par- 
ticular the solution of Hilbert’s problem (see [26], [14], and [16]). We devote 
the present chapter to the exposition of these results. 

43. Approximation to Compact Groups by Lie Groups 

We establish here on the basis of Theorem 28 certain connections between 
compact topological groups satisfying the second axiom of countability, and 
lie groups. In particular we prove Theorem 54 which enables us to construct 
any compact group from Lie groups. 

Theorem 52. Let ft» be the topological group of all unitary matrices 
of order n (see §27, J)). We denote by ft the direct product of all the groups 
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12i, * • * , 12 n , • • • (see Definition 29'). & is a compact topological group 

satisfying the second axiom of countability. The theorem states that 12 is a uni- 
versal group of all compact topological groups satisfying the second axiom of count- 
ability, i.e., every such group G is isomorphic with some subgroup of the group 0. 

Proof. Let g (l) ,g (2) , • • • , g (k) , • • • be the complete system of unitary repre- 
sentations of the group G , given in Theorem 28. We denote by p k the degree 
of the representation g^ k \ and select an increasing sequence of natural numbers 
n u n*, • • • , n ki • • • such that Pk ^ n ki k = 1, 2, • • . It follows from the last 
inequality that the totality of all unitary matrices of order p k is a subgroup 
of 12 n *, and therefore the homomorphism g (k) can be considered as a homomor- 
phism of the group G in the group 12 w *. From Definition 29' every element 
of 12 represents a sequence x = {x h x 2f • • • , x ny • • • } such that x n e 12*, 
n = 1, 2, • • • . We now associate with every element y e G an element 
f(y) = xz 12 defined by the following relations :x nk * g (k) (y)> & = 1, 2, • • • ;ifn 
is a natural number not belonging to the sequence n k} then x n is the identity of 
the group 12 n . It can readily be seen that the mapping/thus obtained is a homo- 
morphic mapping of the group G in the group 12. We shall show that / is an 
isomorphic mapping of the group G on some subgroup G f of the group 12. 

Let y e be an element of the group G . Then by Theorem 28 there exists 
a number k such that g^iy) 9 ^ e nk and therefore from the above construction 
of the mapping /, f(y) is not the identity of the group 12. In this way / is a 
one-to-one mapping. Since it is also continuous, it follows that /(£?) * G' is 
compact, and is therefore a closed subset of the space 12 (see Theorem 8, and 
§13, B)). Since G ' is moreover an abstract group, Theorem 52 is proved. 

We give one more direct corollary of Theorem 28. 

Theorem 53. Let Gbe a compact topological group satisfying the second axiom 
of countability , and U a neighborhood of the identity in G. Then there exists a 
normal subgroup N c U of the group G such that the factor group G/N is a Lie 
group. We can even assert a little more , namely that there exists in G a decreasing 
sequence N h N 2y • • * , N ny - - of normal subgroups such that their intersection 

contains only the identity and such that the factor group G/ N n is a Lie group for 
every n (see Definition 38). 

Proof. We denote by <£ n the normal subgroup of the group 12 (see Theorem 
52), defined as the product of the groups 12i, • • • , 12 n , and by the normal sub- 
group of the group 12 defined as the product of the groups !2 n +i, !2n+*> • ^ 

can readily be seen that 12 is the direct product of the groups $* and ^8*# and 
that the group $ n (see §20, G)) is isomorphic with the factor group 12/^n* The 
group $n is a Lie group, being the direct product of a finite number of Lie 
groups (see §38, C) and §41, A)). Hence 12/¥ n is a Lie group. We note that 
the intersection of all the groups n * 1, 2, • • * , contains only the identity. 

From Theorem 52 we can suppose that G is a subgroup of the group 0. If 
we denote by N n the intersection G n ¥*, then N n is a normal subgroup of the 
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group 0 (see §20, C)). Under the homomorphism h n of the group Q on the 
group Q/f'., the subgroup G goes into the subgroup G n of the group Q/¥„ and 
since the group &/¥„ is a Lie group, its subgroup G n is also a Lie group (see 
Theorem 50). But (?» is obviously isomorphic with G/N n . Since, moreover, 
the intersection of all the groups contains only the identity, the intersection 
of all the groups JV n , n = 1, 2, • • • , also contains only the identity. 

Hence the groups N n under consideration satisfy the conditions of the theo- 
rem. This proves Theorem 53. 

Definition 39. Let 

(1) G U Of, ■ ■ ■ , Gn, ■ ■ ■ 

be a sequence of compact topological groups satisfying the second axiom of 
countability, and let g n be a homomorphism of the group (? n+ i on the group (?„, 
n = 1, 2, • • • . We construct a compact topological group G from the se- 
quence (1) and from 

(2) g\, gt, ■ • • , g n , ■ ■ ■ 

This group 0 will satisfy the second axiom of countability, and we shall call 
it the limit of the sequence (1) under the homomorphisms (2). 

We shall call a sequence 

(3) x = { X\j x% y , x n) ' | 
fundamental if it is such that 

(4) X n eGn, n a 1, 2, • • • , 

and 

(^) (Jn(Xn+l) 9 n = 1, 2, • * • . 

We denote the set of all fundamental sequences by (?, and introduce into G a 
topology and a law of multiplication. 

The product xy of two fundamental sequences x = [x lf x% } • • • , x n , • • • } 
and y - {^i, y% 9 • • • , y n , • • • } is defined by 

xy = {xiy X) x%y %} • • • , x p y n , • • • } . 

We introduce a topology into G by means of neighborhoods. A neighborhood 
V in G is defined by means of an arbitrary finite system of neighborhoods 
Ui, • • • , U n9 where XJi is a neighborhood of the group Gi,i - 1, • • , n. Then 
U is composed of all the sequences (3) for which x % t Ui f i « 1, • • • , n. 

We first show that this really defines a compact topological group G satisfy- 
ing the second axiom of countability. 

We denote by Q the direct product of all the groups in the sequence (1). 
Then every fundamental sequence is an element of the group Q. Hence G is 
a subset of Q, G c Q. It can readily be seen that the law of multiplication and 
topology defined in G coincides with the law of multiplication and topology 
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induced in G from Q. We shall show that G is a subgroup of Q. In fact the 
element 

(6) X = \x h X* 9 • • • , X n , * * • } 

of the group Q belongs to 0 if and only if conditions (5) are satisfied for the se- 
quence (6). It can be seen directly that every single equation x n = g n (x n + i) 
singles out a subgroup P», while the totality of all conditions (5) corresponds 
to the intersection of all subgroups P n , » = 1, 2, • • • , i.e., it also singles out a 
subgroup (see §20, A)). Hence G is a compact topological group satisfying 
the second axiom of countability (see Definition 29' and §17, B)). It can 
readily be seen that the limit of the sequence (1) remains unchanged if we dis- 
card a finite number of its initial members. 

A) Let G be the limit of the sequence of groups (1) with the homomorphisms 
(2). We associate with every element xeG (see (3)) an element h n (x) = x n e G n , 
Then h n is the homomorphism of the group G on the group G», where 
h n (x) — g n (h n + i(aO). We denote the kernel of the homomorphism h n by N n > 
Then N n +i c N n , and the intersection of all the groups N h N%, • • • , N n , • • 
contains only the identity. 

Proposition A) can be verified directly. 

The construction introduced in Definition 39 can be justified by the following 
theorem. 

Theorem 54. Every compact topological group G' which satisfies the second 
axiom of countability is isomorphic with the limit of some sequence of compact Lie 
groups (see Definitions 38 and 39). 

Proof. Let Ni, AT 2 , • • • , N n , • • * be a decreasing sequence of normal sub- 
groups of the group G' f as was considered in Theorem 53. Let G n = G'/N n , 
and let h n be the natural homomorphic mapping of the group (?' on the group 
G n . Since N n + 1 c N n , there exists one and only one homomorphic mapping g n 
of the group (?«+§ on the group G n which is such that 

(7) hn(i!) - g n (hn+ l(xf)). 

The sequence of groups Gi, Gz, • • • , G», • • together with the homomorphisms 
gif 0*> • • ■ i 0ni • • • has for its limit a group G. We shall show that G ' is iso- 
morphic with G . To do this we associate with every element x f e G f the ele- 
ment 

(8) f(x') = {Ai(x'), hitf), ■ ■ ■ , K{x'), ••• } = {a;i, *»,•••,*«,•••} - x 

and show that the mapping /is an isomorphic mapping of the group G' on the 
group G. 

It follows from (7) that the sequence (8) is fundamental, and therefore fix') 
is really an element of the group G. It can be verified directly that / is a 
homomorphic mapping of the group G' in the group G. We shall show that/ 
is a mapping on the whole stoud G. 
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Let a = {oi, o», • • • , a n , ■ ■ ■ } be an arbitrary element of the group 0. We 
denote by A» the set of all elements of the group G' which go into o» under 
the homomorphism h n . Since h n is a mapping of the group G' on the whole 
group (?„, it follows that A n is not empty. It is also obvious that A n is com- 
pact. Furthermore, from relations (6) and (7) we have A n +i c A n . Hence the 
intersectipn of all the A n , n = 1, 2, • • • , is not empty (see Theorem 6), i.e., it 
contains at least one element o', and we have h n (a') = o», n = 1, 2, • • • , so 
that /(o') « a. Thus /is a mapping on the whole group G. 

We shall now show that / is an isomorphic mapping. 

If /(*') is the identity, then h n (x') is the identity of the group G n and there- 
fore x' e JV», n = 1, 2, • • • . Since the intersection of all N n , n = 1, 2, • • • , 
contains only the identity, the kernel of the homomorphism / contains only the 
identity, and therefore the homomorphism / is an isomorphism (see Theorem 
13, and §19, D)). 

Since all the groups G„ are Lie groups (see Theorem 53), Theorem 54 is 
proved. 

Example 57. Let D be the additive topological group of real numbers and 
let N be the subgroup of all integers. We let K = D/N, and denote by G n , 
n — 1 , 2, • • • , a sequence of groups isomorphic with K;G„= f n (K), where/, 
is an isomorphic mapping. Then there exists an inverse mapping /„ 1 which is 
also isomorphic. We now define the homomorphism g n of the group G „+ 1 on 
the group G n by letting g n (x) = /n(s,/^+j(x)), where x z G n +i, and s„ is an arbi- 
trary integer which defines the homomorphism g n . The sequence of groups 
Gi, Gi, ■ ■ ■ , G n , ■ ■ ■ together with the homomorphisms gi, 0s, • de- 

fines a group G (see Definition 39). This group G depends on the choice of the 
numbers s„, n = 1 , 2, • • • . If these numbers beginning with a certain num- 
ber are all equal to unity, then G is isomorphic with K. Otherwise, the group 
G has a rather complicated structure. This structure will be clarified in the 
sections that follow. 

We note also that the set of all possible groups G obtained for different 
choices of s» coincides with the set of all groups X given in example 53. 

■ Example 58. Let 

(9) Gi, Gt, • • ■ , G n , ■ • • 

be a sequence of finite groups and gi, gi, ■ • ■ , g n , • • a sequence of homomor- 

phisms, where g n is a homomorphism of the group G n +i on the group G n - Then 
the limit of the sequence (9) is a O-dimensional group (see Definition 39). 

In fact let N n be the normal subgroup of the group G defined in remark A). 
Then the factor group G/N n is finite, and therefore the set containing only its 
identity is an open set, and hence N n , being a complete inverse image of this 
open set in the group G, is itself an open set in G. Since by A) there exists an 
arbitrarily small subgroup of the type N n , the group G is O-dimensional (see 
§ 22 , 0 ). 



§44] AUXILIARY TOPOLOGICAL CONCEPTS 209 

Conversely, every 0-dimensional compact topological group can be obtained 
as a limit of a sequence of finite groups (see §22, E)). 

44. Auxiliary Topological Concepts 

We define in this section two auxiliary topological concepts : dimension and 
local connectedness. They will be used in the near future in order to impose 
further restrictions on general topological groups. 

A) Let R be a compact regular topological space satisfying the second axiom 
of countability (see Definitions 19, 17, and 18). We shall say that there exists 
a finite covering (2 of the space R by open sets if there exists a finite system 
Q = { Uu • • • , U n } of open sets whose sum contains R. Analogously we 
shall say that there exists a finite covering A of the space R by closed sets if there 
exists a finite system A = {Fi, • ■ ■ , F m } of closed sets whose sum contains R. 
If for every F, e A there exists an open set U, e 12 such that F* c I/,-, we shall 
say that A is a refinement of 12 and write A c 12. We shall say that the covering 
A has the multiplicity k if the system A has at most k sets having a common 
point. 

Using the above terminology, we give a definition of the dimension of a space. 

Definition 40. A compact regular space R has a finite dimension r if the 
following conditions are satisfied: 

1) For every finite covering 12 of the space R by open sets, there exists a 
finite covering A of the space R by closed sets such that AC 12 and the multi- 
plicity of the covering A does not exceed r + 1 (see A)). 

2) There exists a finite covering 12 of the space R by open sets such that if A 
is a covering of the space R by closed sets which is a refinement of 12, then the 
multiplicity of A exceeds r. 

In case there exists no r satisfying the above conditions, we say the dimen- 
sion of the space R is infinite . 

The above definition of dimension is justified in the first place by the follow- 
ing proposition B), whose proof is not given because of its complexity. 

B) If R is a cube of an n-dimensional Euclidean space, then the dimension 
of the space R (see Definition 40) is equal to n (see [2] and [3]). 

I give here without proof another property of the concept of dimension. 

C) If the space R decomposes into a sum of a finite number of closed subsets 
R h . • • , R k} then the dimension of the space R is equal to .the maximum of the 

dimensions of the spaces R%, i = 1, • • , k. 

In considering the dimension of the space of a topological group, we can re- 
state the definition of dimension in a way better suited to our purposes. 

D) Let G be a compact topological group satisfying the second axiom of 
countability, and V a neighborhood of the identity in the group G. We shall 
say that the finite covering A = { Fi, • • , F m } of the space 0 by closed sets 
is a V-covering if F,Ff 1 c V, i - 1, • • • , m. Then the dimension r of the space 
G is defined by the following conditions: 
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a) For every neighborhood 7 of the identity of the group G there exists a 
finite 7-covering of the space G by closed sets whose multiplicity does not ex- 
ceed r + 1. 

b) There exists a neighborhood 7 of the identity of the group G such that 

every finite 7-covering of the space G by closed sets has a multiplicity greater 
than r. • 

In case there exists no finite number r satisfying conditions a) and b) ; the 
dimension of the space G is said to be infinite. 

We proceed to prove proposition D). 

We suppose that the dimension of the space G is equal to r, and show that for 
every neighborhood 7 of the identity there exists a 7-covering of multiplicity 

r + 1. 

Let IT be a neighborhood of the identity such that IHf" 1 c 7 . The set 
of all regions Wx, where xeG, covers the group G; hence by Theorem 7 we 
can select from this covering a finite covering = { Wa h • • • , Wa n }. Since 
the dimension of the space G is equal to r by assumption, there exists a finite 
covering A = {F\ } • • • , of the space G by closed sets such that A® Q, 
and such that its multiplicity does not exceed r + 1. Since every F x is con- 
tained in some region Wa if it follows that F X F^ 1 c WW~ l c 7. Hence A is a 
7-covering whose multiplicity does not exceed r + 1. 

Let us now suppose that the dimension of G is r, where r may be infinite. 
We then show that for every finite s ;g r there exists a neighborhood 7 of the 
identity such that every 7-covering of the space G has a multiplicity which 
exceeds s. The case of a < r is only of interest for r — oo . 

Let - { Ui, • • • , U n } be a finite covering of the space G by open sets such 
that every covering A which is a refinement of 0 has a multiplicity which is 
greater than $ (see Definition 40). For every point xeG there exists a num- 
that x e Uk- We denote by V x a neighborhood of the point x such 
that 7*c Uk . We select from the covering of the space G by open sets 7* the 
finite covering 

(!) • • • , V H . 

The covering (1) possesses the property that for every open set 7*. there exists 
an open set [/, such that V Xi c [/,. Let U,. The set EjV ; { ] 1 is a com- 

pact set which does not contain the identity, and therefore there exists a neigh- 
borhood of the identity 7 which does not intersect any of the sets E f V^ 1 . 
Suppose now that there exists a finite 7-covering A ■» { Fi t • • • , F m } by closed 
sets whose multiplicity is s. We shall show that this is impossible; in fact we 
shall show that AC (3. 

Since (1) forms a covering of the space G, there exists for every F k a number i 
such that F \ and 7* { intersect. It can readily be seen that in this case F k can- 
not intersect E h since EjV~ l does not intersect 7, and F k F* 1 c 7. Hence 
F*c Uh i.e., A c Q, and therefore by assumption the dimension of the covering 
A exceeds a. 
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Hence proposition D) is completely proved. 

E) Let G be a compact topological group satisfying the second axiom of 
countability. If the group G is O-dimensional (see §22, B)), it is of dimension 
zero (see Definition 40) and conversely if the group G is of dimension zero, then 
it is 0-dimensional. 

Let F be an arbitrary neighborhood of the identity in the group G. If the 
group G is 0-dimensional, then there exists an open normal subgroup N such 
that NcV (see §22, E)). We denote by 

(2) A \ , • • * f A. m 

the cosets of G by the normal subgroup N. From remark E) of §22 there are 
just a finite number of such cosets. It can readily be seen that the system of 
sets (2) forms a finite F-covering of the space G by closed sets, having the mul- 
tiplicity one. Hence the dimension of the space G is zero. 

Let us now suppose, conversely, that G is of dimension zero. Suppose that 
G contains a connected closed set S , containing the identity and an element 
a 5 * e. We shall show that this is impossible. 

Let F be a neighborhood of the identity in the group G which does not con- 
tain the element a. Since the dimension of G is zero, there exists a finite 
F-covering A of the space G by closed non-intersecting sets. We denote by F 
that set of the system A which contains e, and by E the sum of all the other 
sets of the system. Let A = S n F, and B = S n E. It can readily be seen 
that the sets A and B are not empty and do not intersect; further, they are 
closed. Hence S is not connected and we have arrived at a contradiction. 
This proves E). 

F) Let G be a compact topological group satisfying the second axiom of 
countability and of dimension r ^ oo . Let $ be a finite number not exceeding 
r. Then there exists a neighborhood U of the identity such that if a normal 
subgroup N of the group G is in U, then the factor group G/N is of dimension 
not less than $. 

We denote by F a neighborhood of the identity of the group G such that 
every finite F-covering of the space G by closed sets has a multiplicity which 
exceeds s. Let U , furthermore, be a neighborhood of the identity of the group 
G such that U 2 c F. Suppose that N is a normal subgroup of the group G con- 
tained in U } N c U, and let G/N — G'. We denote by g the natural homo- 
morphic mapping of the group G on the group G'. Let g(U) = U\ It is easy 
to see that the complete inverse image g~ l (lJ') of the set U* under the mapping 
g is contained in F, g~ l (U f ) c F. 

Suppose the dimension of the group G f does not exceed s — 1 ; we shall show 
that this is impossible. 

Let A' = { F' v • • , F ' m } be a finite U '-covering of the space G' by closed sets 
whose multiplicity does not exceed s (see D)). We denote by Fi the complete 
inverse image in G of the set F t . It can readily be seen that A = { F l} • • * , F*} 
is a finite F-covering of the space G by closed sets whose multiplicity is equal to 
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the multiplicity of the covering A f . But this contradicts our original assump- 
tion about V. This proves F). 

G) Let G be a compact Lie group of dimension r (see Definition 38) . Then 
the dimension of the group <?, in the sense of Definition 40, is also r. 

Since G has the dimension r in the sense of Definition's, there exists a neigh- 
borhood U of the identity of the group G such that U is homeomorphic with 
an r-dimensional cube. The whole group G can easily be represented as the 
sum of a finite number of subsets of the form Ux . In this way by remarks B) 
and C) the dimension of the space G is r in the sense of Definition 40 as well. 

Definition 41. Let R be a compact regular topological space satisfying the 
second axiom of countability. The space R is called locally connected if for 
every point a and neighborhood U of a there exists a neighborhood V c U of a 
such that for every xtV,U contains a connected set containing both a and x . 

H) It can readily be seen that every compact Lie group is locally connected. 

45. Compact Topological Groups of Finite Dimension 

We investigate in this section compact topological groups satisfying the sec- 
ond axiom of countability which have a finite dimension. A positive solution 
of Hilbert's fifth problem will be given here for compact groups on the basis 
of this investigation (see Theorem 57). 

A) Let G and H be two Lie groups (see Definition 38) and let / be a homo- 
morphic mapping of the group H on the group G . Furthermore let x(t), 
|*| a, be a one-parameter subgroup defined in G (see §39, A)). Then H 
contains a one-parameter subgroup y(t) y |*j ^ a, such that f(y(t)) = x(t) for 
\t\ ga, 

To prove this, we introduce canonical coordinates of the first kind in the 
neighborhoods of the identities of the groups G and H (see §39, B)). Then 
the mapping / will be expressed in the neighborhood of the identity in the form 
of a linear mapping (see §42, B)). It follows from this that H contains a 
one-parameter subgroup y'(t) defined for small values of the parameter such 
that f(y f (t)) = x(t ). Extending this subgroup to values of the parameter 
j<| g a we obtain the desired group y(t), \t\ g a. 

B) Let G be the topological group which is the limit of the sequence of com- 
pact Lie groups G u G 2) * • • , G n , • • • having g h g 2f • • • , g n> • • • for homomor- 
phisms (see Definition 39). Furthermore let x\ (t) f | *| ^ a, be a one-parameter 
subgroup defined in (?, and let h x be the homomorphic mapping of the group G 
on the group G\ discussed in remark A), §43. Then G contains a one-parameter 
subgroup x(t), 1 1\ ^ a, such that 

(1) hi(x(t)) - x x (t) for | t\ g a. 

By remark A), G% contains only one one-parameter subgroup x 2 (t), |*| ^ a, 
such that gi(x 2 (t)) « x x (t) for Continuing this process of con- 

struction we obtain an infinite sequence of one-parameter subgroups 
*t(<)» * • • i Xn(t) f * • • where x n (t) 9 |f| < a, is a one-parameter subgroup 
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of the group G n , while g n (x n +i(t)) = x»(t) for |<| ^ a and n = 1, 2, • • • . Let 
x(t) = {*i(0, Mt), • • ■ , x H (l), • • • } (see Definition 39). Then x(t) is an ele- 
ment of the group G which depends on the parameter t, and is defined for all 
values of t which are less than a in absolute value. It can readily be seen that- 
x(t) is a one-parameter subgroup in G which satisfies condition (1). 

Theorem 55. Let Gbea compact topological group of finite dimension r satisfy- 
ing the second axiom of countability. Then G contains a local Lie subgroup L of 
dimension r (see Definition 38 and §23, I)), and a O-dimensional normal sub- 
group Z (see §22, B)) such that U = LZ is a neighborhood of the identity in G, 
arid U decomposes into the direct product of the local subgroup L and the normal 
subgroup Z (see §23, L)). In case G is connected, Z is a central normal subgroup 
of the group G (see §22, D)). 

In greater detail', every element u e U is decomposed uniquely and continuously 
into the product 

(2) u — Iz, where l e L, z e Z, 

and Iz = si. The continuity of the decomposition (2) means that the elements 
l = l(u) and z = z(u), which are defined uniquely by (2), are continuous functions 
of the element u. 

Proof. It follows from Theorem 54 that G may be considered as the limit 
of a sequence of compact Lie groups 

(3) Gi, Gi, • • ■ , G n , • • • 
with homomorphisms 

(4) gi, gt, ■ • ■ , g«, • • • • 

We introduce into the group Gi canonical coordinates D of the second kind 
(see §40, A)), constructing them on the basis of the one-parameter subgroups 

Xi(t), • • • , x',{t), | t\ ^ «• 

We denote by the set of all points of the form 

= Xi(t l ) ■ ■ ■ x'.(f)\ I t k \ < fi, h - 1, • • • , S, fi £ a. 

Let a be a positive number sufficiently small to insure that L a is a region of 
existence of the coordinates D. Let hi be the homomorphic mapping of the 
group G on the group Gi introduced in remark A) of §43. Then it follows from 
B) that G contains a one-parameter subgroup x<(<), M S a, such that 
hi(x,(t)) = x' t (t) for |{| g «, * - 1, • • • , *. We denote by L„ the set of all 
elements of the form 

x — X\(t l ) ■ • ■ x,(t'), | < P k = l, t s, P & a. 

Obviously h(x) = x'. We shall show that the mapping hi is topological on 
the set L a . 
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To every element x' corresponds uniquely an element x. Hence the map- 
ping hi of the set L a on the set L a has a unique inverse mapping and therefore 
the mapping hi itself is one4o-one on the set L a . Furthermore, we have 
L» c L a for j8 < a, and since L$ is compact, the mapping hi, being continuous 
and one-to-one, is topological on L» (see Theorem 8), and this implies that hi is 
topological on the whole set L tt . 

Hence we see that G contains an s-dimensional cube L», and therefore the 
dimension of the group G is not less than s (see §44, C)). Therefore jSr, 
Since it is possible to omit a finite number of members of the sequence (3) with- 
out changing the limit G, it follows that the dimension of every group of the 
sequence (3) does not exceed r. 

We shall show that the dimension of every group (?„ of (3) after a certain n 
is equal to r. 

There exists a neighborhood V of the identity of the group G such that if 
N c V is a normal subgroup of 'the group G, then the dimension of G/N is not 
less than r (see §44, F)). By remark A) of §43, the group (?» is isomorphic 
with the factor group G/N n , where N n + 1 c N„, and the intersection of the groups 
Ni, Nt, ■ ■ ■ , N n , • • • contains only the identity. Hence after a certain n, 
N B c V, i.e., the dimension of the group G„ is not less than r. Therefore, after 
a certain n the dimension of the groups G n in the sequence (3) is equal to r. 

We shall therefore say that all the groups of the sequence (3) are of dimen- 
sion r since the omission of the first few members of this sequence does not 
change the limit G. In particular the local Lie group is of dimension r, 
8 * r. 

We denote by Z the kernel of the homomorphism hi, and show that Z is a 
O-dimensional group, and that if G is connected, then Z belongs to the center. 

We denote by Z% the totality of all the elements of the group (?j which go 
into the identity under the homomorphism g it and by Z% the totality of all 
the elements which go into Z 2 under the homomorphism g 2 , and, in general, 
by Z„+i the totality of all the elements which go into Z n under the homomor- 
phism g„. Since the dimension of all the groups in (3) is r, and since Z„ is the 
kernel of the homomorphism of the group G n on Gi obtained through the homo- 
morphisms g K -i, •••,{&, gi, it follows that Z„ has dimension zero (see Theorem 
51) and therefore all the groups Z„ are finite, being compact Lie groups of di- 
mension zero (see Theorem 50). We also note that Z n is a normal subgroup 
of the group G n (see Theorem 12) and hence Z„ belongs to the center if it 
is connected (see Theorem 16) . But if G is connected, (?« is also connected, 
since G„ is a homomorphic image of the group G (see §43, A)). Hence Z H be- 
longs to the center if G is connected. It is not hard to see that the groups 
Zt, Z», • • • , Z n , ■ ■ • with homomorphisms g%, g%,.- ■ • , g n , ■ • • have as their 
limit the group Z, and therefore Z is 0-dimensional (see Example 58). In case 
Q is connected Z belongs to the center, since, as is easy to verify, the limit of a 
sequence of central normal subgroups is itself a central normal subgroup. 

We denote by Ut the complete inverse image of the neighborhood L’ fi under 
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the homomorphism h x . Then Up is a neighborhood of the identity in (?. We 
shall show that Up — LpZ, where every element u e Up decomposes uniquely 
into the product 

(5) u = Iz, l £ Lp, z e Z. 

If uz Up, then hi(u) e L' 0 and therefore there exists an element l e Lp such 
that hi(u) = Ai(i). Then we have hi(l~ l u) = e, i.e., Z _1 u - 2 ? e Z. Hence 
u = Iz. If, moreover, w = ZV with V e and z' e Z, then /ii(w) — Ai(Z) = hi(V), 
and hence l = V, since the mapping Ai is one-to-one on L^. Hence V - Z, 
z f — z and the decomposition (5) is established. 

We shall now show that the decomposition (5) is continuous, i.e., the ele- 
ments l = l(u) and z = z(u) are defined uniquely by (5) and are continuous 
functions of the element u . 

For p < a we have Up c [7 a and therefore the decomposition (5) is unique for 
all elements of the set Up. In this way the set Up is a unique and continuous 
image of the topological product of the spaces Lp and Z (see Definitional). 
Since this topological product is compact (see §15, E)), it follows that Up is 
simply homeomorphic to the topological product of the spaces Lp and Z (see 
Theorem 8). This proves the continuity of the decomposition (5). 

We shall show next that for a sufficiently small y, L y = L is a local Lie group, 
and hi is an isomorphic mapping of the local Lie group L y on the local group L\. 

Since the mapping hi is homeomorphic and homomorphic on Lp, it is suffi- 
cient to select y ^ P in such a way that for a e L y , b e L y , and ab e U y we have 
ab e L y . Let y be sufficiently small so that L y c Up. Then the function z(u) 
is defined on L' y . Since z(L *) c Z is connected and contains the identity, and 
since Z is O-dimensional, it follows that Z(L 2 y ) = {e} , i.e., ab e L y . 

We shall finally show that every element of the group Z commutes with 
every element of the group L y . 

Let z £ Z. We are to show that lzl~ l = z for l e L y . We shall move Z con- 
tinuously in the interior of L y towards the identity. Since Z is a normal sub- 
group, IzU 1 always belongs to Z, and therefore describes a continuous curve 
in Z. Since Z is O-dimensional, we have lzl~ l = z . Hence Theorem 55 is com- 
pletely established. 

Theorem 56. Let G be a compact topological group satisfying the second axiom 
of countability. If G is locally connected (see Definition 41) and is of finite di - 
mension , it is a Lie group. 

Proof. Let U be the neighborhood of the identity defined in Theorem 55. 
If Z is a finite group, then L is a neighborhood in G, and since L is a local Lie 
group, G is also a Lie group. We shall show that in case the group Z is infinite, 
G is not locally connected. 

Suppose that G is locally connected. Then there exists a neighborhood 
V c U of the identity e of the group G such that if xzV, then there exists a 
connected set ScU which contains both x and e. Since Z is infinite by as- 
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sumption, and is also compact, there exists a point x e Z n V distinct from the 
identity. Let S c U be a connected set containing the points a: and e. We 
associate with every point u = Iz e S, where l e L and 2 e Z, a point 2 = z(u). 
The mapping z(u) is continuous, and therefore the set z(S) is a connected set 
containing the points e and x. But this is impossible since Z is O-dimensional 
and z(S) c Z, while This proves Theorem 56. 

As a consequence of Theorem 56 we prove the following proposition. 

Theorem 57. Let Gbea compact topological group satisfying the second axiom 
of countability. If there exists a neighborhood V of the identity of the group G 
which is homeomorphic with a Euclidean space then G is a Lie group. 

Proof. It follows from the fact that the neighborhood V is homeomorphic 
with the Euclidean space that G is of finite dimension and is locally connected. 
Hence G is a Lie group by Theorem 56. 

Example 59. Let G be a connected compact topological group of finite di- 
mension satisfying the second axiom of countability, and let L be a local Lie 
group of the sort defined in Theorem 55. We denote by G' the set of all the 
elements of G which can be represented in the form of finite products of ele- 
ments belonging to L. Then G' is a subgroup of the abstract group G. It is 
not hard to see that G' is a homomorphic image of some Lie group G*, i.e., 
G' = /(<?*), where / is a one-to-one mapping, which, however, is continuous 
in one direction only. Moreover it turns out that the set G' is everywhere 
dense in G. 



CHAPTER VIII 

LOCALLY ISOMORPHIC GROUPS 

We shall develop in this chapter the results of Schreier (see [31 ] and [32]) 
concerning the connection in the large between locally isomorphic groups (see 
Definition 30). We have already considered this question in Theorem 18. 
Here we shall obtain deeper results by narrowing down the class of groups 
under consideration. It will be shown that from the totality of all groups 
locally isomorphic with a given group G a certain group G*, which is called the 
universal covering group, is naturally singled out. Moreover, every group 
which is locally isomorphic with the group G* can be obtained as a factor 
group G*/N t where N is a discrete normal subgroup of the group G*. The 
construction of a universal covering group is based on a process applicable not 
only to topological groups, but to a wider class of topological spaces. In the 
construction of a universal covering group we run across the important topolog- 
ical concept, due to Poincar6, of the fundamental group. 

One should not think that Schreier’s results reduce completely the study of a 
topological group to its local properties. His results only give a method of 
constructing all groups locally isomorphic with a given group. The study of 
the properties of this given group, however, cannot be reduced to the study of 
its local properties. We shall meet this sitation in the next chapter. 

It should be noted that the results of this chapter belong to Schreier only 
in the sense that he has organized and formulated them. The concepts which 
we shall discuss here have been used independently by Weyl (see [35]) and 
others. 

46. Fundamental Group. Covering Space 

We shall consider here some purely topological concepts which, because of 
their generality, we shall not restrict to topological groups. 

A) We say that the topological space R contains a path or a curve l if in it 
is defined a function /(f) of a real parameter f, 0 t ^ 1, which associates with 
every number f, 0 ^ t 1, a definite point /(f) in the space R. The point /(0) 
is called the beginning of the path l , and the point /( 1), its end. The path l con- 
nects the points 0 and 1 in the space R. The path l is called a null or identity 
path if the function f(t) is a constant. Let the opposite or inverse path to the 
given path l, denoted by lr l , be given by the function /(I — t) of the parameter 
t. If two paths k and l are given by the functions /(f) and g(t) such that the end 
of the first path coincides with the beginning of the second path, i.e.,/(l) = g( 0), 
then we can define the product kl of the paths k and l as follows. The product 
kl is defined by the function h(t) which is defined by h(t) * /(2f) for 0 t & i, 
and h{t) ^ g(2t — 1) for % t £ 1. Let l be called closed if its beginning and 
end coincide. 


217 



218 


LOCALLY ISOMORPHIC GROUPS 


[CH. VIII 


One should not think that the totality of all paths given in the space G 
forms a group. First, multiplication is not always possible. Moreover, the 
product does not satisfy the associative law, and the product of the path Z by 
its inverse l~ l is not a null path; nor is the product of the path Z by a null path 
the path Z , but rather something new. Because of this the paths themselves 
will not interest us a great deal. What will be important for our purposes are 
the classes of equivalent or homotopic paths. Certain totalities of these classes 
also form a group, namely the fundamental group. 

B) Two paths k and Z in the space R are called homotopic or equivalent , de- 
noted by k ~ Z, if there exists a continuous deformation of the path k which 
does not displace the beginning and end points of k and changes k into Z. This 
definition can be expressed more fully as follows: Let/(Z) and g(t) be the func- 
tions which define the paths k and l. The paths k and Z are called equivalent 
if there exists a function <p(s, Z), continuous simultaneously in both its real 
parameters s and Z, 0 ^ t ^ 1, 0 ^ s ^ 1, and such that <p(0, t) = /(Z), 
*(1, 0 - ff(0, v(s, 0) - /( 0) - 0(0), *(«, 1) = /( 1) = 0(1). 

A closed path Z is called homotopic or equivalent to zero , Z ~ 0, if the path Z 
is equivalent to a null path. 

It is not difficult to see that the concept of equivalence which we have intro- 
duced here is reflexive, i.e., Z ~ Z, symmetric, i.e., if k ~ Z, then Z ~ k y and transi- 
tive, i.e., if A; ~ Z, and Z ~ m, then k ~ m. It is also not hard to see that if 
k ~k' and Z ~ Z', and if the product kl is defined, then the product kT is also 


defined and 


(1) 

kT ~ kl; 

moreover 


(10 

k- 1 ~ k'-y 


C) Let k be an arbitrary path, Z a null path, and let the product kl be defined. 
Then kl ~ k. 

This proposition is obvious but I shall give here a formal proof. 

Let /(Z) be the function which defines the path k . We define the func- 
tion <p(s f t) as follows; ^>(s, t) = /(2Z/(1 + s)) for 0 g t £ (1 + s)/ 2, and 
<p(s, t) — /(l) for (1 + s)/2 g t g 1. It can be checked readily that the 
function #>(«, t) defines a continuous deformation of the path kl into the path k 
(see B)). Hence kl ~ k . 

D) If k 9 Z, and m are three paths such that the products kl and Im are de- 
fined, then (fcZ)m ~ k(lm). 

To prove this let /(Z), 0(Z), and h(t) be the three functions which define the 
paths ky ly and m. Then the function <p(8y t) is defined as follows; 

*(«, t) - /(4Z/(1 + s))y for 0 g Z S (1 + •)/ 4 

<p(8y t) - 0(4Z -l - s)> for (1 + s )/ 4 £ Z S (2 + «)/ 4 

*(«. t) - Ml - 4(1 - Z)/(2 - s)) 9 for (2 + «)/4 IZgl. 
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It can readily be verified that the function <p(s, <) performs the continuous de- 
formation of the path (kl)m into the path k(lm). 

E) Let k and l be two paths such that the product kl~ l exists and the path 
kl~ l is closed. Then the relations 

(2) k ~ l 
and 

(3) kl~ l ~ 0 
follow one from the other. 

We shall show first that (3) follows from (2). First, since k ~ l, it follows 
from (1) that kt~ l ~ H -1 and it is sufficient to show that ll -1 ~ 0. Let g(t) 
be the function which defines l. The function t) we define as follows: 
<p(«, t) = g(2t(l - s)), for 0 g t £ 1/2, and <p(s, t) = g( 2(1 - 0(1 - s)) for 
1/2 ^ f ^ 1. It can readily be checked that the function <p(s, t) performs the 
deformation of the path U~ l into a null path. 

Suppose now that (3) holds. This means that there exists a function f(s, t) 
which deforms the path kl~ l into a null path. Denoting by /(<) the function 
which defines the curve k, we have f(0, 1) = f(2t) for 0 ^ t ^ 1/2, and 
iKO, <) = g(2 — 21) for 1/2 ^ 1 S 1. Furthermore ^(s, 0) = iKl, t) = 1) 

- m = g(o). 

We shall give a geometric interpretation of these equations. We shall con- 
sider a square Q in the plane s, t, which is defined by the inequalities : 0 ^ 8 ^ 1, 
0 g 1 ^ 1. The function <p(s, t) gives a continuous mapping of this square on 
the space R under consideration. Under this mapping, as is clear from the 
above relations, three sides of the square Q go into one point /( 0) = 0(0), 
namely the sides 

(0, 0) - (1, 0); (1, 0) - (1, 1); (1, 1) - (0, 1). 

The remaining side (0, 0) — (0, 1) goes into the curve kl~ l , or more exactly, its 
segment (0, 0) - (0, 1/2) goes into k, while the segment (0, 1) - (0, 1/2) goes 
into l. Geometrically it is obvious that inside the square Q it is possible by 
means of a continuous deformation to change the segment (0, 0) — (0, 1/2) 
into the segment (0, 1) - (0, 1/2) so that the vertex (0, 1/2) remains station- 
ary, while the vertex (0, 0) moves along the sides of the square which map into 
the point /( 0) = 0(0). It is clear that if we map this deformation by means 
of the function \p(s, t) in R we get the deformation of the path k into the path l. 
This proves E). 

F) In this chapter we shall call a topological space connected if any two of 
its points can be joined by a curve (see A)). 

Definition 42. Let R be a connected topological space (see F)) and p one 
of its points. We denote by P the totality of closed paths in R which begin 
at p. We divide the set P into classes, putting in each class all the paths which 
are equivalent (see B)). The set of all the classes thus obtained we denote 
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by <?, and we define the group operation in G as follows: Let A and B be 
two elements of the set G. We denote by a a path of the class A, and by b a 
path of the class B. The paths a and b can be multiplied (see A)), since they 
begin and end in p. Let c = ab. We denote by C that class of paths which 
contains c. It follows from (1) that the class C is uniquely defined by the 
classes A and B. We define the product AS by setting AB - C. The group 
G thus obtained does not depend on the choice of the point p, is a topological 
invariant of the space R, and is called the fundamental group of this space. 

It is not hard to see that the operation of multiplication which we have de- 
fined in G satisfies all the conditions of Definition 1. The associativity follows 
from D). The identity of the group G is the class composed of all the paths of 
the set P which are homotopic to zero (see C)). Finally if A is an element of 
the set G, then A -1 is defined as the class composed of all the paths opposite 
to the paths of class A (see (1') and E)). 

We shall now show that the fundamental group G of the space R does not 
depend on the choice of the point p. Let p' be another point, and let G' be the 
fundamental group constructed on the basis of the point p' in the same way 
as G was constructed from p. We shall show that G and G' are isomorphic. 

Let l be a path from the point p' to the point p; such a path exists since R 
is connected by assumption (see F)). Let A be an arbitrary element of the 
group G, and a a path of class A. Let a' = lal~\ and let A' be the class con- 
taining a'. It follows from (1) and (1') that the class A' is uniquely deter- 
mined by the class A, i.e., it does not depend on the choice of the path a of the 
class A (of course, it is supposed that l is fixed). Let A' = <p{A). We can 
then show that <p is an isomorphic mapping of the group G on the group G'. 
We show first of all that the mapping <p is one-to-one. To do this consider the 
path l~ l a'l. It is not hard to see that the path l~ l a'l = l~ l lal~ l l is homotopic 
to the path a (see C), E) and (1), (1')). Hence the class A in turn is uniquely 
defined by the class A ' and the mapping <p is one-to-one. Because of the com- 
plete symmetry of the roles played in this investigation by G and G' , the map- 
ping <p is a mapping on the whole group G'. It can readily be shown that </> 
preserves the law of multiplication. In fact let A and B be two elements of 
the set G, and let a be a path in A and b a path in the class B. Let o' = lal~ l , 
b' = lbl~ l , c = ab. It follows from C), E), and (1) that the paths a'b' and 
lcl~ l are equivalent, and this means that <p (AB) = <p(A)<p{B). Hence the iso- 
morphism between the group G and G' is established. 

We should note that the isomorphic mapping <p which we have just con- 
structed depends on the choice of the path l. Hence <p is not defined uniquely. 
In particular if the points p and p' coincide, then our construction can still be 
carried out, if we take for l some closed path which begins and ends in the point 
p. The isomorphism p thus obtained will be an automorphism of the group <?, 
and can easily be shown to be an inner automorphism (see §3, B)). 

G) A connected space R is called simply connected if its fundamental group 
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contains only the identity. This condition expresses the fact that every closed 
path defined in R is homotopic to zero. 

H) A space R is called locally simply connected, if for every point p and neigh- 
borhood V of p there exists a neighborhood V c U of the same point such that 
any closed curve beginning at p, and contained in V is homotopic to zero in U. 

I) We shall call a space R locally connected in this chapter if for every point p 
and neighborhood U of p there exists a neighborhood V c U of the same point p 
such that for x e V there exists a curve in U which connects the points p and x. 

It can readily be seen that from the above definition of local connectedness, 
and from the condition of connectedness in the sense of Definition A) of §11 
follows connectedness in the sense of Definition F). We shall not make use of 
this fact, however. 

Definition 43. Let R be a connected, locally connected, locally simply con- 
nected space, and let p be one of its points (see F), I), and H)). Let Q be the 
set of all the paths of the space R which begin at p. We divide the set Q into 
classes, putting in each class the totality of all equivalent paths, We denote 
the set of classes thus obtained by S. We note that there exists a natural 
mapping <p of the set S on the space R. In fact if A e S, then all the paths 
which belong to the class A end in the same point a, and we write a = <p(A). 
We now introduce a topology into S, by defining an arbitrary neighborhood U* 
of the topological space S in terms of a certain neighborhood U of the space R 
and a certain path l e Q, which ends in U. Let x be an arbitrary path in U 
whose beginning coincides with the end of the path l. Let y ~ lx, and let Y be 
the totality of all the paths equivalent to the path y. We denote by U * the set 
of all classes Y obtained from all possible choices of x in U. It is not hard to 
see that the set U* will not change if the path l is replaced by the path V e A, 
where A e U*. The totality of all neighborhoods of the type U* obtained by 
an arbitrary choice of a neighborhood U and a path l forms by definition a com- 
plete system 2* of neighborhoods of the space S. The space S is called a cover- 
ing space for the space R, or more precisely the universal covering space for R. 

We shall show that the complete system 2* of neighborhoods of the space S 
which was constructed in Definition 43 satisfies all the conditions of Theorem 3 
and therefore S is really a topological space. 

Let A and B be two distinct points of the space S. We shall show that there 
exists a neighborhood U* of the point A which does not contain the point B. 
We distinguish two cases: a) Let <p(A) ¥■ <p(B). Then we define the neighbor- 
hood U* by means of a certain neighborhood U of the point <p(A), which does 
not contain the point <p(B), and by means of a path l e A. It can readily be 
seen that with this choice of U, the set <p(U*) does not contain the point <p(B) 
and therefore U* does not contain B. b) Let now <p(A) = <p(B) = a. Since R 
is locally simply connected, there exists a neighborhood U of a such that every 
closed path beginning at a and going through U is homotopic to zero in the 
space R. We now define the neighborhood U* by means of a neighborhood 
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UcR, and a path It A. Suppose that B t U*. This means that U contains 
a path x beginning at a such that lx t B , but then the end of the path lx coin- 
cides with the point a, i.e. the path x is closed. Because of the construction of 
the neighborhood U the path x is homotopic to zero in R and therefore lx ~ l , 
i.e., A = B, which contradicts A ^ B. 

Let now U* and V * be two neighborhoods of the point A c S. We shall show 
that there exists a neighborhood W* of the point A which is contained in the 
intersection U* n 7*. Suppose that the neighborhoods U* and V * are defined 
by the neighborhoods U and 7 of R. We can use the path lei as the path 
defining both the neighborhoods U* and 7*, since AtU* and A t 7*. Since 
the end of the path l lies in the intersection of the neighborhoods U and 7 there 
exists a neighborhood T7 of the end of the path l such that W c U n 7. We 
define the neighborhood 17* by means of the neighborhood 17 and the path l. 
Then it is easily seen that 17* c [7* n 7*. 

Hence S is a topological space. 

Theorem 58. The natural mapping <p of the covering space S on the space R 
(see Definition 43) is a continuous open mapping ( see Definition 15 and §18, C)). 
Moreover , the mapping <p is a locally homeomorphic mapping i.e. } for every point 
A e S there exists a neighborhood U* such that the mapping <p is homeomorphic 
on the neighborhood U* (see Definition 14). 

Proof. We first establish the continuity of the mapping <p. Let A eS and 
ip(A) = a. We denote by U an arbitrary neighborhood of the point a. We 
define the neighborhood U* of the point A by means of the neighborhood U 
and the path It A. Obviously <?([/*) c U. Hence the mapping <p is continu- 
ous. 

We show next that <p is an open mapping. Let A be a point of the space 
S and 17* a neighborhood of A . Suppose (7* is defined by the neighborhood (7 
and the path It A. Since the space R is by assumption locally connected, 
there exists a neighborhood 7 of the point a = <p(A) such that for x t V there 
exists a path in TJ which begins at a and ends at x. It follows from this choice 
of the neighborhood 7 that <p(U*) 3 7. Hence <p is an open mapping. 

We shall show that the mapping <p is locally homeomorphic. Let A t S, and 
<p(A) *= a. Since the space R is locally simply connected there exists a neigh- 
borhood U of the point a such that every closed path beginning at a and con- 
tained in U is homotopic to zero in the space R . We now define a neighborhood 
U* of the point A by means of the neighborhood U and a path It A. We shall 
show that the mapping *p is one-to-one on the set 17*. Suppose there exist two 
different points Y and Y f of the set U * such that <p{Y) = <p(Y'). This means 
that U contains two paths x and x f beginning at a such that lx t 7, lx f t Y' 
and such that the ends of these paths coincide. Then the path x'x~ l is a closed 
path beginning at a and contained in (7, and is therefore homotopic to zero in 
R; hence lx~lx' (see E) and (1)). It follows from the last relation that 
Y * Y\ Hence we have arrived at a contradiction and the mapping <p is one- 
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to-one on U*. Since the mapping <p is thus continuous, open, and one-to-one, 
it follows that it is homeomorphic on U*. This proves Theorem 68. 

In the process of proof of Theorem 58 we made use of the local connectedness 
and the local simple connectedness of the space R . The connectness of the 
space R is used when we suppose that <p is a mapping on the whole space J?. 

J) Let l be a curve in the space R with a fixed beginning p, which depends 
on one or several parameters, say l — l(s). We denote by F(s) that element of 
the covering space S (see Definition 43) which considered as a class of curves, 
contains the curve l(s). If the curve l(s ) depends continuously on the parame- 
ter 8, then the element F(s) also depends continuously on s in the space S. 

Let f(Sj t) be the function which defines the curve l(s) for a fixed s. The 
point /(s, 1) is the end of the curve l(s) and depends continuously on the 
parameter s. Let a be some value of the parameter s and let U* be a neighbor- 
hood of the point F(a). We can suppose that U* is defined by some neighbor- 
hood U c R and by the curve 1(a). Let € be a sufficiently small positive num- 
ber so that for | s - a\ < ewe ha ve/(s, 1) e U. We shall show then that for 
\a' — a\ < e we have F(a') e U*. We introduce the curve k(s), which de- 
pends continuously on the parameter s, and which is defined by the following 
function of t: f(s + (a' — s)t, 1). It can readily be seen that the beginning 
of the curve k(s) coincides with the end of the curve l(s), and therefore the prod- 
uct l(s)k(s ) — m(s) is defined. The curve m(s) depends continuously on the 
parameter 8 and has fixed end points: therefore m(a) ~ m(a'). Furthermore 
k(a f ) is a null path and therefore m(a f ) ~ l(a'). Hence m(a) ~ l(a f ). But 
k(a) is a path contained in JJ. Therefore F(a') e U*. Hence the element F(s) 
depends continuously on the parameter s. The case involving several parame- 
ters can be similarly disposed of. 

K) The covering space S of the space R (see Definition 43) is connected, 
locally connected, and locally simply connected. 

It follows from Theorem 58 that the spaces R and S are locally homeomor- 
phic; therefore all the local properties of the space R are automatically true for 
the space S. 

We shall show that S is connected. Let A e S and let P be that point of the 
space S which considered as a class of paths contains a null path. To prove 
that S is connected, it is sufficient to show that the point A can be connected 
by a curve to the point P, since A is an arbitrary point while P is fixed. Let 
l e A, and let f(t) be the function which defines the path l Let us consider 
the family of paths which depend on the parameter 8, and which are defined 
by the function f(8t). For a fixed s, 0 ^ s ^ 1, this function defines a path l(s ) 
in the space R, with Z(0) e P, and 1(1) = leA. We denote by A(s) the class 
of paths which contains the path l(s). A(s) is a point of the space S which 
depends continuously on the parameter s (see J)). Hence A(s) defines in the 
space S a path which connects the point P to the point A. 

The following theorem states the fundamental property of the universal 
covering space. 
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Theorem 59. The universal covering space 8 of a topological space R (see 
Definition 43) is always simply connected (see G)). 

Proof. Let us denote by P that element of the space S which considered 
as a class of paths contains a null path. We shall show that a closed curve L 
in the space S which begins at the point P is homotopic to zero in S . 

Let Fit) be the function which defines the curve L, and let/(<) = <p(F(t)) f 
where (p is the natural mapping of the space S on the space R (see Definition 
43). The function f(st) defines for a fixed s, 0 ^ s S 1, a certain path l(s) 
which begins at p (see Definition 43) and depends continuously on s, We de- 
note by F'(s) that element of the space S } which considered as a class of paths 
contains the path l(s). We shall then show that 

(6) F'(s) = F(s). 

It can readily be seen first of all that 

<p(F'(s)) - <p(F(s)). 

For s = 0, the equation (6) is obvious. If now equation (6) is true for all 
values of s < <r, then it is true for s = <r, since F(s) and F'(s) are continuous 
functions of the parameter s (see J)). Furthermore, if equation (6) holds for 
s = <r, then for a sufficiently small h } it also holds for s = a + h. In fact let U* 
be that neighborhood of the point F'(<r) = F(<r) for which the mapping <p is 
one-to-one (see Theorem 58). Then for a sufficiently small h we have 
F'(<r + h) e U *, F{<r + k) e U*. But in view of the fact that the mapping <p 
is one-to-one, and because of equation (7), F'(<r + h) = F(a + h). Hence 
equation (6) is true for all values of s, 0 ^ s g 1. 

Since the curve L is closed, F( 1) = P and therefore (see (6)) l( 1) is a curve 
which is homotopic to zero. Let Z($, t) be the function which exhibits the 
homotopy to zero of the curve 1(1) (see B)). The function <p(s , rt) for s and r 
fixed defines a curve l(s, r) which depends continuously on the parameters s 
and r. We denote by $($, r) that element of the space S which considered 
as a class of paths contains the curve l(s, r). The point $($, r) depends con- 
tinuously on the parameters s and r (see J)). It is not hard to see that the 
function <f>(s, 0 realizes the homotopy to zero of the curve L. This proves the 
theorem. 

Theorem 60. Let R and S he two connected topological spaces (see F)). We 
denote by T their topological product (see Definition 21). Then the space T is 
connected and its fundamental group is isomorphic with the direct product of the 
fundamental groups of the spaces R and 8 (see Definition 10'). Hence , in par- 
ticular , the topological product of two simply connected topological spaces (see G)) 
is simply connected. 

Proof. Let us select a single fixed point from each of the spaces R and 8: 
p e R f q e S. Then (p, q) e T is a definite point of T. Let h be a path in the 
space R which begins at p and is defined by the function f(t), and let l be a 
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path in the space S which begins at q and is defined by the function g(t). 
Then the function (J(t) } g(t)) defines a' certain path in the space T, which we 
shall denote by (k, Z). Then (fc, Z) begins at the point (p, q) and ends at the point 
(/(!)> 0(1))- Since the spaces R and 8 are connected the end points of the 
paths k and Z can be selected arbitrarily, and hence the endpoint of the path 
(k, l) can also be selected arbitrarily so that the point (p, q) can be joined by a 
path with an arbitrary point of the space T. Hence T is connected. 

Obviously every path m of the space T which begins at (p, q) can be repre- 
sented by the pair (fc, Z). It is not hard to verify that if k f ~ k and V ~ Z, then 
(k f , V) ~ {k f Z). The converse is also true i.e., if (&', Z') ~ (fc, Z), then k' ~ k , 
and V ~ Z. If A? and Z are closed, then the path (fc, Z) is also closed, and con- 
versely. Finally if the paths k, Z, k\ V are all closed, then the product 
(jfc, l){k f , V) is equal to ( kk ', IV). 

It follows from what has just been said that every element of the fundamen- 
tal group of the space T is uniquely represented in the form of a pair of elements 
of the fundamental groups of the spaces R and S in such a way that all the 
conditions of Theorem 10' hold. Hence Theorem 60 is proved. 

47. The Universal Covering Group 

In this section we develop the results of Schreier. The main idea consists 
in constructing a covering space for every topological group, and then showing 
that this covering space itself forms a topological group in a natural way. The 
group thus obtained is called the universal covering group of the original group. 

Because the constructions of this section depend entirely on the results of 
the preceding section we must limit ourselves by the followirg conditions: 

A) All the topological groups considered in this section are connected, locally 
connected, and locally simply connected (see §46, F), I), and H)). 

It is not hard to verify that Lie groups (see Definition 38) which are con- 
nected in the ordinary sense (see §11, A)) satisfy the above conditions. There- 
fore the results of this chapter are applicable to connected Lie groups. 

Theorem 61. There exists for every topological group G a simply connected 
topological group G* (see §46, G)) which is locally isomorphic with it, and is such 
that the group G is isomorphic with the factor group G*/N , where N is a discrete 
normal subgroup of the group G *, and the fundamental group of the space G (see 
Definition 42) is isomorphic with the group N. (We suppose here that the group 
G satisfies condition A) ; then the group G* also satisfies the condition A).) 

Proof. We construct the universal covering space G * for the topological 
space G , by taking the identity e of the group G for the fundamental point p 
(see Definition 43). In this way G* is a topological space satisfying conditions 
A) (see §46, K)), and there exists a natural mapping ip of the space G * on the 
space G , which is a continuous open mapping (see Theorem 58). 

We now introduce into G* the group operation of multiplication. Let A and 
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B be any two elements of the set G*. We denote by k a path in the class A, 
and by l a path in the class B. Both these paths begin at the identity e of the 
group G, while we designate the ends of these paths by a and 6. Then 

v(A) = a, <p(B) = b. 

Let g(t) be the function defining the path l (see §46, A)). The function ag{t) 
defines a new path, which we denote by al (here the product ag(t) is taken in 
the sense of the group operation in G). It can be seen readily that 

(1) if l ~ V then al ~ al'. 

The paths k and al can be multiplied since the end of the first coincides with 
the beginning of the second. We denote by C the class of paths which con- 
tains the path m — k(al). The element C is defined uniquely by the classes 
A and B, i.e., it does not depend on the choice of the paths k and l of the classes 
A and B (see (1) and §46, (1)). The product AB is defined by letting AB = C. 
We note that the end of the paths of C is ab and hence 

(2) <p{AB) = <f(AMB). 

We shall show that the operation of multiplication defined on G* satisfies 
all the group axioms. To prove associativity we make use of the obvious fact 
that if k' and V are two paths in G which can be multiplied together, and if 
a' e G, then 

(3) a\kT) = ( a'k')(aT ). 

Now let A, B, and C be three elements of G*. We denote by k, l, and m three 
paths selected from A, B, and C, and denote their ends by a, b, and c. By the 
law of multiplication A ( BC ) is defined as the class which contains the path 

k(a(l(bm))) = n, 

while the product ( AB)C is defined as the class containing 

( k(al))(abm ) = n'. 


From (3) we have 

n = k((al)(abm)). 

Hence n ~ n' (see §46, D)), and multiplication is associative in G*. The 
identity of the group G* is the class E which contains all the paths homotopic 
to aero. To find the element A~ l inverse to the element A, we denote by l 
some path of the class A and by a the end of this path. The class containing 
the path ar l l~ l we denote by B It is not hard to see that AB = E. For by 
the law of multiplication AB is defined as the class containing the path 
l{aar l l- 1 ). But this path is homotopic to zero (see §46, E)). Hence A~* = B 
and the inverse element always exists in G*. Hence all the group axioms are 
satisfied in G*. 
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We shall show that the group operations taking place in G* are continuous 
in the topological space <?*, and hence G * is a topological group. 

Let A and B be two elements of G* and let C = AB. We denote by W* a 
neighborhood of the element C , and select from A and B the paths k and i, 
whose ends we denote by a and b . Then m = k(al) e C, and we can assume 
that the neighborhood W* is defined by a certain neighborhood W c G } and by 
the path m (see Definition 43). We have ab e W, and therefore there exist 
neighborhoods U and V of the elements a and b such that 

(4) UVcW. 

The neighborhood U * of the element A is defined by the neighborhood U and 
the path k. In the same way the neighborhood V * of the element B is defined 
by the neighborhood V and the path l. An arbitrary element A f of the neigh- 
borhood U* is defined as the class which contains the path kx , where x is an 
arbitrary path beginning at a and contained in U. Let f(t) be the function 
which defines the path x. For a fixed s, 0 | s ^ 1, the function f($t) defines 
the path x(s). Let k(s) = fcx(s), and let k(s) be a continuous function of $, 
with fc(0) = k , A;(l) = kx . We make an analogous construction for the neigh- 
borhood V and denote the variable path there obtained by Z($), where 1(0) » l 
and the path 1(1) defines an arbitrary preassigned element B ' of the neighborhood 
V*. We denote the end of the path k(s) by a(s), and let m(s) « k(s)(a(s)l(s)). 
We have m( 0) e AB f m( 1) zA'B We have to show that A , B t e W*, and to 
do this it is sufficient to show that the path m( 1) is homotopic to the path 
m(0)z , where z is a path going through W. We denote by c(s) the end of the 
variable m(s). The point c(s) describes for 0 ^ s g 1 a certain path which is 
entirely contained in W (see (4)) and which we denote by z. Obviously 
m( 1) ~ m(0)z. Hence A f B f e W*, and U*V* c W *, and this means that the 
operation of multiplication is continuous. In the same way we can show that 
the operation of taking an inverse of an element is also continuous. Hence G* 
is a topological group. 

As we have already noted, <p is an open continuous mapping of the topological 
space G * on the topological space (?. It follows from (2) that this mapping 
is an open homomorphic mapping of the topological group G* on the topological 
group (?. We denote by N the kernel of the homomorphism <p . Since <p is a 
locally homeomorphic mapping (see Theorem 58), there exists a neighborhood 
17* of the identity of the group G* which admits a one-to-one mapping, and 
this means that N is a discrete normal subgroup of the group G*. By Theorem 
12 the group G is isomorphic with the factor group G*/N. 

We consider in greater detail the set N . If A e V, then ^(A) « e , and hence 
all the paths of the class A are closed. Conversely if all the paths of the class 
A are closed, then <p(A) = e and A e N. Therefore N is composed of all classes 
of closed paths, i.e., N f considered as a set, coincides with the fundamental 
group of the topological space G (see Definition 42). It is not hard to see, 
furthermore, that if A and B are two closed paths which begin at e, then the 
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law of multiplication which we have established for the elements A and B of 
the group G* simply coincides with the multiplication law which holds for the 
elements A and B of the fundamental group. Therefore N coincides with the 
fundamental group of the space G. This proves Theorem 61. 

The following rather interesting result is a direct consequence of Theorem 61. 

Theorem 62. If G is a topological group satisfying conditions A), then the 
fundamental group of the topological space G (see Definition 42) is commutative. 

Proof. By Theorem 61 the fundamental group of the topological space G 
is isomorphic with the discrete normal subgroup N of the connected topological 
group G*. Since G* is connected, it follows from Theorem 16 that the normal 
subgroup N of this group is commutative. Hence the fundamental group of 
the space G is commutative. 

In view of some further applications we formulate Theorem 63 which follows 
in a more general form than is necessary for the purposes of the present chapter. 
Instead of limiting ourselves to local isomorphism we introduce here the con- 
cept of local homomorphism. 

B) Let G' and G be two topological groups and let U be a neighborhood of 
the identity in the group G. Suppose that there exists a continuous mapping/ 
of the set U in the space G' such that for x e 17, y t U, and xy e U, we have 
f(xy) = f(x)f(y). We shall then say that/is a local homomorphism of the group 
G in the group G'. Iff is an open mapping of U on a certain neighborhood of 
the identity of the group G', then we shall say that / is a local homomorphism 
of the group G on the group G' . In case / is a homeomorphic mapping on some 
neighborhood of the identity of the group G', we get the old concept of local 
isomorphism. 

The following theorem plays a rather important part. 

Theorem 63. Let G' and G he two connected topological groups, and let G he 
locally connected and also simply connected (see §46, G), and J)). We do not 
require that G' satisfy the conditions of A). Let f be some local homomorphism 
of the group G in the group G' (see B)). Then it is possible to extend uniquely the 
local homomorphism f into a homomorphism <p of the entire group G in the entire 
group G'. The extension of the homomorphism f is understood in the sense thatf 
and <p coincide on some neighborhood W c U of the identity of the group G, where U 
is the neighborhood in which the local homomorphism f is defined. If f is a local 
homomorphism of the group G on the group G', then ip is a homomorphism of the 
group G on the group G' . If f is a local iomorphism, then the homomorphism <p 
is open. If the group G' is simply connected and satisfies condition A) and if f is 
a local isomorphism, then the homomorphism <p is an isomorphism. 

Proof. We shall show first of all that if <p is a homomorphic mapping of the 
abstract group G in the abstract group G', where <p is an extension of the local 
homomorphism/, then <p is a homomorphic mapping of the topological group G 
in the topological group G'. In fact in the neighborhood W the functions / 
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and ^ coincide, and since the function / is continuous, the function <p is every- 
where continuous (see §19, B)). 

If / is a locally homomorphic mapping of the group G on the group (?', then 
the extension <p is a homomorphism of the group G on the group G'. In fact 
in this case f(W) contains a certain neighborhood of the identity, and since a 
connected group G' can be generated by any neighborhood of its identity (see 
Theorem 15), it follows that every element x' e G' can be represented in the 
form x ' = <p(x). 

If / is a local isomorphism, then its extension <p is an open homomorphism. 
In fact, in this case the mapping / is homeomorphic and hence the mapping ip 
is open in the neighborhood of the identity, and therefore it is always open 
(see §19, B)). 

We shall show that the extension of the homomorphism / to the homomor- 
phism ip can be accomplished in only one way. Suppose that there exist two 
extensions ip and ip '. Let x be an arbitrary element of G and let W be that 
neighborhood of the identity in the group G on which <p and ip' coincide with/. 
Since G is connected, it follows from Theorem 15 that every element x can be 
represented in the form x = ai • ■ • a nj where a< e W f i = 1, • • • , n. Hence we 
have 

<p(x) = f(ai) • • • /(a*) 
ip'(x) = /(a 0 • ■ • /(a n ) 

and 

ip(x) = p'(x). 

We now proceed to construct the homomorphism p. Let l be a curve in G 
which begins at the identity e of the group G. We denote the function which 
defines this curve by gif). We construct for the curve l a curve V which 
uniquely corresponds to it in the space (?', and which is such that its de- 
fining function g'if) satisfies the following conditions: a) g'(0) = e', where e 9 is 
the identity of the group G' , b) there exists a sufficiently small positive number 
esuchthatfor |$i — U | £ €, igif\)Y x gif%) £ U and (g'itJY'g'ih) — fdgihY'gih))- 

We shall show first of all that if the curve l' exists, then it is defined uniquely 
by conditions a) and b). The beginning of the curve V is defined by condi- 
tion a). Furthermore, if the curve l' is defined uniquely for all values of t < r, 
then it is defined for / = r because of the continuity of the functions g(t) and 
g'if). Finally if the function g'(t) is defined for t - r, then it is defined for all t 
such that t — r < €. In fact by b), g'(t) = g'(r)f{igir)Y l g(t)). Therefore 
the curve V is defined uniquely for all values of t. 

We shall show now that the curve l' exists. Let V be a neighborhood of the 
identity of the group G such that V~ l V c U. There exists a sufficiently large 
number n such that for 1 1% — t%\ £ 1 /n we have (g(ti))~ l g(tt) t V. Let « * 1/n 
and suppose that the function g'(t) is already defined for all values of t £ m* $ 
and that conditions a) and b) hold for these values of t. We shall show that 
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this function can be extended further. Let A be a positive number not exceed- 
ing €, We then defined g'(me + A) by setting 

(5) g'(me + A) « g\m*)f((g(m*))~ l g{rn* + A)). 

We shall show that condition b) now holds for the extended function g'{t). 
Let A' be a number not exceeding c in absolute value. We then have 

(6) g'(m€ + A') = g\me)f((g(mt))~ x g(Mt + A')). 

If A' is positive, relation (6) follows from (5), and if A' is negative, (6) follows 
from the assumption of the induction. Hence 

( g'irnt + A))rV( me + A') = + A))~V(w€ + A')) 

and condition b) is also satisfied. To start the induction at m = 0 it is suffi- 
cient to let g'( 0) = e f . Then condition a) will always hold. Hence the induc- 
tion is completed and the curve V constructed. 

Let now t\ and t 2 be two numbers such that 0 ^ t\ < t 2 ^ 1, where 
|<s — =£ «. If the curve l is subjected to a continuous deformation which 

only changes its points in the interval t\ < t < t 2y then, obviously, the corre- 
sponding curve V is also changed only on that interval, since the above con- 
struction of the curve l' for values of t S t\ depends only on the curve l in the 
interval t ^ h. Furthermore, for t = k the function g'(t) is defined by condi- 
tion b) from the value of the function g'(h) y while the further development of 
the curve V depends only on the value of g f (t 2 ). We shall call such a deforma- 
tion of the curve l a small deformation. , We have just shown that under a 
small deformation of the curve l the corresponding curve l' is also subjected to a 
small deformation, and in particular does not change its end point. 

It is not hard to show that any deformation of the curve l which leaves its 
ends unaltered can be achieved by means of a series of small deformations. 
Therefore if we subject the curve l to any continuous deformation which pre- 
serves its ends, then the corresponding curve V also undergoes a continuous 
deformation which does not change its ends. 

Let x be an arbitrary point of G and l a curve which connects the identity e to 
the point x. Let V be the curve which corresponds to the curve J, and let x f 
be the end of the curve V . We shall show that the point x’ is defined by the 
point x and does not depend on the choice of i. In fact, let k be another curve 
which connects e and x. Since G is simply connected, the curves k and I are 
homotopic, and therefore they can be transformed into each other by a con- 
tinuous deformation. From what we have already shown the corresponding 
curve in G f will not change its ends during this process, and therefore the point 
x' is defined by the curve k as well as by the curve l Hence we can suppose 
that x' * v(x). 

We shall now show that there exists a neighborhood W c U of the identity 
of the group G on which <p ® /. Let V be a neighborhood of the identity of 
the group G such that V~ l V c U. We define W c V as a neighborhood of the 
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identity of the group G which is such that there exists a curve l c V which con- 
nects every point x of V with e (such a neighborhood exists since the group G 
is locally connected). Let g(t) be the parametric representation of the curve 
l cV. It can be seen readily that the curve V which is defined in parametric 
form by the condition g'(t) = f(g(t)) satisfies condition b) of our construction. 
In fact since g(t) c V, it follows that (git))- 1 c V ~ 1 c t/, and for any h and t%, 
(Q(ti))~ l g(ti) c V~ l V c U , and hence }((g(ti))~ l g(U)) « f((g(h)Y l )f(g(k)) 
* (f(Q(t\)))~ l f(g(U)) = (g'(t\))-W(U). Hence the end of the curve V is f(x), 
where x is the end of the curve l , i.e., <p(x) = f(x) for x e W. 

We shall show that the mapping <p is a homomorphic mapping of the ab- 
stract group G in the abstract group G'. 

Let a and b be two arbitrary points of G. We denote by k and l the curves 
which connect e to a and 6, and by fc' and V the curves which correspond to k 
and l t and which have their ends at a' and b f . Obviously, the curve k(al) — m 
connects the identity e to the point ab , while the corresponding curve 
k'(a'l f ) = m' goes from e' to a'b'. It is not hard to verify that the curve m' 
corresponds to the curve m. Hence, because of the way in which the mapping 
<p was constructed, we have <p(ab) — a'6', and this means that <p(ab) = <p(a)<p(b ), 
i.e., the mapping <p is homomorphic. 

It remains to consider only the case in which G' is a simply connected group 
satisfying conditions A), and/ a local isomorphism. If the neighborhood U is 
chosen sufficiently small, then the mapping f~ l is a local isomorphism of the 
group G' in G. Since G' is supposed to be simply connected, and since it 
satisfies conditions A), it follows from the above that the local isomorphism /~ 4 
can be extended into an open homomorphism \p of the group (?' on the group G . 
The mapping \f/(<p(x)) = x(%) Is a homomorphic open mapping of the group G 
into itself. In a sufficiently small neighborhood of the identity of the group G f 
the mapping x(z) coincides with the mapping f^ifix)) = x. Hence x is an 
extension of an identical local automorphism of the group G. Because of the 
uniqueness of the continuation of a mapping, the mapping x is the identical 
mapping of the group G into itself, and this means tha tthe mappings <p and ^ 
are inverses of each other. Hence <p is a unique inverse mapping and therefore 
<p is an isomorphic mapping. This completes the proof of Theorem 63. 

Theorem 64. Let G f be a simply connected topological group satisfying condi- 
tions A), and let N' be a discrete normal subgroup of the group G Then the 
fundamental group of the topological space G'/N' = G is isomorphic with the 
group N\ 

Proof. We denote by ^ the natural homomorphic mapping of the topologi- 
cal group G f on the topological group G . Since N' is a discrete normal sub- 
group, the mapping \p represents a local isomorphism of the group G in the 
group G' (see §23, C)) in a sufficiently small neighborhood of the identity of 
the group G'. Now let G* be that simply connected group which was con- 
structed for the group G in Theorem 61, and let N be a discrete normal sub- 
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group of G* such that G is isomorphic with G*/N. We denote the natural 
homomorphic mapping of the group G* on the group G by <p. The mapping <p 
represents a local isomorphism of the group G in G* in a small neighborhood 
of the identity; therefore the mapping = f(x) is defined and repre- 

sents a local isomorphism of the group G' in G*. Since the groups G' and <?* 
are simply connected, the local isomorphism / can be extended into an isomor- 
phism x of the group G' on the group G* (see Theorem 63). Furthermore, the 
mapping ifr(x) coincides locally with <p(x(x)) an d hence ip(x) = <p(x(z)) because 
of the uniqueness of the extension of a local isomorphism. Hence the normal 
subgroup N' goes over into the normal subgroup N under the isomorphism x> 
i.e., N and N' are isomorphic groups. By Theorem 61 the fundamental group 
of the space G is isomorphic with the group N, and hence it is also isomorphic 
with the group N'. This proves Theorem 64. 

The above theorems enable us to formulate the following definition. 

Definition 44. Let A be the aggregate of all topological groups satisfying 
conditions A) and locally isomorphic with one such group. By Theorem 61, 
the set A contains at least one simply connected group, which we denote by G*. 
It follows from Theorem 63 that up to an isomorphism the set A contains only 
one simply connected group. Hence the group G* is defined uniquely by the 
set A. G* is called the universal covering group for all the groups of the set A. 

It follows from Theorem 61 that every group G of the set A can be written 
in the form G*/N, where N is some discrete normal subgroup of the group G*, 
By Theorem 16, AT is a central normal subgroup of the group (?*, while Theo- 
rem 64 shows that N is isomorphic with the fundamental group of the space G. 

Hence in order to obtain all the groups of the set A, it is sufficient to know 
all central discrete subgroups of the group G*. We must therefore study in de- 
tail all the discrete subgroups of the center Z of the group G. This does not 
present any great difficulty because the center is commutative. 

Example 60. Let G* be the r-dimensional vector group, and N the subgroup 
of G * composed of all vectors whose coordinates are integers. The factor 
group G*/N = G is a toroidal r-dimensional group. It is not hard to see that 
the group G* is simply connected and therefore is the universal covering group 
for the group G. The subgroup N, when considered as an abstract group, is a 
commutative grcfup having r linearly independent generators. Such is also the 
fundamental group of the r-dimensional torus G. 

In the next chapter we shall give more examples of topological groups, and 
also more complicated and more interesting examples of universal covering 
groups. 

Example 61. We point out here one interesting generalization of Theorem 
64. Let G be a simply connected group satisfying conditions A), and let H 
be a discrete subgroup of the group G (not necessarily a normal subgroup). 
Then the fundamental group of the space G/H = R (see Definition 24) is iso- 
morphic with the group H. 

The proof of this proposition is as follows. We denote by <p the natural 
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mapping of the space 0 on the space R and let <p(e) - p, where e is the identity 
of the group G. Let l be a curve going from e to some point hzH. The image 
V - of the curve l in the space R is a closed curve. It can be shown, 
conversely, that every closed curve l' beginning in p can be obtained as the 
image of some curve l beginning at e and ending at H. It can be shown further 
that the curve V is homotopic to zero if and only if the curve l is closed. In this 
way a one-to-one correspondence is established between the elements of the 
fundamental group of the space R and the elements of the group H. The iso- 
morphism can readily be proved. 

In the next chapter we give an example of a simply connected group G satis- 
fying conditions A), which has a non-commutative discrete subgroup H (see 
Example 71). Hence the fundamental group of the topological space is in gen- 
eral non-commutative. This explains the particular interest of Theorem 62. 



CHAPTER IX 

THE STRUCTURE OF LIE GROUPS 

The concept of Lie groups was defined in Chapter VI, where we established 
the simplest properties of Lie groups. We shall study Lie groups in greater 
detail here, making use of the results of Chapter VI. We shall associate with 
Lie groups more elementary algebraic entities, namely infinitesimal groups, and 
show that the local study of Lie groups can be reduced entirely to the study of 
infinitesimal groups. This is the main object of the present chapter. We shall 
also consider some related concepts, and indicate further developments of the 
theory. We shall not take up the deeper results of Killing, Cartah (see [5]), 
and Weyl (see [35]). These results depend on the properties of infinitesimal 
groups and represent a far reaching theory. We shall state some of them with- 
out proof.* The most important result of the theory is a complete classification 
of simple Lie groups. This classification, however, necessitates such cumber- 
some and complicated considerations that it is impossible to consider it here. 
The reader will find a more detailed exposition of the theory of Lie groups in 
the forthcoming book of N.G. Chebotareff, on “The Theory of Lie Groups” 
(in Russian). 

We have shown in Chapter VI that in studying Lie groups we can confine 
ourselves to triply differentiable functions of several variables. We can there- 
fore avail ourselves here of the theory of differential calculus and differential 
equations. This will form the main method of investigation in the present 
chapter. Because of the extensive calculations which we meet, we shall make 
use here, as in Chapter VI of tensor notation. 

48. Structural Constants. Infinitesimal Groups 

We shall introduce here the structural constants of Lie groups. They form a 
tensor, i.e., they transform as components of a tensor under a transformation 
of coordinates in a Lie group. An infinitesimal group is an invariant with re- 
spect to coordinate transformations whose study is equivalent to that of the 
totality of structural constants. We shall establish here the fundamental rela- 
tions between structural constants and the corresponding relations in the infin- 
itesimal group. 

The main method of the present section consists in expanding the functions 
under consideration in Taylor series up to terms of the second and sometimes 
third order. The study of the coefficients thus obtained introduces the struc- 
tural constants as well as some of the relations between them. This could have 
been done by means of derivatives, but Taylor series seem more useful in this 
connection. 

A) The remainders of the series will not be written out in detail but merely 
denoted by « with different subscripts, but the order of magnitude of each « 
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will be made dear. If < depends on the arguments x u • • • , x n we shall say that 
e is of the order of magnitude q + 1 with respect to these arguments if e/p*, 
where p = y/(x *+•♦•+ *2), tends to zero with p. 

B) In the future we shall denote the coordinates of a point or vector by the 
same letters used for that point or vector, but with superscripts. This will 
save us the necessity of introducing the notation each time. 

Definition 45. Let G be an r-dimensional local Lie group and D a differ- 
entiable system of coordinates in it (see Definition 38). If x and y are two 
elements of the group G which are sufficiently close to the identity, then the 
product / = xy = f(x, y) is also close to e and the law of multiplication can be 
written in coordinate form by means of the system D. We then have 

(1) /* = f'(x, y) * f'(x\ • • • , z r ; y\ • • • , y r ). 

Since the coordinates of the identity are zero, we have: 

(2) /*(*, e) = p(x\ • ■ • , x r ; 0, • • • , 0) = x l 

(3) f'(e, y) = /*( 0, • • • , 0; y\ • • - , y r ) « y\ 

Since the functions f* have by assumption three continuous derivatives they 
can be expanded in a Taylor series up to terms of the third order. Because of 
(2) and (3) these expansions have a special form, which is not hard to find. 
In fact we have 



where e\ is a quantity of the fourth order of magnitude with respect to the co- 
ordinates of the points x and y. The numbers 

, N i i i 

(5) Cjk — Ufe, 

are called the structural constants of the group G in the coordinates D. 

The structural constants satisfy the relation 

( 6 ) £jk = Ckj. 

Relations (4) show that a Lie group is in the first approximation commutative 
and isomorphic with an r-dimensional vector group. The second approxima- 
tion, however, already deviates from commutativity. It is not hard to show 
that even a commutative group may in some coordinates have an expansion 
(4) with non-zero terms of the second order. But in case G is commutative 
we have obviously a j* = ajy, and therefore the structural constants are zero 
f$r a commutative group. This is the first indication that the structural con- 
stants play an important part in the theory of Lie groups. Later we shall show 
that the structural constants define completely the local structure of Lie 
groups, which explains the terminology used. 

We shall give here another definition of structural constants, which throws 
further light on their nature. 



236 THE STRUCTURE OF LIE GROUPS [ch. ix 


C) Let * and y be two elements of the group G. We consider the commuta- 
tor q (see §4, C)) of the elements x and y 

(7) q = xyx~ x y~ l = q{x, y). 

In coordinate form equation (7) may be written 

t*\ i i j * i 

(8) q « c ik x y + « 2 

(see (5)), where 4 is a quantity of the third order of magnitude with respect to 
the coordinates of the points x and y. Relation (8) may be used as a new defi- 
nition of structural constants. It follows from (4), (5) and (8) that 

(9) fix, y ) = /(*, y) - f(y, x) + 4, 

4 

where €3 is also of the third order of magnitude. 

In order to prove relation (8) we calculate first of all the element z' inverse 
to z, zz ' — 6, in coordinate form. Using (4) we have 


( 10 ) 


fi i i j h % 

Z = ~ Z + djkZ Z + €4. 


If now z* — xy, and z = yx, then by (4), (5), (7), and (10) we have q = z*z' and 


« 

Q 


= (x 1 + y + a'jkx’y) + (- x' 
- a)k{x + y){x k + y k ) + 


Hence (8) is proved. 


- y - a\,xy + a) k (x + y){x k + y k )) 

ijk % 

* Cj k x y + €2. • 


Theorem 65. The structural constants of a Lie group G satisfy the following 
relations: 

( 11 ) cl = - cl 

and 


( 12 ) 


V « , P • , V • 

CuCjk T CfrCki + Ck$C{j » 


0 . 


Relation (12) is closely connected with the associativity of multiplication in 
the group G. 

Proof* Relation (11) has already been proved (see (6)). To prove (12) it is 
sufficient to express the associativity of multiplication in coordinate form. Let 

u = yz, v = xy } w = xu, w f = vz. 

We then write the equality w *■ w' in coordinate form. Using (4) and carrying 
out our calculations up to terms of the third order we get 


w « x + (y +« + a ik y z + g iik y yz+ h iik y z 
+ ctux (y + z + a^y z ) + giikx i x\y k + **) 
+ hfjkX (y + a/)(y* + z ) + 5, 
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tP , P . P . V i 1 . »ijk p i i k p 

W = (x + y + a<,-x y + g<n,x xy + h iik x yy)+» 

+ af*0* 4 ■ y + di,x'y)z + g v „k{x' + y')(x + y)z k 
+ hi ik (x' + y)zz + 4, 


where e£ and «g are of the fourth order of magnitude. 

The comparison of the terms of the first order in the expressions for w p 
and w' v gives 

X P + ( yp + 2 P) = ( x* + y>) + z» 


while the comparison of the terms of the second order gives 

pjk P t • . P t • p * i p $ k p $ k 

a Jk y z 4* a„x y + a»x z = a {l x y + a Mk x z + a tk y z 


so that the equality for the terms of the first and second order holds identically. 

We now pass to the comparison of the terms of the third order. In doing 
so we shall limit ourselves to those terms which depend on the coordinates of 
all three points x> y and z, since the equality should hold for them separately. 
As a matter of fact all the other terms of the third order are identically equal, 
but that does not concern us. We then have 


P * s 3 h , 

dux a )k y z + 


,P t j ic ) fe ; p b t i k , V / » 7 / * 

KkX ( yz + y z ) = a^x y z .+ Owi* y + xy)z . 


Equating coefficients in the last relation we get 

p , p $ p p p p 

(13) (hsdjk — a S k(iij = — fyjrjt — htij + Qijk + Qfik • 


We now eliminate from this last relation the members on the right side. To 
do so we permute the indices z, j y k in all possible ways. The six relations thus 
obtained are called odd or even depending on whether the corresponding per- 
mutation of the indices is odd or even. We now add these six relations by 
taking the even ones with the plus sign and the odd ones with the minus sign. 
The relation so obtained as the sum, which we denote by (a), has zero in the 
right side and twelve terms in the left side. If we now replace the structural 
constants in relation (12) by their expressions from (5), we get a new relation 
(b), which also contains twelve terms in the left side, and zero in the right side. 
It is not hard to guess from the general character of the terms that relations 
(a) and (b) coincide. Therefore, relation (12) is a consequence of relation? 

(13) and (5). This proves Theorem 65. 

We now proceed to the construction of an infinitesimal group. 

Definition 46. Let R be the r-dimensional vector space in which the follow- 
ing operation of composition of vectors is defined : to every pair of vectors c 
and b corresponds a vector c = [a, 6 ] , which is called the commutator of th< 
vectors a and 6. This operation satisfies the following conditions: 

(14) [aa + aV, b] ** ct[a, b] a' [a', 6]. 


where a and a! are real numbers. Furthermore, 
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(15) [a, 6] + [6, a] = 0, and 

(16) [a, [6, c]] + [b, [c, a]] + [c, [a, b ]] = 0. 

We shall call the vector space R, together with the operation of commutation 
established in it, an infinitesimal group . 

Since the operation of commutation is linear (see (14), (15)), it can be written 
in coordinate form as follows 

(17) = [a, b]' = c‘Ja’b k . 

The numbers c** are called the structural constants of the infinitesimal group R 
in the given system of coordinates. From relations (15) and (16) we obtain 
the following relations for the structural constants of the infinitesimal group R : 

( 18 ) <£=-<£, 

d9) + = 

It can readily be seen that, conversely, if the numbers cj* satisfy relations (18) 
and (19) then we get an infinitesimal group on defining the operation of com- 
mutation by (17). Hence the consideration of the constants c £ which satisfy 
relations (18) and (19) is completely equivalent to the consideration of the 
infinitesimal group R. 

Theorem 66. Let G be an r-dimensional Lie group. It follows from B) of §38 
that to every differentiable curve x(t) defined on G corresponds a tangent vector a. 
Hence the r-dimensional vector space R is associated with the group G. We estab- 
lish in R the operation of commutation (see Definition 46) on the basis of the prop- 
erties of the group G . Let a and b be two vectors in R } and let x(t) and y(t) be two 
curves to which the vectors a and b are tangent. Let 

(20) q(t) = ^OvWWO)- 1 ^))- 1 ; 

q(t) then defines a curve in G . We introduce on this curve a new parameter s by 
letting t = V s. The new curve q(Vs) thus defined for non-negative values of the 
parameter s has a tangent vector c, which is defined by the vectors a and b . We 
define the commutator [a, b] by letting [a f b] = c. The operation of commutation 
thus defined in the space R satisfies conditions (14), (15), and (16). The infini- 
tesimal group R thus obtained is called the infinitesimal group of the Lie group G. 
The structural constants of the group G and of the infinitesimal group R coincide 
in corresponding coordinates (see Definitions 45 and 46). 

Proof. To prove this we introduce in G a differentiable system of coordi- 
nates, and calculate the vector c in coordinate form. It can readily be seen 
that c* « lim^ogW/* 2 - In view of (8) we have 
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where 4(0 is of the third order of magnitude with respect to t. In this way we 
have 

c - [a, b]' - tybaV. 

Hence the structural constants of the infinitesimal group R coincide with the 
structural constants of the Lie group G . Since the structural constants of the 
group G satisfy relations (11) and (12), it follows that the commutators in R 
satisfy conditions (14), (15), and (16), i.e., R is really an infinitesimal group. 

D) In order to calculate rapidly the commutators of the infinitesimal group 
R of the Lie group G we proceed as follows: let 

q* i (x J y) = • • • , x r ; y\ • •. • , y T ) 

be the sum of all the terms of the second order in the expansion of the difference 
/•(x, y) — f i {y ) x) (see (1)). Then the vector c = [a, b] can be written in 
coordinate form as follows 

(21) c % - «**(a l , • • , a r ; b 1 , • • • , b r ). 

The truth of this assertion follows directly from relation (9). 

The part played by infinitesimal groups is explained by the fact that to every 
infinitesimal group corresponds uniquely some local Lie group. The following 
sections are devoted to the proof of this fact. The question of whether a com- 
plete Lie group corresponds to every infinitesimal group is a more difficult one, 
but it also can be solved in the affirmative. Of course uniqueness is not possi- 
ble here, as to the same group R may correspond several non-isomorphic entire 
Lie groups, but all these Lie groups are locally isomorphic and the question of 
their connection follows from Schreier’s results (see Chapter VIII). 

Example 62. Let R be the three dimensional vector space in which the vec- 
tor product is defined in the usual way: to every pair of vectors a and b corre- 
sponds their vector product [a, b]. If we now take for the commutator of the 
vectors a and b their vector product [a, b] f then the conditions of Definition 46 
will follow from the usual rules of vector calculus. Hence we get an infini- 
tesimal group R . It can be shown that to this infinitesimal group corresponds 
as a Lie group the group of rotations of the three dimensional Euclidean space 
around a fixed point. 

Example 63. Let G be the multiplicative group of all square matrices of 
order n whose determinant is different from zero. In order to introduce co- 
ordinates into the group (7, as should be done in a Lie group, we represent every 
matrix x t G in the form x = e + x* f where e is the unit matrix . Then the ele- 
ments of the matrix x*, which we denote by x) } can be taken as the coordinates 
of the element x. The dimension of the group G is therefore n 2 . Under these 
conditions relations (4) can be written for the group G as follows: 

(22) f] = x* + y) + x\$. 

We denote by R the infinitestimal group of the group G . We take for the 



340 


THE STRUCTURE OF LIE GROUPS 


[CH. IX 

elements of the vector space R the totality of all square matrices of order n, 
having the usual rules of addition of matrices and multiplication by real num- 
bers. If a and b are two matrices of the set R, then by remark D) and relation 
(22) the commutator is defined as follows : 


(23) 

1 o 

cj = [a, b]) = a* 6J- b* t a}, 

i.e., 

(24) 

c = [a, 6j = ab — ba. 


The infinitesimal group R thus obtained is called the infinitesimal group of 
the group of all square matrices of order n. In order to visualize the elements 
of the set R as tangent vectors to curves in (?, we consider a certain curve 
x(t) = e + x*(t) in G. The coordinates of the point x(t) are the elements x)(t) 
of the matrix x*(t). The coordinates of the vector a tangent to the curve under 
consideration are the numbers a) = dx)(0)/dt. Hence the element a e R may 
be represented naturally in the form of the matrix a — ||aj||. 

The matrix group G may be considered as a group of linear transformations 
of the n-dimensional vector space S. From this point of view every element 
x e G is merely a transformation x(u) which associates with every vector u e S 
another vector x(u) e S in such a way that the condition of linearity holds, i.e., 

x(au + 0v) = ax(u) + Px(v), 

where a and 0 are real numbers and u and v are vectors in S. The product / of 
two transformations x and y is defined as the transformation f(u) = x(y(u)). 

The infinitesimal group R of the group G can now be composed from all linear 
mappings of the space G into itself. If a and b are two elements of R, then 
their sum d is defined by the relation d(u) = a(u) + b(u), while the product of 
an element a by a real number a is given by ( aa)(u ) = aa(u). It follows from 
(24) that the commutator c = [a, b] is defined by 


(25) 

i p 

c(w) = a(b(u )) — b(a(u)), 

l.t;., 

(26) 

[o, b] = ab—ba. 


The above example of a matrix group plays an important part in the theory 
of Lie groups. 

49. Subgroup. Factor Group. Homomorphic Mapping 

In the previous section we associated with every Lie group G its infinitesimal 
group fi. We construct here the infinitesimal group concepts which corre- 
spond to subgroup, normal subgroup, factor group and homomorphic mapping 
of the group G. 

A) Let R be an infinitesimal group (see Definition 46). A set S of vectors 
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of the space R will be called an infinitesimal subgroup of the group R if the fol- 
lowing conditions are fulfilled : a) the set 8 is a linear subspace of the space R, 
i;e., if a and b are vectors of S f then aa + j3b is also a vector of S, where a and ft 
are arbitrary real numbers, b) If a and b are two vectors of 8, then the vector 
i a > b ] also belongs to 8. An infinitesimal subgroup S of the infinitesimal group 
R is called a normal subgroup , if c) for a e R, b e S we have [a, b] e S . An 
infinitesimal subgroup S is called central if d) for a e R, and b e S we have 

[M] = 0. 

The following theorem justifies the terminology introduced in A). 

Theorem 67. Let G be a local Lie group , R its infinitesimal group , and H 
a subgroup of the group G. We denote by 8 the set of all vectors which are tangent 
to curves in H (see §38, B)). Then S is a subgroup of the infinitesimal group R . 
We shall say that to the subgroup H corresponds the subgroup S y and denote this 
relation by H — » 8. If H is a normal subgroup of the group G, then S is a normal 
subgroup of the group R. If H is a central normal subgroup of the group G t then S 
is a central normal subgroup of the group R . 

Proof. By Theorem 50, H is a differentiable sub-manifold of the manifold G } 
and therefore S is a linear subspace of the space R. Hence condition a) of 
definition A) is satisfied. We shall show that condition b) is also satisfied. 
Let a and b be two vectors of S } and let x(t) and y(t) be two curves in H to 
which the vectors a and b are tangent. In order to find the vector c = [a, b ] 
we consider the curve q(t) = x(t)y(t)(x(t))- l (y(t))~ l (see Theorem 66). This 
curve is also in H , since H is a group. Hence the curve q(\/s) is in //, and 
therefore the vector c which is tangent to the curve q(\Zs) is in S f and we have 
M]eS. 

We shall prove relation c) of definition A) in case// is a normal subgroup 
of the group G. Let a e R f and b e S. We denote by x(t) a curve of G with 
the tangent vector a, and by y(t) a curve of H with the tangent vector The 
element x(t)y(t)(x(t))- 1 belongs to H t since H is a normal subgroup. Therefore 
the element q(t) = x(t)y(t)(x(t)y i (y(t)y i also belongs to H. Hence the curve 
q(\Zs) is in H and its tangent vector c = [a, b] belongs to S. 

In order to consider the case in which H is a central normal subgroup we 
continue our discussion of normal subgroups. In this case q(t) can easily be 
seen to degenerate into the point e and therefore the tangent vector c is a null 
vector. This proves Theorem 67. 

B) Let R be an infinitesimal group and S a normal subgroup of R (see A)). 
We divide the vector group R into cosets of the subgroup S. The set 22* of 
cosets thus obtained is in turn a vector space. The operation of commutation 
can easily be introduced into the space R* (see Definition 46). Let A and B 
be two cosets. Furthermore let a e A and b e B } and let c = [a, fe], We shall 
show that the coset C containing the element c does not depend on the choice 
of the elements a and b, but is defined by the cosets A and 5. To prove this 
we take an arbitrary element a' e A and show that c 9 * [a f t b]eC. In fact 
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e f - e » [a', b] - [a, b] ■ [a' - a, b] e 5 (see A), 0). Hence c' £ C . The 
commutator [A, R] of the elements A and R is defined by letting [A, B] — C. 
Since the operation of commutation in R satisfies conditions (14), (15), and 
(16) of §48, it is not hard to show that the same conditions hold in R*. In this 
way R* is an infinitesimal group. R* is called the factor group of the infini- 
tesimal group R by its normal divisor S. In symbols, R* = R/ S . 

C) Let R and R' be two infinitesimal groups and let g be a mapping of R 
on R'. The mapping g is called homomorphic if the following conditions hold: 
a) the mapping g is linear, i.e., we have for arbitrary real numbers a and 0, 

g(aa + /3b) = otg(a) + pg(b) where a e ft, b e R, 

and b) g{[a } b]) ® [g(o), j(b)], where a e R, b e R. The set S of all the ele- 
ments of R which go into the zero of R r under g is called the kernel of the 
homomorphism g. A homomorphic mapping is called isomorphic if it is one-to- 
one. Two infinitesimal groups R and R ; are called isomorphic if there exists 
an isomorphic mapping of one group onto the other. 

D) Let R and R' be two infinitesimal groups and let g be a homomorphic 
mapping of the group R on We denote by S the set of all elements of the 
group R which map into the zero of the group R f under the homomorphism g. 
Then fit is a normal subgroup of the infinitesimal group R, and the factor group 
R/fit is isomorphic with the group R' (see A), B) and C)). 

Since g is a linear mapping of the space R on the space R' it follows that fit 
is a linear subspace of the space R. Let a e R, b s S. Then 

g[a , b]) « [g(a), g(b)] = [g(a) 9 0] = 0. 

Hence [a, b] t fit, i.e., fit is a normal subgroup of the infinitesimal group R. 

Now let a' be an element of R'. We denote by A the set of all elements of R 
which go into a* under the mapping g. Since g is a homomorphic mapping of 
the vector group R on the vector group R\ it follows from the general theorems 
about the homomorphism of groups that A is a coset of fit. In this way there 
exists a one-to-one correspondence between the elements of the factor group 
R/S and the elements of the group R'. The proof of the fact that this corre- 
spondence establishes an isomorphism between the infinitesimal groups R/S 
and R' is quite trivial. 

The following theorem justifies the concepts which we have introduced here. 

Theorem 68. Let 0 and G f be two local Lie groups and let f be a locally homo- 
morphic mapping of the group G on the group G We denote by R and R ' the 
infinitesimal groups of the groups G and G f . Let a e R, and let x(t) be a curve in G 
hating the vector a for tangent. The function f(x(t)) defines a curve in G* whose 
tangent vector we denote by a\ Then the vector a f is defined by the vector a, i.e. f it 
does not depend on the choice of the curve x(t), except that it must have the tangent 
vector a. Therefore we can write a' = g(a) f where g is a homomorphic mapping of 
(Ac infinitesimal group R on the infinitesimal group R'. 
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In this way to every homomorphism f of the group 0 on the group G' corresponds 
a homomorphism g of their infinitesimal groups , / — » g. We denote by N the kernel 
of the homomorphism /, and by S the kernel of the homomorphism 0. Then to the 
subgroup N of the group G corresponds the subgroup S of the infinitesimal group R f 
N -* 8 (see Theorem 67 ). 

Proof. By Theorem 51 the mapping / can be expressed by means of differ* 
entiable functions. This means that the mapping g defined in the theorem is 
uniquely determined, and is a linear mapping of the space R on the space R f . 
Let x(t) and y(t) be two curves in G , and let a and b be the vectors tangent to 
them. Let 


q(t) - x(t)ymx(t))^(y(t)yK 

Then the vector c = [a, b] is a tangent to the curve q(y/s) (see Theorem 66). 
The vectors a ' = g(a) and 5 ' = g(b) are tangent to the curves x'(t) = f(x(t)) 
and y'(t) = f(y(t)). In order to define the vector c' = [a', 6'] we consider the 
curve 

q'(t) - x\t)y'(t)(x'(t))-'(y'(t))-\ 

Since the mapping / is homomorphic, it follows that q'i's/s) = /(?(%/*))• 
Hence g(c) = c' and the homomorphism of the mapping g is established. 

We denote by S' that infinitesimal subgroup which corresponds to the sub- 
group N (see Theorem 67 ). Since every curve of N goes over into the point e f 
under the homomorphism/, S' c S. The equality S' = S follows from the cal- 
culation of their dimensions. This proves Theorem 68. 

E) Let G, G', and G" be three local Lie groups and R , R' y and R" their 
infinitesimal groups. Suppose we have defined local homomorphisms f and 
f n of the group G on the group G' and of the group G' on the group G . 
The corresponding homomorphisms of the infinitesimal groups we denote by g 
and g", f -*g\ and f" — > g" (see Theorem 68). Let f(x ) * f n (f’(x)) and 
= 0"(0'( a )). Then to the homomorphism / corresponds the homomor- 
phism 0, i.e.,/—>0. 

The proof of proposition E) follows directly from the definition of the corre- 
spondence given in Theorem 68. If x(t) is a curve of G having the tangent 
vector a, then the curve f'(x(t)) has the tangent vector g'(a) f and hence the 
curve f"(f f (x(t))) has the tangent vector g n (g , (a)). It follows that the curve 
f(z(t)) has the tangent vector g(a) and therefore, / 0- 

Theorems 67 and 68 show that to every concept or relation concerning Lie 
groups corresponds naturally and uniquely some concept or relation for infini- 
tesimal groups. To the inverse transition from infinitesimal to Lie groups we 
shall devote the following section. 

It would not be hard to introduce the concept of direct product for infini- 
tesimal groups and to show that to the decomposition into a direct product of ft 
local Lie group corresponds a decomposition into a direct product of its infini- 
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tesimal group. However, because of the complete triviality of the construc- 
tion, I shall not stop to carry it out. 

Example 64. We continue the discussion of Example 62, and show that the 
infinitesimal group R of that example has one-dimensional subgroups only, and 
that every one-dimensional linear subspace of the infinitesimal group is a sub- 
group of it. Let us suppose that R admits a two-dimensional subgroup S . 
Then S contains two linearly independent vectors a and b. The vector 
[a, 6] ** c, which is the vector product of a and b, will be distinct from zero 
and perpendicular to the plane S . Hence c cannot be contained in S. In the 
same way it can be verified that the group R is simple, i.e., it has no non-trivial 
normal subgroups. 

Example 66. Let us continue the discussion of Example 63 by selecting some 
interesting subgroups of the group G given in that example, and finding which 
subgroups of the infinitesimal group R correspond to them. 

Let H be the subgroup composed of all matrices whose determinant is equal 
to unity. We consider an arbitrary curve x(t) in H. The determinant of the 
matrix x{t) is equal to unity. It is not hard to see that in coordinate form it 
is of the type 1 + x\(t) + c 7 (t), where c 7 (0 is a quantity of the second order 
of magnitude with respect to t (here as usual we suppose that summation is 
carried out with respect to the index i). Since this determinant must be equal 
to unity, it follows that dx\(0)/dt = 0. Hence the vector a which is tangent 
to the curve x(t) satisfies the condition which can be written in coordinate form 

( 1 ) a} = 0 , 

i.e., the trace of the matrix a is equal to zero. We denote by A that subgroup 
of the group R which corresponds to the subgroup H (see Theorem 67). Every 
matrix of A satisfies condition (1). The converse is also true and follows from 
the fact that the dimension of H is equal to n 2 — 1, and hence the dimension 
of A is also n 2 — 1, and therefore A must contain all the matrices which satisfy 
condition (1). 

Let K be the subgroup of all orthogonal matrices (see Example 4) and B the 
subgroup of the infinitesimal group R which corresponds to it. In considering 
orthogonal matrices it is more convenient to write both indices of the elements 
as subscripts. Let x(t) be a curve in K . Then this curve x(t) satisfies in co- 
ordinate form the following condition 


bij + + Xj % ( t ) + 23 

*-i 

Taking derivatives with respect to t on both sides of this equation we get the 
following conditions for the tangent vector a to the curve x(t ) : 

(2) o,7 + an - 0. 

Hence B is composed of skew symmetric matrices. 
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50. Integrability Conditions 

In constructing Lie groups by means of their structural constants we make 
use of one elementary result in the theory of partial differential equations. We 
here give this result without proof, and derive from it some conclusions which 
will be of use later. 

We consider the system of differential equations 

a) • - ,/V, •■•,/) = vkf,*) 

dx J 

i * 1, • • • , n; j « 1, • • • , r. 


where / is a point with coordinates /*, • • • , / w , and x a point with coordinates 
x l , ■ • • , x r . The functions <pj(f, x) are defined and are doubly differentiable 
or even analytic in the region of values of / e U and x e V } where U and V 
are open sets in the corresponding coordinate spaces, while x l f • • • , x r are inde- 
pendent variables, and / l , • • are functions of these variables. We have to 

find a function f(x), or in coordinate form, a system of functions 

fix) = fix\ • • • , x') 9 ! = !,••*, n, 


which are such that conditions (1) are identically true in the independent vari- 
ables x l 9 • • , x\ 

A natural way of proposing the question of solving the system (1) is as fol- 
lows. Let the initial conditions x 0 eV f f 0 c U be given. It is required to find 
a solution /(x) such that 


( 2 ) 


f(Xo) = /o, 


where f(x) must be differentiable and defined for values of the argument x in 
the neighborhood of x 0 . Then the following theorem holds. 

Theorem 69. In order that the system (1) should have a solution for arbitrary 
initial values x 0 e V , and f 0 e U, it is necessary that the following relation be 
identically true 


( 3 ) 


r) 


$ if, *) + 


gjjXA x) 

dx’ 


df° 




^AiL x) 

dx k 


0 


for all values ofxeV,ftU. On the other hand if relation (3) holds for all values 
of x e V,f e U y then there exists a unique solution f(x) with arbitrary initial condi- 
tions xo eV,fot U. 


We express the dependence of the solution fix) on its initial conditions by- 
writing f(x) = fix, fa, xo). Let U’ and V' bejwo open sets having compact 
closures U' and V' such that U'cU and V' c V. Then it is possible to 
find a sufficiently small positive number « such that for fo e V , Xo e V' and 
\x { — 41 < «» * = 1> • ‘ ’ » r > the solution fix, fo, x 0 ) exists and is triply differ- 
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entiable (or even correspondingly analytic) with respect to all the arguments x, 

/oj X 0 . 

Relations (3) are called the integrdbility conditions for the system (1). I 
prove here only the necessity of conditions (3).* 

Suppose that there exists a solution /(x) of the system (1) with arbitrary 
initial conditions x 0 e V, / 0 e U. We substitute the solution /(x) into the sys- 
tem (1), and differentiating the resulting identity, we get 


(4) 


d 2 f _ drfjf, x) df* dy)(/, x) _ x) ^ x) 

dx*dx k df a dx k dx k df a ' * dx k 


Since 


d 2 f\ _ d 2 f' 
dx’dx k dx k dx> 


relation (3) holds for / = /(x). 

For x = x 0 we have /(x 0 ) = fo and therefore relation (3) holds for x = x 0 , 
/ = /o. Sincej by assumption, the initial values may be assigned arbitrarily, 
equation (3) holds for arbitrary xzV,f zU. Hence the necessity of condition 
(3) is established. 

In what follows we shall not be concerned directly with a system of the type 
(1), but with a system in which the derivatives df'/dx’ are not given explicitly. 
We shall therefore write the integrability conditions for the system of equations 
which will concern us in a form more desirable for our purposes. 

A) We consider the system of differential equations 


(5) 


»*(/) ~ • = Vj(x), i = 1, 

dx 1 


r; j = 1, 


where v)(z) - v) (a 1 , ■ ■ ■ , z r ) are functions which are defined and are doubly 
differentiable in the region a e U, and are such that the determinant of the 
matrix ||t>j(a)|| does not become zero in this region. The system (5) can easily 
be reduced to the form (1), and therefore its integrability conditions can be 
written as 


(6) 


dt>I(a) 

dz> 


dt>,‘(a) 

dz k 




where cj* are certain constants. The system (5) can be rewritten in the follow- 
ing symmetric form 

(7) = v)(x)dx f , 

where df 1 is the total derivative of the function /'(x), and dx* is the derivative 
with respect to the independent variable x*. 

* For a proof of the sufficiency see de la Vall6e-Poussin, Cours d’ Analyse, vol. 2, chapter 
on equations in total differentials. 
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In order to deduce relation (6) we introduce the matrix ||uj( 2 )(| inverse to the 
matrix ||»}(z)||. This matrix exists since the determinant of the matrix ||t>}(*)|| 
is, by assumption, distinct from zero in the region U. We have 

(8) u«(z)v“(z) = «l(z)u"(z) = «}, 

where || 6‘|| is the unit matrix. Differentiating relation (8) we get 

dllUz ) dv'a (z) a 

(9) + 

dz L dz k 

Multiplying (5) by w?(/) and summing over i we get, changing the notation of 
the indices, 

df l i 0 

(10) = VM(x). 

dx’ 

In this way the system (5) is reduced to the form (1), and Theorem 69 is there- 
fore applicable to it. By this theorem the integrability condition for the sys- 
tem (10) has the form 

(11) u'COe.V) vl(x) + vXx) 

dr ' 31 . 3*,) 

Multiplying (11) by a? (/) and summing over i we get from (9) and (8) 
dv x {J) «... •», . 0 , . . dvk(x) 


dV,(J) i a y . 0. . dVk(l 
— — Ui,(f)uy(f)v, (x)v k (x) + — - 

df a dx ’ 


dvUf) i a y 0 dV P ,(x) 

+ — r~ ut(f)u y (f)v k (x)v,(x) — - = 0 . 

df a dx k 

Multiplying the last relation by u'(x)uf(z) and summing over j and k we get 

/dvg(x) 6a«(x)\ a 0 /dvg(f) dva(f)\ « 0 

(12) ( — )u.(x)u t (x) = ( — — )«.(/)»<(/)• 

\ dr a dX0 ) \ df° df / 

The last relation must be true identically. Since the variables are separated 
in it, each side of it must be a constant. Hence we have 

/dVg{z) dV a {s)\ a 0 


-)u.{z)u%) = c,‘ ( . 


Multiplying this last relation by v)(z)vi(z) and summing over < and t we get 
relation (6). Proceeding in the opposite direction we can get relation (11) from 
relation (6). 
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51. The Construction of Lie Groups from Structural Constants 

We shall give here a construction of a local Lie group by means of its structur- 
al constants. This construction will be carried out in terms of coordinates, i.e. 
we shall endeavor to find functions , y) which express the coordinates of 
the element/ * xy ■» f(x, y) in terms of the coordinates of the elements x and y 
(see Definition 45). It is evident that the structural constants themselves can- 
not define the functions /*(#, y) f since there exist transformations of coordinates 
which do not change the structural constants but do change these functions. 
Therefore, we must select for this construction some special coordinates, such 
as the canonical coordinates of the first or second kind. Either of these choices 
is possible. We make use here of the canonical coordinates of the first kind. 
The construction of a local Lie group is carried out in two steps. The first 
step consists in the introduction of some auxiliary functions which define 
uniquely the functions /*(&, y) } and are themselves defined by the latter. 
These auxiliary functions satisfy certain differential equations which contain 
the structural constants. The second step consists in the solution of these 
equations. It is necessary here to use canonical coordinates because the auxil- 
iary functions are uniquely defined by the structural constants only in these 
coordinates. 

A) Let G be a local Lie group and let 

(1) f = xy = f(x, y). 

This relation may be written in coordinate form as follows: 

(2) /•' = f'(x, y) = f'(x l , ■ • ■ , x r ;y\ ■ ■ ■ , y r ). 

We shall now introduce the auxiliary functions. We denote symbolically by 
x + 6x the element whose coordinates &re x* + 8x { , i = 1 , • • ■ , r, where x i , 
i = 1, • • • , r, are the coordinates of a certain element x, while 

(3) 8x ( , i = 1, • • • , r, 

are small increments. 

Let p * (x •+■ 8x)x~ 1 , and let us expand the coordinates of the element p in 
Taylor series in powers of the increments (3). We then have 

(4) v - v,(x)6x + «!, 

where is of the second order of magnitude with respect to the increments (3), 
while Vj(x) = Vj (x 1 , • • • , x r ) is a function of x. In this notation the following 
relation hplds : 

(5) »)(«) - 4 

where || 5j|| is the unit matrix, and e is the identity of the group G. Also 

(6) »*(/) — — v]{x). 
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Hence f(x, y) } as a function of x } (for y constant) satisfies the system of differ- 
ential equations (6) with the obvious initial conditions 


( 7 ) 


y ) » y- 


Finally the funticons v)(x) satisfy the following system of equations 

dv k (x) dv](x) , * a . 

— — = c^Vj(x)v k (x) 


( 8 ) 


dx> 


dx k 


where c) t are the structural constants of the group G. It is worth noting that 
relation (8) is nothing else but the integrability condition for the system (6) 
(see §50, A)). 

We also note that it is possible to write the equation of a one parameter sub- 
group in a simple form by making use of the auxiliary functions v)(x ). In fact, 
if x(t) is a one-parameter subgroup of the group G y having the direction vector a, 
then the following relation holds : 

i t dx } (t) 

(9) a = v } (x(t)) — — • 

at 


Relation (5) is obvious. To prove (6) we assign in (1) certain increments to 
the coordinates of the element x. Then the coordinates of the element / also 
acquire certain increments, and we have 

/+</"(* + t*)y- 


It follows from this and from (1) that 

(/+ f>f)f l - (* + te)y(*y)~ l - (* + to)*’ 1 - 

This last relation can be written in coordinate form by making use of (4) as 
follows : 

(10) vl(f)6f k = v](x)6x + * 2 , 

where c* is of the second order of magnitude with respect to the increments (3). 
Expanding the functions 8f k in a Taylor series in powers of the increments (3) 
we get 

( 11 ) «/ — ** + «»\ 

OX 1 

where 4 is of the second order of magnitude. It follows from relations (10) and 

(11) that 

Afk 

vl(J) 7 bx = v)(x)bx + u. 


By comparing the coefficients in this last relation we obtain (6) 
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In order to prove (8) we note that if x 0 and / 0 are two elements in the neigh- 
borhood of the identity, then there exists an element yo such that /<> = x 0 y<>. 
Hence the system (6) has a solution for arbitrary initial conditions x 0 and / 0 
in the neighborhood of the identity e. Hence by Theorem 69, the integrability 
conditions hold for the system (6). By remark A) of §50, these integrability 
conditions have the form 


( 12 ) 


dvl(x) dv](x) 

dx’ dx k 


C«pVj (x)vu(x), 


where cj t are certain constants. It remains to show that these constants are 
the structural constants of the group G. For x = e, relation (6) gives 


v'a(y) 


d/ g (e, y) 
dx 1 



Differentiating this last equation we get 

Sv' a (y) d/“(e, y) , dY(e, y) 

— i : 1- v a (y) — — = 0, 

dy k dx 1 dx’dy k 

which becomes for y *= e 

dv](e) d 2 f\e, e ) 

(13) — — + - — — ; = 0. 

dy k dx i dy k 

It follows from here and from (4) of §48 that dvj (e)/dy k = — a) k . Hence for 
x = e, relation (12) becomes 

i i m t 

djk — dkj = Cjky 

i.e., the cjh are the structural constants of the group G (see §48, (5)). 

To prove (9) we let the parametei t jave a small increment dt. Then we have 

x(t + ti)(x{t))~ l = x(5t), 

and therefore 

x'(St) = v](x(t))(x(t + «) - x(t)) + 

Dividing both sides of this equation by dt and passing to the limit as 6t — > 0, 
we obtain relation (9). Hence A) is completely established. 


Theorem 70. Let U be an open set of the r-dimensional Euclidean space con- 
taining the origin of coordinates e. Suppose the following doubly differentiable 
functions are defined in U : 

v*\x) - *>* V, • • • , z), 
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such that the determinant of the matrix ||»*(x)|| does not become zero in the region 
U, and such that the following conditions are satisfied. 

(14) v*,\e) = l* 


(15) 


dvk\x) di* ( x ) 
dx> dx k 


** 4 <* 

Ca&Vj 


( x)v* k \x ) 


where c$ are certain constants. We form the system of differential equations 

(16) vt'(f) — = v* (a-). 

dx 1 

Relations (15) are the mtegrabihty conditions for the system (16) (see §50, A)), 
and therefore by Theorem 69 there exists a neighborhood G of the origin of coordi- 
nates e such that , for any xq e G andfo e G , there exists a solution /(x,/o, £o) having 
the initial values xq and / 0 which holds for all xtG. Let /Or, y) = f(x } y y e). 
Then 

(17) f(c s, y) = y. 

We now define the law of multiplication of two points x and y by setting 

(18) / = xy = f(x, y ). 

Then with this law of multiplication G is a local Lie group such that the auxiliary 
functions v)(x) of the group G (see A)) coincide with the given functions vf % (x) and 
the structural constants cj* of the group G coincide with the constants c* k , z.e., 

(19) v](x) = v*\x) 

( 20 ) a 2 k = Cji. 

Proof. We prove first of all the associativity of the multiplication law. It 
follows from (17) that/(e, e) = e. Since the function /(x, y) is continuous, we 
can select a sufficiently small neighborhood V of the point e such that for 
x e V, y e V we have f(x, y)eG. Let x e V, y e V, z z V, and let u = /(x, y), 
v = f(y } 2 ), w = /(«, z), w* = f(x, v). We shall then show that w = w*, which 

will prove associativity. 

In this proof we shall consider the elements y and z as fixed, and x as variable. 
From the definition of the function /, the function w*(x) is a solution of the 
system (16) with the initial condition w*(e) = v. We shall show that w(x) is 
also a solution of the system (16) with the same initial condition w(e) = v. 
Because of the uniqueness of the solution of the system (16) (see Theorem 69), 
it will follow that w*(x) = w(x). 

We have for x = e that u = y, i.e., w — f(y,z) = v. Hence the initial condi- 
tions coincide for the functions w{x) and w*(x). 

In order to show that w(x) is a solution of the system (16) we introduce the 
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matrix ||m* < (x)|| inverse to the matrix ||t>j M (x)||. 
(16) may be written 


( 21 ) 


dp 

dx 1 




In this notation the system 


Furthermore, we have 

dw * dw % du a 
dx J du a dx 1 


uV(w)v* k (u)u* a (u)v*\x) = uV(w)v*\x). 


Hence w(x) is a solution of the system (21) and associativity is proved. 

The identity of the group G is the element e . For / = x, as can easily be 
seen, is a solution of the system (16) with the initial condition /(e) = e. Hence, 
because of the uniqueness of the solution, f(x y e) = x y i.e., xe = x. 

In order to find the inverse element, it is necessary to solve with respect to y 
the system of equations 

(22) /'Or, y) - 0. 

For x = e this system has the obvious solution y = e. Furthermore it follows 
from relation (17) that the Jacobian of the system (22) is equal to unity for 
x a® y — e. Hence the system (22) is solvable for y in the neighborhood of the 
identity e y and the existence of the inverse element is proved. 

Since we have already shown that G is a local Lie group, it follows from re- 
mark A) that the function /(x, y) satisfies the system (6) and at the same time 
the system (16). It follows from this that v)(z) = v*\z) y since by putting 
x = e in the systems (6) and (16) we get a method of calculating the functions 
v){z) and vf\z) by means of f(x y y) (see (5) and (14)). By (19) the constants of 
equations (8) and (15) must coincide, i.e., c) k = cj£. This proves Theorem 70. 

The first step in the construction of a Lie group is now completed. We pass 
to the second step. Here the problem consists in solving the system (8), i.e., 
in finding the auxiliary functions v)(x) from the structural constants. The 
form of the system (8) shows that the solution satisfying the initial conditions 
(5) is not uniquely defined. As already mentioned, it is necessary to specialize 
in some way the choice of coordinates in order to impose an additional condi- 
tion on the functions v)(x) and solve the problem uniquely. We chose as these 
special coordinates the canonical coordinates of the first kind (see §39, B)). 

The problem of solving the system (3) in canonical coordinates can be re- 
duced to the integration of a system of ordinary differential equations. The 
method used here is a rather common one. The functions v){x) are not sought 
at once in the whole neighborhood of the identity, but along a certain curve, 
in this case along a one-parameter subgroup. If g(t) is a one-parameter sub- 
group, we have, in view of our canonical coordinates, g*(t) = aH. The func- 
tions v](g(t)) for a fixed subgroup g(t) depend on a single parameter t. It turns 
out that the functions tv)(g(t)) y as functions of the parameter t y satisfy a cer- 
tain system of ordinary linear differential equations with constant coefficients. 
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The solution of these equations is reduced to a simple application of an elemen- 
tary existence theorem, and the problem is completely sol/ed. 

We give here one characteristic property of the system of canonical coordi- 
nates of the first kind. 

B) Let D be a system of coordinates in a local Lie group. In order that 
the system D be canonical of the first kind it is necessary and sufficient that 
there exist auxiliary functions v){x) in the system D (see A)) which satisfy the 
following relation: 

(23) v](x)x = x\ 

Suppose that the coordinates D are canonical of the first kind. Let g{t) be 
a one-parameter subgroup of the group D having the direction vector a (see 
§39, A)). Since the coordinates D are canonical we have g*(t) = a't. Making 
use of (9) we have 

(24) v](at)a — a . 

This relation becomes (23) for a = x, t = 1. 

Suppose now that relation (23) holds. Let g(t) be a one-parameter subgroup 
having the direction vector a. From relation (9) we have 

, dg J (t ) , 

(25) v } (g(t)) — = a . 

at 

In view of relation (23), the system (25) is satisfied for g'(t) = a't. Hence, 
because of the uniqueness of the solution of the system (25), we have g *(t) = a't, 
i.e., the system of coordinates D is canonical of the first kind. 

C) Let G be a local Lie group and D a canonical system of coordinates of 

the first kind defined in it. Further, let v](x) = Vj(x l f • , x r ) be the auxiliary 

functions (see A)) defined in the system D. Let 

(26) w](t) = iv](t, a) = tv)(a\ • • , at) = tv](at ), 

where a is a fixed vector, and at represents symbolically a vector with coordi- 
nates a't: this notation is not common, but it is natural in canonical coordinates 
of the first kind. Then the following relations hold 


(27) 

(28) 

(29) 


v](x) » Wj( 1 , x ), 
w](0, a) = 0, 
dw](t) » » 


t t a p. v 

= 5, + Cagd W,(t). 


In this way the functions w^t, a), considered as functions of the parameter t, 
are solutions of the system (29) with initial conditions (28). From the func- 
tions Wj(t, a) we can now define by means of relation (27) the desired functions 
v * ( x ). This will show that in canonical coordinates of the first kind the aux- 
iliary functions v)(x) are uniquely defined by the structural constants c* JK . 
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Relations (27) and (28) are obvious. We shall now prove relation (29). 
Differentiating (23) we get 


(30) 





Multiplying (8) by x k and summing over k we get 

dv k (x) k dv,(x ) k <«..*,,* • « ». s 

(31) X X — CaffV, (x)v k (x)x = — CafiX V,(x) 

dx’ dx k 

(see (23) and §48, (6)). From relations (30) and (31) it follows that 

dV,(x ) * t « % a f 

— X + v,(x) = 8, + Ca»X V,(x) 

dx k 


Replacing x by o< in the last relation we get 

dVi(at) k i i i a 8 

(32) ta + v,(at) = 5, + c a »a tv, (at). 

dx h 

The left side of the last relation can easily be seen to be the derivative of the 
function w)(t, a) with respect to t. Hence relation (32) can be written in the 
form (29). 


Theorem 71. Let cff be a system of constants satisfying the following relations 

(33) c* k = — c*„ 

*p ** . *j> ** . *>> ** n 

(34) C t s Cjh “h Cja Cki + Ck, c %} 0. 


We consider the system of ordinary differential equations 

/oe\ **’ i ** a *0 

(35) — — = 6, + c^a w, , 

dt 

where a is a constant vector , and are unknown functions of the parameter t. 
The system (35) is linear with constant coefficients, and therefore its solutions exist 
for all values of t, — oo < t < oo . We denote by w* x (t, a) the solution of the 
system (35) having the initial conditions 

(36) w*\ 0, a) = 0. 

Let us suppose further that 

(37) v*\x) = w*\l, x). 

Then the functions v* { (z) satisfy relations (14) and (15), where e is the origin of 
the coordinates . Moreover the following relations hold : 

(38) v*\x)x f * x\ 
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Proof. In order to establish (14) we must solve system (35) for a = e. Ob- 
viously this solution is Wj\t) = fy, i.e., i>7*(e) = 8} (see (37)). 

Relations (15) and (38) are proved by the same method, but in order to 
make this method clear we shall first take up the simpler case of (38). 

Let 

(39) h\t) = w*\t, a)a - ta. 

We shall show that h'(t) — 0. Relation h'{ 1) = 0 gives (38). First of all it 
is clear that 


(40) 


h'( 0) = 0. 


We now calculate the derivative of the function h'(t). Making use of relations 
(35) and (33) we get 


dh'{t) 

dt 


\ *t a *8 ) t a *0 \ f 

= (5; + c a(3 a Wj (t, a))a — a = c aQ a { t , a)a 

*» a / *P/J \ J 2 

= Capa ( Wj (t, a)a — ta ). 


Hence the function h l (t) satisfies the system of linear equations 


(41) 


dh' 

~dt 


* » a, J 

= c a] a a . 


With the initial condition h'(0) = 0 the system (41) has the obvious solution 
h x (t) = 0, hence, because of the uniqueness of the solution of the system (41), 
we have h x (t) = 0 (see (40)). 

To prove relations (15) we let 


(42) 


h jk (t) = 


dWk (t, a) 
da* 


dw*\t, a) 
da k 


cVpw* a (t> a)w* k e (l, a) 


and show that Aj t (<) = 0. Then the special case ti jk {\) = 0 gives us (15). 
Since ^*‘(0, a) = 0, it follows that dw*'(0, a)/da k = 0 and therefore 


(43) h) k ( 0) = 0. 

We now calculate the derivative of the function hj k (t). Differentiating rela- 
tions (35) we get 


(44) 


d i w*\t,a) *. #0,. , , *• « dw k ( t,a ) 

= c,fiW k (t, a) + c a(t a 


dtda’ 


da’ 


Making use of (35) and (44) we get 

dh',k 


dt 


** 

CrfWk + CapCL 


*0 A 

*t a dWk *% *0 *» « 

— CkpWj — Capa 


da* 


da k 


— c a p(dj + c y pa w } )w k — CapWj (8k + Cyta w k ). 
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Collecting similar terms in the last equation we get by means of (33) and (34) 

,.i , , V 

d>hjk *» or/ OWk OWj *0 *7 ♦*’ 

= CaBd I CyiWj Wk I =* CapCt rljk. 

dt \ da J da k / 

Hence the function h^ft) is a solution of the system of equations 


(45) 



*» <*,0 

= CapCL rljk) 


having the initial conditions (43). With these initial conditions the system 
(45) has the obvious solution hj k = 0, so that it follows from the uniqueness 
of its solution that h^t) = 0. This proves Theorem 71. 

This completes the second step of the construction of a local Lie group from 
its structural constants. We now state the whole construction in a final 
form. 


Theorem 72. Let c) k be constants satisfying relations (11) and (12) of §48. 
We consider the system of equations 


(46) 


dwj 

dt 


. i * fi 

= <5, + Cafia w„ 


where a is a constant vector and w) are unknown functions of the parameter t . We 
denote by w)(t } a) the solution of the system (46) with the initial conditions 

(47) w)(0, a) = 0. 

Let 

(48) v](x) = w]( 1, x). 

Since the system (46) is linear with constant coefficients , its solution is defined for 
an arbitrary vector a and for an arbitrary value of the parameter t. Therefore the 
functions v*(x) are defined for arbitrary values of the coordinates of the point x, i.e ., 
over the whole Euclidean space. We consider, furthermore , the system of partial 
differential equations 

(49) = v,(x). 


The integrability conditions for this system of equations are satisfied , and since 
the matrix ||rj(a:)|| becomes a unit matrix at the origin of coordinates e, there exists 
a sufficiently small neighborhood G of the origin e such that for x e G, y e G, there 
exists a solution f{x, y) of the system (49) which satisfies the initial condition 

(50) fie, y) - y . 

We define the product of two points x and y in G by 

(51) xy * f(x, y). 
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By virtue of this law of multiplication G is a local Lie group taken in canonical 
coordinates of the first kind , and the structural constants of this group coincide with 
the preassigned numbers 4 If furthermore G* is an arbitrary local Lie group , 
considered in canonical coordinates of the first kind } and having for structural con - 
stants the same numbers c) k) then the function f*(x t y) which defines the law of 
multiplication in G* coincides with the function f(x } y) which we have defined above . 

We have therefore shown the existence and the uniqueness of a local Lie 
group. It is worth noting that the function f(x , y) which we have obtained 
above is an analytic function, because the systems of equations which we had 
to solve are analytic. Therefore every local Lie group admits analytic coordinates . 

The proof of Theorem 72 follows directly from propositions A), B), C) and 
Theorems 70 and 71. 

We now formulate the above result in terms of infinitesimal groups. 

Theorem 73. Let R be an arbitrary infinitesimal group (see Definition 46). 
Then there exists a local Lie group G such that the infinitesimal group of the group 
G is isomorphic with the group R (see Theorem 66). Let G and G' be two local 
Lie groups , and R and R r their infinitesimal groups. Suppose there exists an iso- 
morphic mapping g of the group R on the group R'. Then there exists one and 
only one locally isomorphic mapping h (up td an equivalence) of the local group 
G on the local Lie group G' (see §34, K)) which is such that the mapping of the 
group R on the group R ' which corresponds to it (see Theorem 68) coincides with 
the given mapping g. 

Proof. In order to construct the group G from its infinitesimal group R it 
is sufficient to take the group R in coordinate form. Since the structural con- 
stants of the group R satisfy relations (11) and (12) of §48, it follows from 
Theorem 72 that it is possible to construct the local Lie group G. 

We select in the groups R and R r coordinate systems which correspond to 
each other under the mapping g. Then the structural constants of the groups 
R and R' will coincide. 

Taking corresponding canonical coordinates of the first kind in the groups G 
and G ' we obtain in them the functions f(x, y) and /'(x, y ), which define the 
law of multiplication, and which coincide in case the structural constants of 
the groups coincide (see Theorem 72). In this way if we associate with each 
point x z G a point x* e G' whose coordinates are equal to the coordinates of 
the point x, we shall obtain the desired isomorphic mapping h. The unique- 
ness of the mapping h follows from the fact that every automorphism of the 
group G f can be written in canonical coordinates in the form of a linear trans- 
formation (see §42, B)). In this way to a non-identical automorphism of the 
group G corresponds a non-identical automorphism of the group R'. This com- 
pletes the proof of Theorem 73. 

Theorem 73 shows that the study of local Lie groups is completely reduced 
to the study of their infinitesimal groups. 
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It should be noted that the above method of constructing a Lie group from 
its infinitesmal group is primarily of theoretical interest. From a practical 
point of view it is more convenient to construct a Lie group from a given infini- 
tesimal group from entirely different considerations and to make use of Theo- 
rem 73 only as a uniqueness theorem. 

Example 66. We consider the structure of a two-dimensional Lie group. 
Let R be a 2-dimensional infinitesimal group and p and q two linearly inde- 
pendent vectors of 22. Let [p, q] = r. It is not hard to verify that for any 
two vectors a and b of R we have [a, b] = ar, where a is some number. We 
shall distinguish two cases: r = 0, and r ^ 0. If r = 0, then the commutator 
of any two vectors of R is equal to zero, and the group R is commutative. In 
case r 5 ^ 0, there exists a vector t such that [r, t] = r. We take the vectors r 
and t as the basis of the space R. Then the structural constants have the 
values c} 2 = 1, c? 2 — 0. Hence there exists only two non-isomorphic two-di- 
mensional infinitesimal groups. 

If the group R is commutative, then the Lie group G which corresponds to 
it is also commutative. 

If the group R is not commutative, then the corresponding group G can be 
defined by the relations 

f l = z 1 + y l e~ x \ P = x 2 + y 2 . 

The set of all elements of the group G which have zero for their second co- 
ordinate forms a normal subgroup of the group G. The normal subgroup of 
the group 22 which corresponds to it is composed of all vectors of the form ar, 
where a is an arbitrary number. 

52. The Construction of a Subgroup and of a Homomorphism 

In the preceding section we have established the complete equivalence of the 
concepts of a local Lie group G and of its infinitesimal group 22. We shall ex- 
amine here this equivalence in greater detail by establishing a one-to-one cor- 
respondence between the subgroups, normal subgroups, and factor groups of 
the groups G and R. We have already arrived at the group R from the group G 
(see §49). Here we shall proceed in the opposite direction. It should be noted 
that all the considerations of the present section are of a purely local character. 

Theorem 74. Let G be a local Lie group , R its infinitesimal group , and S a 
subgroup of the gioup R . Then there exists, up to an equivalence , one and only 
one subgroup H of the group G (see §23, 1)), which is such that the subgroup which 
corresponds to it in R is S. We shall say that the subgroups H and S correspond 
to each other , and write H ?=* S. 

Proof. Let r and s be the dimensions of the spaces R and S. We select in 22 
a system of coordinates such that the vector a belongs to the subspace S if 
and only if its coordinates satisfy the relations 

(1) a'* 1 - 0, - • • , a r - 0, 
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while we introduce in G the corresponding canonical coordinates of the first 
kind. We shall keep these coordinates in R and G throughout the whole proof. 
If the subgroup H exists, it is defined in the coordinates chosen above by a 
system of linear equations (see §42, B)). Since the subgroup S must corre- 
spond to the subgroup H, it follows that H must be defined by the equations 

(2) .7* +I = 0 , • • , x r = 0, 

i.e. the point x belongs to the subgroup H if and only if its coordinates satisfy 
relations (2). Hence the uniqueness of the subgroup H is proved. 'We shall 
now prove its existence. 

We denote by H the set of all points of G whose coordinates satisfy condi- 
tions (2) and show that H is a subgroup of the group G . To do this it is suffi- 
cient to show that if x z H, y z H, then xy zH and x~ l z H . The proof will 
consist in a direct calculation of the function f(x , y) which defines the law of 
multiplication in G carried out in the coordinates selected above (see §48, (1)). 

Let c) k be the structural constants of the group G or, what is the same, of 
the group R. Since a subgroup is defined by relations (1), it follows that the 
structural constants satisfy the following relations 

(3) if i > s,j ^ s, k ^ 5, then c) k = 0. 

In order to avoid indicating each time what the possible values of a certain 
index may be, we agree to write a prime (') after all indices which assume only 
the values 1, • • • , $ and a double prime (") after indices which assume the 
values s + 1, • • , r. With this notation relation (3) can be written 


(4) 



In the same way if a point (or a vector) belongs to H (or to S ) we shall prime 
the letter by which it is represented. 

We shall now occupy ourselves with the solution of the system of equations 
(46) of §51 for a = a'eS. To do this we divide this system into two inde- 
pendent systems 


(5) 


dw ] ' » t a' ft 

= 8 jf + Ca'pa w 

dt 


and 

( 6 ) 


dw)" 


dt 


6j" + Ca’fid Wj". 


In order to find the solution of the system (5) we first find the solution of the 
system 


dw * * 

dt 


« ' t ' a ' 

= 5,' + Ca'3'U 


* 0 ' 
w,' . 


( 7 ) 
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It can easily be seen that in view of (4) the system (5) is satisfied if we let 

(8) w ,* = w r , 

(9) w)'' = 0. 

Because of the uniqueness of the solution of the system (46) of §51 we obtain 
the result 

(10) w)> (t, a ') = 0 
from which it follows that 

(11) tyV) = 0 


(see §51, (48)). 

We note that the functions Vy{x f ) which we have obtained from (8) are aux- 
iliary functions of some Lie group whose infinitesimal group is the group S . 
In fact we have t>J/'(x') = wf % \ 1, x f ) } where the functions a') are ob- 

tained by integrating the system (7), while the constants c% which enter into 
this system are the structural constants of the group S. 

We now proceed to the solution of the system (49) of §51. We are inter- 
ested only in the function/ l (x', y'). In fact we want to show that/*" (s', y') = 0, 
since this will show that f(x', y ') e H . Since for a fixed y' the function f{x\ y') 
depends only on the variables x i f — i, • , $, it is sufficient to solve the 

system 

df k 

(12) 9 — = v'Az’). 


In order to solve this system, we first solve the system 

df* k ' 

(13) «*'(/*) -fr- v'Ax'), 

dx J 

with the initial conditions y f ) = y x \ The system (13) is solvable since 
the functions Vy(z') are, as we have seen, auxiliary functions of some Lie 
group. It can now readily be seen that the system (12) is satisfied by 
y f ) = f* % '(x', y f ) } f % "(x f , y') = 0, in view of (11). Because of the 
uniqueness of the solution of the system (12) we get the sough t-for result, 
/ y ') = 0. Hence x'y' = /' e H, 

In order to prove that c #, it is sufficient to point out that in canonical 
coordinates of the first kind the element z* 1 has the coordinates —x*, 
i = 1, • • • , r. This fact follows readily from the consideration of one- 
parameter subgroups. Hence (x')"* 1 = and Theorem 74 is proved. 

Before passing on to the discussion of normal subgroups, we introduce the 
important concept of the adjoint group, which will form the foundation for the 
proof of Theorem 75. 

A) Let G be a local Lie group taken in canonical coordinates of the first 



§52] CONSTRUCTION OF SUBGROUP AND HOMOMORPHISM 261 


kind. To every element x e G corresponds an inner automorphism a x of the 
group G, i.e., if z e G, then 

(14) a x (z) = xzx~K 


Because the coordinates are canonical, relation (14) can be written in coordi- 
nate form as follows. 

(15) a x (z) = p](x)z 


(see §42, B)). 

It is not hard to see that p){xy) = Pt( x )Pj(y)- Hence we have a homo- 
morphic mapping g of the group G on the Lie group P of matrices. To 
every element x zG corresponds a matrix ||pj(:r)|| = g(x). The group P of 
matrices is called the adjoint group of the group G. The mapping g is now a 
homomorphic mapping of the group G on its adjoint group P, in which the 
kernel of the homomorphism g can easily be seen to be the center of the group G. 
The group P of matrices can also be thought of as a group of automorphisms 
of the infinitesimal group R of the Lie group G. 

In order to calculate the functions p)(x) directly from the structural con- 
stants c) k we replace x by ta , where ta represents a point whose coordinates are 
ta 1 , a being a constant vector and t a parameter. Then the following relations 
hold: 


(16) 


dpj(ta) I a (3 
— - — = c a pa v^ta). 
dt 


In other words, if we take into consideration the obvious initial conditions 

(17) P*(0a) = 5, 1 

we can determine the functions p)(x) by integrating the system (16). 

To prove relations (16) we shall look for the functions p)(x) over a certain 
one-parameter subgroup x(t) having the direction vector a. Because the co- 
ordinates are canonical, it follows that x { (t) = ta 1 . Furthermore we have 

a x (z) = xzx~ l z~ l z = q(x f z)z. 

The last relation can be written in coordinate form as follows: 

(18) a\{z) = z % + Ctftai + 

where is of the third order of magnitude with respect to t and with respect to 
the coordinates of the element z (see §48, (4), (8)). Comparing relations (15) 
and (18) we get 

(19) p](ta) = 8] + e'ajta* + e,(t), 

where ej(0 is of the second order of magnitude with respect to t . Since x(t) is a 
one-parameter group we have 
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(20) ||pk« + ««)a)|| -||pk<a)ir l = Ilp/Wll- 

It follows from (19) and (20) that 

p)((t + M)a) — p](ta) = c a fibtap](ta) + ^(bt)p^(ta) f 

but the last relation implies (16). 

B) We shall point out here one conclusion from relation (16), which how- 
ever will not be used by us. It follows from A) that there exists a homomor- 
phic mapping g of the group G on its adjoint group P. Since P can be regarded 
as a group of linear transformations of the space R } the elements of the infini- 
tesimal group T of the Lie group P can be regarded as linear transformations 
of the space R (see Example 63). To the homomorphism g corresponds the 
homomorphism h of the infinitesimal group R on the infinitestimal group T (see 
Theorem 68). In this way to every element a e R corresponds a linear map- 
ping^ = h(a) of the space R into itself. It follows from (16) that the mapping 
f a is defined by the relation 

(21) f«(u) = [a, u], 

where uzR. The set of all mappings of the form (21) forms an infinitestimal 
group T of mappings of a vector space into itself. The infinitesimal group T 
is called the infinitesimal adjoint group of the group R or of the group G . 

Theorem 75. Let Gbe a local Lie group , H a subgroup of G , R the infinitesimal 
group of G f and S the subgroup of the group R which corresponds to the subgroup H , 
H S (see Theorem 67). If S is a normal subgroup of the group R, then H is a 
normal subgroup of the group G . If S is a central normal subgroup of the group R , 
then H is a central normal subgroup of the group G. 

Proof. Let r and s be the dimensions of the groups G and H. We introduce 
in G canonical coordinates such that H will be defined by the relations 

(22) x- +1 « 0, •• • , a r - 0. 

Then the subgroup S will be defined in corresponding coordinates in R by the 
relations 

(23) a t+1 « 0, • • , a r - 0. 

Just as in Theorem 74 we shall mark with a prime (') the indices which as- 
sume the values 1, • • • , s and with a double prime (") the indices which assume 
the values s + 1, • • • , r. The elements which belong to H will also be marked 
with a prime. 

To prove the theorem we have to clear up the question of the dependence 
of the elements of the group H on the inner automorphisms of the group (r. 
To do this it is sufficient to calculate the matrix || p)(x) ||, using the method indi- 
cated in A). 

Because of the special choice of coordinates in G and the fact that S is a 
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normal subgroup of the group R, the structural constants c) t satisfy the rela- 
tions 

(24) c)k' = 0. 

We integrate the system (16) by splitting it up into two independent sys- 


terns: 

dp\>(ta) 

% a 0 

(25) 

dt 

= c a $a p,'(ta)> 

(26) 

dp]'’(ta) 

* a & / \ 

dt 

= Cata Pj''(ta). 


In order to integrate the system (25) we first solve the system 


(27) 


dp*' (la) 

It 


= Cafl'CLopj’ ( ta ) 


It can readily be seen that in view of (24) the system (25) is satisfied for 
Pj',(ta) = pp'tya), and Py\ta) = 0. In this way we get the result 

(28) p\ • (x) = 0. 

In case S is a central normal subgroup we have CjV = 0 instead of (24). In 
this case the system (25) has the solution py(ta) — 8)*, and hence 

(29) p]'(x) = d]'. 

In follows from (28) that a x (z f ) e H (see (14) and (15)^, i.e.,H is a normal 
subgroup, while (29) shows that a x (z') = z f (see (14) and (15)), i.e., H is a cen- 
tral normal subgroup. This proves Theorem 75. 

We now pass to the consideration of homomorphisms. 

Theorem 76. Let G and G r be two local Lie groups , R and R ' their infinitesimal 
groups , and let h be a homomorphic mapping of the group R on the group R'. 
Then there exists , up to an equivalence , one and only one locally homomorphic 
mapping f of the group G on the group G f (see §23, K)) such that the homomorphic 
mapping of the group R on the group R r which corresponds to it is the given map- 
ping h (see Theorem 68). We shall say that the mappings f and h correspond to 
each other , and write f <=* h. 

Proof. Let S be the kernel of the homomorphism h. By Theorems 74 and 
75 to the normal subgroup S of the group R corresponds the normal subgroup N 
of the group G, N Let G* = G/N , and denote by /* the natural homo- 

morphic mapping of the group G on (?*, by R* the infinitesimal group of the 
group G* t and by h* that homomorphism of the group R on the group R * which 
corresponds to the homomorphism/* (see Theorem 68). Then S is the kernel 
of the homomorphism h*, since the kernel of the homomorphism f* is N t and 
N <=±S (see Theorem 74). 
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Given an element a * e R* there exists a coset A of the subgroup S in the 
group R which goes into the element a* under the homomorphism h *, while 
under the homomorphism h the coset A goes into some element o' e R'. 
Let a' = h f {a *). It is not hard to see that h* is an isomorphic mapping of the 
group R* on the group R f for which the following condition is satisfied: 

(30) h(a) - A'(A*(a)), 

where a is an arbitrary element of R. By Theorem 73 there exists a uniquely 
defined isomorphic mapping/' of the group G* on (?' such that the mapping of 
the group R * on the group R' which corresponds to it is A', /' — > h'. Let 

(31) /(*) =/'(/*(*)). 

Since/* — > h* and/' — > A', it follows from (30) and (31) that 

(32) f-+h 
(see §49, E)). 

If there exist two distinct homomorphisms*/ and/" which satisfy (32), then, 
since the kernels of the homomorphisms / and /" coincide, we would have a 
non-identical automorphism of the group G' such that the automorphism of 
the group R f which corresponds to it would be identical; but this is impossible 
in view of Theorem 73. Hence Theorem 74 is proved. 

The following examples show that the considerations of the present section 
are really of a purely local character. 

Example 67. Let G 2 be a two-dimensional toroidal group. Every element x 
of the group G 2 is defined by a pair of real numbers x l , x 2 which are defined up 
to an additive integer. The product of two element xy — / is defined by the 
relations/ 1 = x 1 + y l ,P = x* + y 2 ) where these equations are taken modulo 1. 
G 2 is a Lie group defined in the large, whose infinitesimal group we shall denote 
by R 2 . We consider in G 2 a local one-parameter subgroup x(t) defined by the 
relations x*(t) = aH, x 2 (t) = a 2 t , where the ratio a 1 /a 2 is irrational. To the 
local subgroup {x(£) } = H corresponds a subgroup S of the infinitesimal group 
R 2 . We shall show that no entire subgroup of G 2 corresponds to the sub- 
group S. Suppose such a subgroup H* exists. Since the subgroup H* is 
uniquely defined in the neighborhood of the identity by the subgroup S t it 
follows that the subgroups H* and H must coincide there. We can conclude 
from the fact that H* is an entire group that the group H* must contain all the 
elements x(t) } x^t) = a l t , x 2 (t) = a 2 t , for arbitrary L Since the ratio a l /a 2 is 
irrational, it follows readily that the group H* is a set which is everywhere 
dense in (? 2 , and since H* must be one-dimensional and closed in G 2 we have 
arrived at a contradiction. 

It should be noted that the group G 2 is not simply connected, and if we had 
made all our constructions for the universal covering group of G 2 (see Definition 
44), all would have been well. In the following example we shall show that 
in the case of a simply connected Lie group there also exists no one-to-one corre- 
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spondence between an entire subgroup of a Lie group and its infinitesimal 
group. 

Example 68. Let G be the group of all rotations of the four-dimensional 
Euclidean space E around the point 0, or what is the same, let G be the group 
of all orthogonal matrices of order four and determinant unity. If u e E, then 
the rotation <p eG transforms the point u in the point <p(u) = v t E. We con- 
sider the totality of all such rotations <p , which are defined by the relations 

v l = cos (s 1 )^ 1 + sin ( s l )u 2 , v 2 = — sin (s l )u l + cos (s l )u 2 , 

v 3 = cos (s 2 )u z + sin ( s 2 )u A , v* = — sin ( s 2 )u 3 + cos ( s 2 )u 4 . 

It is not hard to see that the above set of rotations with arbitrary s 1 and s 2 forms 
a two-dimensional subgroup G 2 of the group G, where G 2 is a toroidal group (see 
Example 67). In this way the group G 2 contains the same difficulties which 
were pointed out in Example 67. It is true that the group G is not simply con- 
nected, but the fundamental group of the manifold G is of the second order, 
and therefore the use of a universal covering group will not help matters. 

In what follows we shall show that the situation is more favorable for normal 
subgroups. 

53. Complex Lie Groups. Classification 

It follows from Theorems 72 and 49 that analytic coordinates can be intro- 
duced uniquely, up to an analytic transformation, into every Lie group G. So 
far we have always supposed that the coordinates of the elements of the group 
G are real numbers. However, since the functions which define the law of 
multiplication (see §48, (1)) may be chosen to be analytic, the formulas which 
define the law of multiplication in coordinate form preserve their meaning for 
complex values of the coordinates In this way a local Lie group may be en- 
larged by adding to it elements with complex coordinates. In the set G of com- 
plex elements thus obtained the same law of multiplication holds as in G and 
all the fundamental conditions are fulfilled in it. Obviously & forms a local 
Lie group in the usual sense, since ordinary real coordinates may be introduced 
in G by defining them as the real and imaginary parts of the former complex 
coordinates. We shall call G a complex Lie group , or the complex form of the 
real Lie group (?. Because of the uniqueness (up to an analytic transforma- 
tion) of the choice of analytic coordinates in the group G, the group G is deter- 
mined uniquely by the group G; this determination is, of course, in a local sense 
only, but we do not consider any other aspects here. 

The concept of a complex local Lie group may be introduced independently 
without reference to a real Lie group. In order to do this it is sufficient to 
note that relations (1) of §48 are analytic, and that the parameters which ap- 
pear in these relations assume complex values. In doing this it may happen 
of course that a complex Lie group is not generated by any real Lie group. 
All the relations and definitions of the preceding sections are automatically ex- 
tended to complex Lie groups. The concepts of structural constants and infini- 
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tesimal groups are introduced ; only all this is done in the complex rather than 
the real domain. In particular, a complete correspondence is established be- 
tween complex local Lie groups and their infinitesimal groups. 

The meaning of this construction becomes clear when we consider that in the 
study of infinitesimal groups it is necessary to solve algebraic equations and 
therefore the introduction of complex numbers is quite natural. It is possible 
of course to avoid complex numbers by a roundabout way, but the introduction 
of a complex group seems more logical. 

While a real group always has one and only one complex form, a complex 
group may have no real form at all, or have several real forms. In this way 
in order to apply results obtained for complex groups to real groups we have 
always to solve the additional question as to what real forms belong to a given 
complex group. This question becomes particularly acute in the classification 
of groups. Suppose that we have achieved a classification of a certain type of 
complex groups. In order to infer from this a classification of real groups of 
corresponding type, it is necessary to find all the real forms of each of these 
complex groups. This determination, however, is far from simple. 

We now pass to the isolation of some important types of groups. We shall 
do this in terms of infinitesimal groups, recalling that there exists a complete 
correspondence between them and the local Lie groups. 

A) A complex or real infinitesimal group R is called commutative if for ae R, 
b e Rwe always have [a, b] = 0 (see Definition 46). 

B) Let R be a complex or real infinitesimal group. We define by Ri the 
minimal linear subspace (respectively complex or real) of the vector space R 
which contains all the elements of the form 

(!) [a, H 

where a e R,b e R. Ri'is called the commutator of the group R t and is a normal 
subgroup of R. The factor group R/Ri is commutative, and the normal sub- 
group R\ can be characterized as the minimal normal subgroup having this 
property, i.e., if S is a normal subgroup of the group R such that R/S is com- 
mutative, then JRi c S. In other words; we simply carry over the concept of a 
commutator subgroup from abstract groups to Lie groups. 

In order to prove that the commutator subgroup Ri is a normal subgroup it is 
sufficient to note that the commutator of an arbitrary vector c e R and a vector 
of the form (1) is also a vector of the form (1), since [c, [a, b]] = [c, d\, where 
d = [a, b]. The commutativity of the group R/Ri follows directly from the 
definition of a factor group (see §49, B)). We shall now prove the minimum 
property. If R/S is commutative, then for arbitrary azR and bzR we have 
[a, 6] z S (see §49, B)). Hence c S. 

C) Let R 0 be a complex or real infinitesimal group. We construct the se- 
quence of groups 

( 2 ) 


Rit f R%i 
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where Ri + 1 is defined as the commutator subgroup of the group Ri (see B)). 
Obviously, if two members of the sequence (2) are equal, then all the remaining 
terms coincide with them. Furthermore, if two members are not equal, then 
their dimensions differ at least by unity. Therefore, since the dimension of i? 0 
is finite, the series (2) must eventually become stationary. If this sequence 
becomes stationary beginning with the null subgroup (i.e., the subgroup of the 
group Rq which contains only zero), then the group R 0 is called solvable . This 
definition is entirely analogous to the corresponding definition in the theory of 
abstract groups (see Definition 9). We shall call the sequence (2) the series 
of commutator subgroups of the group R 0 . 

D) A complex or real infinitesimal group R is called semi-simple if it con- 
tains no solvable normal subgroups distinct from zero. 

We now pass to the proof of some elementary propositions about solvable 
and semi-simple infinitesimal groups. 

We note first of all that a number of the propositions proved in the first chap- 
ter for abstract groups can easily be generalized to infinitesimal groups. 

E) Let R be a complex or real infinitesimal group, and S and T two of its 
subgroups. We shall understand by the intersection of two subgroups S and T 
the intersection of the sets S and T , and by the sum or product of the groups 8 
and T the set S + T composed of all elements of the form a + b where a e S, 
b e T. With this understanding all the propositions and definitions about ab- 
stract groups which were given in §5 are applicable to infinitesimal groups. 
We shall review here only the concept of direct product. 

We shall say that the infinitesimal group R decomposes into the direct sum y 
or into the direct product , of its normal subgroups S and T , if the intersection 
S n T contains only the zero, and if the sum S + T is equal to R. It is clear 
that just as in abstract groups, the group R can be constructed, up to an iso- 
morphism, from the groups S and T (see §5, F)). 

F) In order that a complex or real infinitesimal group R be solvable, it is 
sufficient that R contain a sequence of subgroups 

(3) Ro = R, R'u R*, , Ri, ) Rn — { o } 

such that R r t+l is a normal subgroup of the group R[ and that the factor group 
R't/R'i+i is commutative for i = 0, • • , n — 1. 

The proof of proposition F) is by induction on the number n + 1 of elements 
of the sequence (3). We denote by Ri the commutator subgroup of the 
group R. Since R/R[ is commutative, Ri c R[ (see B)). It follows from this 
that the proposition is true for n - 1. We denote by S[ the intersection of 
Ri n R' tJrl , i = 0, 1, • • • , n — 1. It is not hard to see that the sequence 
So, S[, • • • , S^ +l possesses the same properties with respect to the group 
Ri = S' 0 as the series (3), but the number of its members is one less than 
the number of terms in (3). Hence it follows from the hypothesis of the in- 
duction that Ri is a solvable group, but from this follows the solvability of the 
group R in view of the definition of solvability (see C)). 
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G) If a complex or real infinitesimal group R is solvable, then its subgroups 
and factor groups are also solvable. 

Let S be a subgroup of the group R and let 

Ro = R) Ru • , R n — { 0 } 

be the series of commutator subgroups of the group R (see C)). We denote 
by Si the intersection S n Ri. It is not hard to see then that the series of sub- 
groups 

So = s, si, ■ ■ ■ , si = { 0 } 

satisfies the condition of remark F) and therefore the subgroup S is solvable. 
Let R* be a factor group of the group R. We denote by R[ the image of the 
group Ri in the group R*. It can readily be shown that the series of subgroups 

R'o = R*, Ri, ■ ■ ■ ,R' n 

satisfies the conditions of remark F) and therefore the factor group R* is solva- 
ble. 

H) If R is a complex or real infinitesimal group and S a solvable normal 
subgroup such that R/S is solvable, then R is also a solvable group. 

We denote by 

Ro, Ri, -,Rt= { 0 } 

the series of commutator subgroups of the group R/S , by R[ the inverse image 
of the group R* in the group /?, and by 

R'k - s , Rl+I, • • * , Rn = { 0 } 

the series of commutator subgroups of the group S. Then the series 

Ro = Ry Riy • • • , Rk = Sf Rk+ ly * * * , Rn = { 0 } 

can easily be seen to satisfy the conditions of remark F), and therefore R is a 
solvable group. 

Theorem 77. Let Rbea complex or real infinitesimal group. Then there exists 
in R a maximal solvable normal subgroup S, i.e. t a solvable normal subgroup S 
which has the property that every other solvable normal subgroup S' of the group R 
is contained in S. Furthermore S may be characterized as that solvable normal 
subgroup of the group R which renders the factor group R/S semi-simple . 

Proof. Let S be a solvable normal subgroup of the group R which is not 
contained in any other of its solvable normal subgroups. We shall show that 
it has the property of being a maximal solvable subgroup as stated in the 
theorem. Let S' be an arbitrary solvable normal subgroup of the group R, 
and let S" = S + S' (see E)) . Then S" is a normal subgroup of the group R. 
We shall show that the group S" is solvable. We denote by D the intersection 
S' n 5. By Theorem 2 (see E)), S"/S is isomorphic with S'/D. The last 



§53] COMPLEX LIE GROUPS. CLASSIFICATION 269 

group is solvable in view of proposition G). Hence it follows from H) that the 
group S" is also solvable. If now S' is not contained in S, then S" is a solvable 
normal subgroup which contains S and which is greater than S, which contra- 
dicts the assumption. Therefore S' c S. 

We shall now show that R/S is a semi-simple group. Let us suppose the 
contrary to be true. Then there exists a solvable normal subgroup T * of the 
group R/S which is distinct from zero. We denote by T the complete inverse 
image of the group T* in the group R . Then the factor group T/S is isomor- 
phic with T* and therefore by H), T is a solvable normal subgroup of the 
group R. But if T* is a non-zero normal subgroup of the group R/S, then T 
is greater than S , which contradicts the definition of the group S. 

Let us now suppose that S' is a solvable normal subgroup of the group R 
which has the property that R/S ' is a semi-simple group. We then show that 
S' = S. In fact, suppose S' 7 * S . Then S' is a proper part of S and there- 
fore the factor group R/S' contains a non-zero solvable normal subgroup S/S ' 
(see G)). This proves Theorem 77. 

All the above propositions are simple repetitions of corresponding theorems 
in the theory of abstract groups. Theorem 77 shows that in a certain weak 
sense the study of general infinitesimal groups can be reduced to the study of 
semi-simple and solvable groups. There is, however, a way of strengthening 
Theorem 77, although only for Lie groups. We give here this stronger theorem 
without proof, since the proof is too complicated to be given here (see [18] and 
[36]). 

Theorem 78. Let R be an arbitrary complex infinitesimal group and S its 
maximal solvable normal subgroup. Then R contains a semi-simple subgroup T 
which is such that 

S + T = R, Sn T = {0} 

(see E)). In this way R is, so to speak, decomposed into the direct sum of the 
normal subgroup S and the subgroup T. A true decomposition into a direct sum 
would have been achieved if the subgroup T were a normal subgroup . 

Theorem 78 hows that the knowledge of solvable and semi-simple groups is 
really quite important for the study of general groups. 

We shall now establish some connections between real infinitesimal groups 
and their complex forms. 

I) Let R be a real infinitesimal group and R its complex form. Then R c ft, 
and every vector c of R can be represented uniquely in the form c = a + hi, 
where a and b are vectors of R, and i = y/— 1. In this way it is possible to 
introduce the concept of the complex conjugate of an element of the group R: 
the two elements c = a + bi and c = a — bi will be called complex conjugates 
of each other. Furthermore, if M is a set of elements of R, we shall denote 
by M the set of all elements which are complex conjugates of the elements of 
the set M , and we shall say that the sets M and "M are complex conjugates of 
each other. It is not hard to see that if S is a subgroup or a normal subgroup 
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of the group R, then 3 is correspondingly a subgroup or a normal subgroup of 
the group R. 

J) Let R be a real infinitesimal group and R its complex form. Then the 
groups R and R are either both solvable or both insolvable. 

We denote by 

(4) i?o = R, Ri, * * • t Rtf • • * 

the series of commutator subgroups of the group R (see C)) and by R % the total- 
ity of all vectors of the group R which can be represented in the form a + hi , 
where a e 22<, b e R t . It is not hard to see that the sequence 

( 5 ) Ro = R y Ri> • • • , R i, • • • 

forms the series of commutator subgroups of the group R. Proposition J) fol- 
lows directly from the connection between the series (4) and (5). 

K) Let R be a real infinitesimal group and R its complex form. We denote 
by S the maximal solvable normal subgroup of the group R, and by S its com- 
plex form. Then S is the maximal solvable normal subgroup of the group R . 
We see in this way that the groups R and R are either both semi-simple, or else 
neither of them is semi-simple. 

In order to prove K) we denote by T the maximal normal subgroup of the 
group R (see Theorem 77). It follows from I) that T is also a solvable normal 
subgroup of the group R and therefore TcT. Hence 

(6) T = Y. 

We denote now by U the set of all real vectors of T , i.e.,the set of vectors c 
such that d = c. If a + hi e T where a and h are real vectors, then it follows 
from (6) that a e T and h e T, i.e., a e U and h e U. Hence T coincides with 
the complex form of the group U, T = U, and it follows from J) that U is a 
solvable normal subgroup of the group R. Hence 

(7) UcS. 

On the other hand S is a solvable normal subgroup of the group R and therefore 

(8) ScT=U. 

It follows from relations (7) and (8) that U = S = T. 

L) A complex or real infinitesimal group R is called simple if it has no normal 
subgroups other than the zero and the whole group R. 

It should be noted that there exists one simple group which is not semi- 
simple. This is the one-dimensional infinitesimal group. Obviously it is sim- 
ple, but it is not semi-simple because it is a solvable group. All other simple 
groups can readily be seen to be semi-simple also. 

It should also be noted that if a real group is simple its complex form is not 
necessarily simple (see Example 72). 
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Our further investigations into infinitesimal groups have to do with their 
classification. Solvable groups still remain unclassified, but we can give a com- 
plete classification of semi-simple groups. This classification is effected by 
means of a very complicated set-up, which makes it impossible to give here 
complete proofs of all results. We therefore confine ourselves to a mere ex- 
position of the results. 

The following theorem reduces the classification of semi-simple groups to 
that of simple groups. 

Theorem 79. If R is a complex or real semi-simple group } then it is decom- 
posable into the direct product of simple non-commutative groups . 

This theorem is given here without proof (see [5]). 

In order to present more clearly the results on the classification of semi- 
simple groups I state here, also without proof, the two following theorems of 
Weyl (see [35]). 

Theorem 80. If G is a real compact semi-simple Lie group then every group (?' 
which is locally isomorphic with the group G is also compact . 

Hence the property of compactness is a local property for semi-simple Lie 
groups and therefore depends only on the infinitesimal group R of the group G. 
Therefore we shall call the infinitesimal group R itself compact in this case. 

Theorem 81. Every complex semi-simple infinitesimal group R has a real com- 
pact form R (see Theorem 80), and this form is unique up to an isomorphism . 

The methods used in the classification of semi-simple infinitesimal groups 
allow us in the first place to give a classification of complex groups. Theorem 
81 shows, however, that there exists a one-to-one correspondence between com- 
plex semi-simple groups and their compact real forms (see Theorem 80). In 
this way the classification of complex semi-simple groups gives automatically 
the classification of compact real semi-simple groups (see [19]). We also note 
that if a simple real group is compact, then its complex form is simple. In this 
way it follows from Theorem 81 that in order to give a complete classification 
of semi-simple complex groups, it is sufficient to give a complete classification 
of compact simple Lie groups up to local isomorphism. This classification is 
given by the following theorem, which like the preceding one, is given without 
proof (see [5]). 

Theorem 82. Compact non-commutative simple Lie groups can be classified , 
up to local isomorphism , as follows . There are five isolated groups , whose dimen- 
sions are 14, 52, 78, 133, and 248. (We cannot enter into a detailed considera- 
tion of these groups here.) 

Besides the above five groups , there are four infinite series of groups 
Any Bn f Cn (n = 1, 2, • • ) and D n (n = 3, 4, • • * ) 

A\ = B\ — Ci, JBi 3=1 C2, A3 — 
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The group A n is composed of all unitary unimodular matrices of order n + 1, 
i.e., the elements ae A n are the matrices a = ||a„|| whose elements are complex num- 
bers which satisfy the relations 

n+ 1 

23 Q'ik&'jk = fiij) 

*-l 

and the determinant of the matrix ]|a : ,|| is equal to unity . 

The group B n is composed of all orthogonal matrices of order 2n + 1 having a 
positive determinant, i.e., the elements b e B n are the matrices b = ||6*,j| whose ele- 
ments are real numbers satisfying the relations 

2n-f-l 

2 v bikbjlc == 5,;, 

*-1 

and the determinant of the matrix ||6„|| is equal to unity. 

The group C n is composed of all unitary matrices of order 2 n which leave in- 
variant the bilinear form 

2 n 2 n 

Z Z /•/*#/ 

i-l 7 -l 

whose coefficients fa have the following values: 

fl2 — — /21 = I1/34 = — y*43 = 1, • * * , fln—X ,2n = “ /2n,2n-l = 1, 

while all the other f x , are equal to zero. Hence the elements c e C n are the matrices 
c = Hell whose elements are complex numbers which satisfy the relations 

2 n 2 n 2 n 

23 c^ik “ ^*7; 23 23/o^*^j^ ~ fki ) 

fc-l <-l 7-1 

and ZAe determinant of the matrix ||c t ,|| eguaZ Zo unity. 

The group D n is composed of all orthogonal matrices of order 2 n with positive 
determinants, so that the elements deD n are the matrices d — ||c? tJ || whose elements 
are real numbers satisfying the relations 

2 n 

23 dikdjk = d t j , 
fc— 1 

and the determinant of the matrix ||d,,|| is equal to unity. 

The classification of complex semi-simple groups was originally given by 
Killing, but his proofs were incomplete. They were corrected by Cartan (see 
[5]), and later van der Waerden (see [34]) gave, on the basis of results of 
Weyl (see [35]), a new, more geometrical, and more elegant proof. 

We note here that the groups A n and C n are simply connected, while the 
groups B n and D n have a fundamental group of the second order (see §46, G) 
and Definition 42). 
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Example 69. Let K be the quaternion field (see §37, A)). We denote by 0 
the set of all quaternions whose norm is equal to unity. The set 0 can readily 
be seen to form a group under multiplication. Since G is a sphere in the space 
K , the space G is the three dimensional sphere, and is therefore simply con- 
nected. The center of the group G is composed, as can readily be seen, of the 
two quaternions +1 and — I ; we designate the center by Z. In this way every 
group which is locally isomorphic with the group G is isomorphic either with the 
group G itself or with the factor group G/Z (see Definition 44). 

Let R be the three dimensional subspace of the space K which is composed 
of all quaternions of the form at + bj + ck. It can easily be seen that if x e R 
and g e <7, then gxg~ l z R , and the norms of the quaternions x and gxg~ x are 
equal. In this way we associate with every quaterion g sG a certain rotation 
< p g of the space R which transforms the vector x into the vector <p g (x) = gxg~ l . 
It is not hard to see that it is possible in this way to get all the rotations of the 
space R, and that the rotation <p 0 is the identity if and only if g = ± 1, i.e., 
g e Z. Hence the group of rotations of the three dimensional Euclidean space 
R is isomorphic with the group G/Z. The group G/Z enters into the classifica- 
tion in Theorem 82 as the group B\. 

Example 70. Let K be the quaternion field and G the subgroup of quaterni- 
ions of norm 1 (see Example 69). We associate with every pair of quaternions 
( g , h ), g zG f hzG the rotation cp gh of the space K which transforms every vector 
x z K into the vector <Poh{x) = gxh~ l . It is not hard to show that we get in 
this way all the rotations of the space K , and that the identical rotation <p g h cor- 
responds only to the pairs (1, 1) and ( — 1, —1). It follows from this that the 
group L of rotations of a four dimensional space K is locally isomorphic with 
the direct product of two groups isomorphic with the group G. Therefore, the 
group L decomposes locally into the direct product of two simple groups, and 
is itself only semi-simple, but not simple. 

Example 71. Let G be the group of quaternions of norm 1 (see Example 69). 
We denote by H the finite subgroup of order 8 of the group C which is com- 
posed of the units: ±1, if, ±i, i k (see §37, A)). The space G/H (see Defini- 
tion 24) has for its fundamental group the group H (see Example 61). Hence 
G/H is a three dimensional manifold having a non-commutative fundamental 
group H. 

Example 72. Let R n be the n-dimensional vector space. We denote by G? 
the group of all linear transformations of the space R n which leave invariant 
the non-degenerate quadratic form ^.(z) which consists in its canonical form 
of 72 — k positive and k negative squares. It is not hard to show that the 
group G? is a real Lie group. It is obvious that the complex forms of all the 
groups Gri f k = 0, 1, • • • , n, are isomorphic, since in complex form there is no 
distinction between the quadratic forms ^*(x), k = 0 , 1 , • ■ , n. In their real 

forms the groups G£ and G? are locally isomorphic only if k + l « n. In this 
case they are, of course, simply isomorphic. There is an obvious distinction 
between the groups G^ and G7, since the group G'Jf is compact, while the group G£ 
is not. 
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It is worth noting that the group G\ is simple in its real form, while the group 
GJ, as we have seen, (see Example 70) decomposes locally into a direct product. 
Hence the complex form of the real simple group G\ is not simple, but only semi- 
simple. 

We now consider the group G\. We call a ray in the space Rz the totality 
of all vectors of the form ax f where x e Rz, and a is an arbitrary real number. 
The set of all rays of the space Rz forms, as is well known, a projective plane P. 
The locus represented by the equation \j/ i(x) = 0 intersects the plane P in a 
real conic section V. In this way to every transformation of the group G corre- 
sponds a projective transformation of the plane P which leaves invariant the 
conic section V. Hence the group Gj is locally isomorphic with the group of 
transformations of a projective plane P which have an invariant curve V. 
This last group is, as is well known, isomorphic with the group of rotations of a 
non-Euclidean plane, and also with the group of linear fractional transforma- 
tions of a line. 

We note that, up to a local isomorphism, there are only two three-dimen- 
sional simple Lie groups: The groups GJ and Gj, the first of which is compact, 
while the second is not. The complex forms of Gq and Gf are locally isomor- 
phic. 

There are no two-dimensional simple Lie groups (see Example 67). 

We also note the obvious fact that in the classification of Theorem 82, the 
group Go n+1 appears under the notation B n , and the group Gj n as D n . 

54. The Construction of a Lie Group in the Large 

We shall give here a construction of an entire Lie group from its structural 
constants. (An entile group is a group in the sense of Definition 1 as con- 
trasted with a local group.) This construction depends on Theorem 78, which 
remains unproved in this book; but since Theorem 78 is of a purely local char- 
acter this construction is not devoid of interest. We shall make constructions 
independent of Theorem 78 for groups having no center and for solvable groups. 

We want to point out in advance that some of the details of the proofs which 
follow are not given with complete care and exactness. The trouble is that 
in a local group (see §23, D)) the operation of multiplication is not defined for 
every pair of elements, and therefore certain of the constructions given below 
have meaning not for the local group itself, but only for a sufficiently small part 
of it (see §23, G)). However, were we to attempt to define each time the 
proper portion of the group, and introduce a new notation foi it, our text would 
be unnecessarily cluttered up with non-essential details. Therefore we take 
the liberty of talking about the local group itself, whereas, in some cases, we 
should be talking only about a certain part of this group. 

A) If a local Lie group G' has no center, then a part of it can be contained 
in an entire Lie group G. 

To prove this we consider the adjoint local Lie group P' of the group G' 
(see §52, A)). Since G' has no center, the mapping g of the group G' on the 
group P' is isomorphic on some part of the group G'. We denote bv 
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(1) U h 

a complete system of neighborhoods of the identity of the group P 9 . We de- 
note furthermore by P the set of all finite products of matrices which belong 
to P'. The set P, as can easily be seen, forms an abstract group under multi- 
plication. We introduce a topology into the group P by taking the system (1) 
for a complete system of neighborhoods of the identity. It is not hard to 
verify that the system (1) in the group P satisfies the conditions of Theorem 
10, and therefore the group P is a topological group, and P' is contained in P 
as a neighborhood of the identity. Hence the local group P' is contained in the 
complete group P, and since G' and P' are locally isomorphic, Proposition A) 
is proved. 

Lemma. Let G' be a local Lie group . Suppose G ' contains a normal subgroup 
N f and a subgroup H' having the properties that the intersection N' n H f contains 
only the identity , the product N'H' coincides with (?', and every element g' eG' 
can be represented uniquely in the form g' = n'h ', where n' z N\ and h ' z H 
Let us also suppose that the local groups N' and H' can be included in the entire 
connected simply connected groups N and H , respectively (see §46, F), G)). We 
now form the topological product G of the spaces N and H, i.e., the set of all pairs 
(n, h ), there n eN y and hzH (see Definition 21). We can define the law of 
multiplication in the group G in such a way that G becomes a topological group 
satisfying the following condition: if we associate with every element g' — n'h' zG' 
a pair of elements ( n' } h') s (?, we get a homeomorphic mapping x of the local Lie 
group G' on some neighborhood of the identity of the group G , which is isomorphic 
on some part of the group G'. Hence G is an entire connected simply connected 
Lie group which contains a part of the group G' as a local group . 

Proof. We consider the inner automorphism yy of the group G f which is 
defined by the relations yy (a;) = g'xg'~ l . Since N' is a normal subgroup of the 
group G' } the automorphism yy of the group G' is also an automorphism of the 
group N'. By Theorem 63 the automorphism yy of the group N' can be ex- 
tended uniquely to the automorphism yy of the entire group N. In this way 
to every element h' z H' corresponds a definite automorphism yv of the group 
N. 

We denote by K' the set of all elements of the group H' to which corresponds 
the identical automorphism of the group N. Then the set L' of automorphisms 
of the type w forms a local Lie group isomorphic with the factor group H'/K'. 
We denote by 

(2) W l9 • • • , W n , • • 

a complete system of neighborhoods of the identity of the group L', and by L 
the set of all finite products of automorphisms belonging to L'. Then L is an 
abstract group. We introduce a topology into L by taking the system (2) for 
the complete system of neighborhoods of the identity. It is not hard to check 
that the system (2) satisfies the conditions of Theorem 10, and therefore L is a 
group which contains L' as a local group. 



276 


THE STRUCTURE OF LIE GROUPS 


[CH. IX 


From what we have already established, to every element h' zH* corre- 
sponds an automorphism <ph' zL f . Therefore we have a locally homomorphic 
mapping of the local group H f on the local group L'. By Theorem 63 the 
homomorphism can be extended in only one way into a homomorphism 
of the entire group H on the entire group L. Therefore, to every element 
h e H corresponds a definite automorphism <ph = h ) of the group N. 

We now define the product of two pairs (wi, fa) and (ft 2 , As) of the set G as 
follows: 

(3) (wi, fa)(n 2 , fa) = (ni<p hl (n 2 ), fa fa). 

It is not hard to verify that by virtue of this law of multiplication the set G 
becomes a topological group. 

We establish first of all the fact that G is an abstract group. We have 
((fti, fa )(ft 2 , fa))(n Z} fa) = (nm^n*), fa fa)(n z , fa) = (nm^n^Vh^in*), fafafa) y 
((nj, fa )(ft 2 , fa)(n Zf fa)) = (nifa )(ft 2 ^ 2 (ft 3 ), fafa) = (ni^,(n 2 )^ lA 2 (n 3 ), fafafa). 

Hence the associative law is satisfied. The identity of the group G is the pair 
(e n , eh), where e n is the unit of the group N, and eh is the unit of the group H. 
The pair inverse to the pair (ft, h) is (^-‘(ft -1 ), ^~ 1 )- In fact (see (3)), 

(ft, h)(<ph~ l (ft -1 ); h~ l ) = ( n<phh~ l (ft -1 ); hh~ l ) = ( e n , e h ). 

Hence in view of the multiplication law (3) the set G is an abstract group. 

We shall show that the multiplication law (3) is continuous in the topological 
space G. To do this, we show first of all that the element <ph(n) e N is a con- 
tinuous function of the pair of elements n e N and hzH. We denote by U 
and V such neighborhoods of the identities of the groups N' and H' that 
VUV - 1 £ N'. Obviously for n e U and h e V the function <ph(n) is continuous, 
since <Ph(n) = hnh ~ l . Let now h e V, and let n be some fixed element of N .. 
Since N is connected, ft = fti, • • • , ft*, where n, e U, i = 1, • • • , k (see Theo- 
rem 15). Then 

<Ph(n) = <ph(n i) • • <p h (n k ). 

Since we have already shown that ^*(n») is a continuous function of the ele- 
ment h , the last product is also a continuous function of the element h, since 
the multiplication law is continuous in the group N. Let h eV, and let ft be 
an arbitrary element of N. We can then write n = ft*ft', where ft* is fixed 
and ft' is in U. We then have (p h (n) = ^*(ft*)^*(ft'), and hence, from what we 
have already shown, the function <ph(n) is continuous for hzV, and ft e N. 
Now let h e H and nsN be arbitrary variable elements; then we can write 
h — h*h f , where h* is fixed and h ' e V . We have <ph(n) = (p h * (<Ph'(n)), where 
<ph>(n) has been shown to be a continuous function of the pair of elements h ' 
and ft. Furthermore #>J(«) is a continuous function of the element n. Hence 
^(ft) is a continuous functions of the pair of elements h and ft. 
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It follows from the above that nnph x {n%) is a continuous function of the ele- 
ments n x , hi, and n 2 . In the same way h x h 2 is a continuous function of the 
elements hi and h 2 . Therefore the law of multiplication (3) satisfies the con- 
ditions of continuity, and G is a topological group. 

We now prove that the mapping x is isomorphic on some part of the local 
group (?'. Let gi = n x h x and g 2 - n 2 h 2 be two elements of the group (?'. We 
then have g\g 2 = nihin 2 h 2 = n x h x n 2 h x l h x h 2 = (n x <ph x (n 2 ))(h x h 2 ). If we now mul- 
tiply the corresponding pairs ( n x h x ) and ( n 2 h 2 ) in the group G } we get, in view 
of the multiplication law, (n x <p hl (n 2 ), hih 2 ). Obviously the mapping x is homo- 
morphic. This proves the lemma. 

We note that the above lemma is true for real as well as for complex Lie 
groups (see §53). 

We shall now apply this lemma to construct a solvable Lie group in the large. 

Theorem 83. Let R he a solvable infinitesimal group (see §53, C)). Then 
there exists an entire connected simply connected Lie group G whose infinitesimal 
group is isomorphic with the given group R. The group G is homeomorphic to a 
Euclidean space, i.e., we can introduce in it cartesian coordinates x 1 , • , x r . 

Moreover , there exists a set of cartesian coordinates having the following properties: 
1) The multiplication law can he expressed in these coordinates by means of ana- 
lytic functions defined in the whole group G , 2) If we denote by g x {t) a point whose 
coordinates are equal to zero with the exception of the i-th coordinate which is equal 
to t, then g x (t) is a one-parameter subgroup of the group G , and the coordinates of 
the point g x (t x ) • • g r (t r ) are the numbers t l , • • • , t r . We denote further by H t 
the totality of all points of the form g x (t l ) • • • g x (t % ). Then H x is a subgroup of the 
group G and a normal subgroup of the group H x + X . 

Proof. It is not hard to construct in a solvable infinitesimal group R an 
increasing sequence of subgroups 

S X> • • , Sr = Ry 

where the group S x is of dimension i and is a normal subgroup of the group 
S l+ i. Let G' be a local Lie group having the infinitesimal group R (see Theo- 
rem 73). To the subgroup S x corresponds a subgroup H[ of (?' (see Theorem 
74). The group S x is a one-parameter group and the theorem is obvious for it. 
Suppose that the theorem has been proved for the group S x . We then select 
in the group H{+ x a local one-parameter subgroup {{7<+i(/)} = K i+1 which is not 
in Hi Then H[K iJrX = H i+1 , and the intersection H[ n K i+l contains only the 
identity, while Hi is a normal subgroup of the group H{+ x (see Theorem 75). 
We are therefore in a position to apply the lemma of the present section, since 
the group H t has already been constructed in the large, while the group K[+ x be- 
ing a one-paraneter group, can be included in the entire group K^ x = {(7*+i(0 } . 
Hence we can represent every element of the entire group //,+ 1 in the form of a 
pair (h if 0*+i(/))> where hi e H % . This completes the induction and proves Theo- 
rem 83. The analyticity of the law of multiplication follows directly from the 
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fact that every automorphism of the group Hi which is generated by the ele- 
ment gi+i(t) can be expressed in an analytic form. 

We note that Theorem 83 is true for real as well as complex groups R. 

Theorem 84. Let R be an arbitrary infinitesimal group . Then there exists an 
entire group G whose infinitesimal group is isomorphic with the given group R. 
(Note that the proof of this theorem depends on Theorem 78, which was given 
above without proof.) 

Proof. Since Theorem 78 is formulated for complex groups, we first give a 
proof for a complex infinitesimal group R which coincides with R if R is com- 
plex, and is the complex form of R if R is real. 

Let G' be a local Lie group having the infinitesimal group R (see Theorem 
73). By Theorem 78 the group R contains a solvable normal subgroup S and 
a semi-simple group f such that the intersection S n f contains only zero and 
the sum S + T coincides with the whole group R. Let N' and H ' be those 
subgroups of the group G' which correspond to the subgroups S and f (see 
Theorem 74). Then N' is a normal subgroup of the group G', and the inter- 
section N r n H' contains only the identity, while the product N'H' coincides 
with G'. The group N\ being solvable, may be included in the entire con- 
nected simply connected group N (see Theorem 83). The group H r , being 
semi-simple, does not contain a center and therefore may be included in some 
entire connected group H* (see A)). Taking the universal covering group of 
this entire group (see §47) we get a simply connected group H> which contains 
the group H' as a local group. We are therefore in a position to apply the 
lemma of the present section, i.e., to include the local Lie group G' in the entire 
group G, where G is simply connected, as can easily be seen. 

We now pass to the consideration of the case in which R is the complex form 
of a real group R. Then G' is the complex form of that real local group G' 
whose infinitesimal group coincides with R. We associate with every element 
x e (jr' its complex conjugate element x = yp'(x). It can readily be seen that 
the mapping 4 V is a local automorphism of the above constructed topological 
group G, and since the group G is simply connected, this automorphism can be 
extended into an automorphism \p of the entire group G (see Theorem 63). 
We denote by G the set of all elements of the group G which remain invariant 
under the automorphism i.e. such elements that >p{x) = x . It is obvious 
that the set G is a subgroup of the topological group G. The set G can readily 
be seen to coincide with G' in the neighborhood G', since in that neighborhood 
the real elements coincide with their conjugates. In this way a neighborhood 
of the identity of the group G coincides with the local group G'. Hence the 
local group G' is contained in the entire group G. 

It is worth noting that we have now established in the group G the concept of 
conjugate elements, i.e., we can suppose that the elements x and t(x) are com- 
plex conjugates. We have therefore the right to assert that the group G is the 
complex form of the real group G, while prior to this the concept of complex 
form had meaning onlv for local Lie groups, since it was defined in terms of 
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coordinates. It should be remembered, however, that the entire real group 0 
thus obtained cannot be supposed to be given in advance. All we know is that 
0 is a real Lie group having a given infinitesimal group R . The complex group 
G is defined uniquely, since it is connected and simply connected, and therefore 
the group G is also uniquely defined. However, if we are given an entire real 
Lie group G, the question as to its complex form in the large is undetermined. 

Theorem 85. Let G be an entire simply connected Lie group and let N f be a 
local normal subgroup of G. Then a certain part of the Lie group N f may be in- 
cluded in an entire normal subgroup N of the group G . (It should be noted that 
the analogous theorem would not be true for a local subgroup H' of the group G 
which is not a normal subgroup (see Example 68)). 

Proof. Let G' be a small neighborhood of the identity of the group G. 
Then G' is a local Lie group, and N' is a normal subgroup. The factor group 
G'/N' = K f (see §23, J)) is a local Lie group and therefore can be included in 
the entire connected simply connected Lie group K (see Theorem 84). The 
natural homomorphic mapping /' of the group G' on the group K ' is a local 
homomorphism of the group G on the group K and, since G is simply connected, 
the homomorphism /' can be extended into a homomorphism / of the entire 
group G in the entire group K (see Theorem 63). We denote the kernel of the 
homomorphism /by N. It is not hard to see that N is an extension of a certain 
part of the local group N\ 

I do not know whether Theorem 85 holds in case the group G is not simply 
connected, and whether the normal subgroup N obtained in this theorem is 
simply connected or not. The fact that the normal subgroup N is connected 
follows readily from the simple-connectedness of the group K. 

Example 73. The method used in the proof of the lemma given in this sec- 
tion is also useful for the construction of examples of Lie groups. 

Let A( be the r-dimensional Euclidean space, which we shall also consider as 
an additive vector group. Let H be the group of all rotations in the space N ; 
with each element x e H is associated a rotation <p x of the Euclidean space N . 
The rotation <p x is an automorphism of the group AT. We now define the group 
G as the set of all pairs of the form (n, h) } where n e N, and h e H. The law 
of multiplication is defined by letting 

(fti, hi)(nt, hi) = (fti^/i^na), h\h j). 

It is not hard to show that G is a Lie group, N a normal subgroup, and H a sub- 
group. 

Making use of this method we can include every Lie group N in some group G 
in such a way that every automorphism of the group N can be realized by 
means of some inner automorphism of the whole group G. 

55. Compact Lie Groups 

Compact Lie groups have a much simpler local structure than general Lie 
groups. This simplicity is explained by the possibility of invariant integration 
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over compact groups. It is true that invariant integration is possible over 
some non-compact Lie groups, but in this case the volume of the entire group 
is infinite, while it is finite for compact groups. Invariant integration can 
easily be established independently for Lie groups, but I shall refer here to the 
results of Chapter IV. We have established there invariant integration over a 
compact group, and have proved Theorem 23 on the basis of this integration. 
If we remain in the real domain, then Theorem 23 can be applied to Lie groups 
in the following form: 

A) Let g be a representation of a compact Lie group G , i.e., we associate with 
every element xeffa square matrix g(x) = ||flf»,(aO|| in such a way that the 
mapping g of the group G into the multiplicative groups of matrices is homo- 
morphic. Then there exists a constant matrix m, not depending on x , such 
that all the matrices of the form mg(x)mr x are orthogonal. 

This is the only result of Chapter 4 which we shall use here. 

B) Let R be the infinitesimal group of the compact Lie group G. Then 
every normal subgroup S of the group R is also a direct cofactor , i.e., there exists 
for every normal subgroup S a normal subgroup T such that the intersection 
S n T contains only zero and the sum S + T coincides with R. It is impor- 
tant to note that every normal subgroup R' of the group R possesses this prop- 
erty, i.e., every normal subgroup S' of the group R' is also a direct cofactor of 
the group R\ 

To prove this let us consider the complete adjoint group P of the group G 
(see §52, A)). The homomorphic mapping g of the group G on the group P 
gives a representation of the group G . By A) we can introduce in G a linear 
transformation of coordinates such that all the matrices ||pj(x)|| = g(x) be- 
come orthogonal. We select in R a corresponding set of coordinates and con- 
sider the matrices ||p}|| as linear transformations of the vector space R . Since S 
is a normal subgroup of the group R> the linear space S remains invariant under 
all the transformations of the matrices ||pj(x)||. Since these matrices are or- 
thogonal, the linear subspace T, which is orthogonal to S , is also invariant un- 
der all the transformations of the matrices ||pj(x)||. We shall now suppose 
that the coordinates in R are selected in such a way that the first s axes lie in S 
and the remaining r — s axes lie in T. With this choice of coordinates every 
matrix ||pj(x)|| decomposes into two square matrices of orders s and r — s. 
We can derive from this fact some conclusions about the behavior of struc- 
tural constants by use of equations (16) of §52. Because the vector a is per- 
fectly arbitrary, we can conclude that the constants c) k are zero for k > s and 
i < s f and this means that for b s T and an arbitrary vector a e R we have 
[a, b] e T , i.e., T is a normal subgroup. 

Now let R' be a normal subgroup of the group R , and S' a normal subgroup 
of the group R '. From what we have shown above R f is a direct cofactor of 
the group R, and therefore S' is a normal subgroup of the group R. In this 
way S' is a direct cofactor of the whole group R, i.e., there exists a normal sub- 
group T of the group R such that the intersection S' n T contains only zero, 
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and the sum S' + T coincides with R. If we denote by T' the intersection 
T n R'y then it can readily be seen that R' decomposes into the direct product 
of the groups S' and I 7 '. 

This proves proposition B). 

Theorem 86. Let R be the infinitesimal group of a compact Lie group G. 
Then R decomposes into the direct product of a finite number of non-commutative 
simple groups Si, • • • , S k and its center So. This decomposition is unique , i.e. 
the subgroups 

(1) So f Sly * * • , Sk 
are uniquely defined . 

Proof. If the group R is not simple, then R is decomposable by B) into the 
direct product of two normal subgroups S and T. If these groups in turn are 
not simple, the process of decomposition is continued until we arrive at inde- 
composable factors. We denote the non-commutative factors by Si t • • • , 

The direct product of the one-dimensional commutative factors can easily be 
seen to form the center So of the group R. 

We now pass to the proof of the uniqueness of the above decomposition. 
Suppose that there exists still another decomposition 

(2) T o, Tiy ■ • , Tly • 

We shall then show that there exists a one-to-one correspondence between the 
groups of the decompositions (1) and (2) such that the corresponding groups 
completely coincide, and therefore the decompositions (1) and (2) do not differ 
from each other. 

First of all it is clear that To = So, since each of these subgroups is the center 
of the group R . 

Let a z R. We then have 

(3) a = (po(a ) + <pi(a) + • • • + <pi(a), 

where <pj(a) z Tj,j = 0, 1, • • • , l. Let, furthermore, 6» z S%, i ^ 1. Since the 
group Si, i ^ 1, is not commutative, and has no center, there exists an ele- 
ment a z R such that [6*, a\ 0. It follows from this and from relation (3) 
that there exists a number j such that c = [b %) <p»(a)] 9* 0. But then the ele- 
ment c belongs to both S t and T /, so that the group S % and T ,* have an element 
in common which is distinct from zero. Since the intersection of two normal 
subgroups is also a normal subgroup, the intersection of the groups Si and Tj 
is a normal subgroup of the group R. But the group S t is simple; hence Si c Tj, 
It follows from this that j 0, since To is the center. Furthermore, since Tj 
is a simple group, Si — T Hence we have shown that every normal subgroup 
Si, i ^ 1, coincides with one of the normal subgroups Tj, j ^ 1. Obviously 
two distinct normal subgroups S% and Si’ cannot coincide with the same nor- 
mal subgroup T,-. Therefore to every normal subgroup Si corresponds a defi- 
nite normal subgroup Tj which coincides with it. It is clear that this 
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correspondence exhausts all the normal subgroups Tj, for in the contrary case 
the direct product of all the normal subgroups (1) would not be equal to the 
group R. This proves Theorem 86. 

We give here a simple consequence of proposition B) and Theorem 86. 

C) A compact connected Lie group G is semi-simple if and only if its center 
is discrete (see §53, D)). 

Let R be the infinitesimal group of the group G. From its definition the 
group G is semi-simple if and only if R is semi-simple. If G has a non-discrete 
center, then R has a center distinct from zero, and therefore R is not semi- 
simple. On the other hand, if R is not semi-simple then there exists a solvable 
normal subgroup S of the group R. By B) there exists a normal subgroup T 
of the group R such that R is the direct product of the groups S and T. Since S 
is solvable, the commutator subgroup S' of the group S is distinct from S , and 
hence S decomposes by B) into the direct product of the groups S' and S". 
Since the factor group S/S' is commutative (see §53, B)), S" is also commuta- 
tive. Decomposing S' } S", and T further until we reach the simple factors, 
we arrive at a decomposition of the group R which contains a commutative 
factor arising from S". This factor must belong to the center of the group R 
by Theorem 86. In this way the group R has a center So which is distinct from 
zero. 

We now denote by Zq the local subgroup of the group G which corresponds 
to the subgroup So (see Theorem 74). Then Zq is a central local normal sub- 
group of the group G. We denote by Z 0 the set of all finite products of ele- 
ments which belong to Zq. It is obvious that Z 0 is a central normal subgroup 
of the abstract group G. The closure Z 0 of the set Z 0 in the space G is a central 
normal subgroup of the Lie group G (see §22, D)). Hence G has a non discrete 
center. 

On the basis of the above results we can readily understand the structure 
of a compact Lie group in the large. It is true that in doing this we have had 
to make use of Weyl’s theorem, which remains unproved in this book (see 
Theorem 80). 

Theorem 87. Every connected compact Lie group can be obtained by the follow- 
ing method. Let 

(4) H u • , H k 

be a finite system of compact connected simply-connected non commutative simple 
Lie groups and let 

(5) K l9 * , K t 

be a finite system of one-dimensional compact connected Lie groups. We form the 
direct product G* of all the groups of the systems (4) and (5). We then take a 
normal subgroup N of the group G* and form the factor group G*/N = G . The 
set of all compact groups G obtained in this way coincides with the set of all compact 
connected Lie groups . {We note the obvious fact that each one of the groups K } 
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is isomorphic with the factor group D/C, where D is the additive group of real 
numbers and C is the subgroup of integral numbers.) 

Proof. Let G be an arbitrary compact connected Lie group, and let R be 
its infinitesimal group. By Theorem 86 the group R decomposes into the di- 
rect product of simple normal subgroups Si, • • , Sk and its center So. Let H[ 

be the local subgroup of the group G which corresponds to the subgroup Si (see 
Theorem 74). We denote by H 0 the set of all finite products of elements be- 
longing to Hq. Then H 0 is obviously a central normal subgroup of the abstract 
group G. We shall show that H 0 is a closed set in the space G, and therefore 
is a central normal subgroup of the topological group G . We consider the 
closure H 0 of the set H 0 in the space G. It is not hard to see that TJ 0 is a central 
subgroup of the group G. Since all the central elements which are in the neigh- 
borhood of the identity are contained in H f , it follows that Ho and Hq coincide 
in the neighborhood of the identity. Suppose now that a certain point zzH o 
does not belong to H 0 . Then zH 0 forms a neighborhood of this point in Ho, 
and therefore there exists an element y e H such that y e z H ' q . But in that case 
z e y Hq' 1 , i.e., z e H 0 . In this way H 0 = H 0 and hence H 0 is closed in G . 

We now denote by H ' the local subgroup of the group G which is the direct 
product of the local subgroups H[, • • , H k . We note that H' has no center. 

It is obvious, furthermore, that the factor group G/H 0 is compact and is locally 
isomorphic with H'. In this way G/Ho is a compact semi-simple group (see 
C)). Therefore a complete connected simply-connected Lie group H which 
contains the local group H f as one of its neighborhoods of the identity is com- 
pact (see Theorem 80). We denote by H % , i ^ 1, a complete connected simply 
connected Lie group containing the local subgroup H[ as one of its neighbor- 
hoods of the identity. It can readily be seen that the direct product H* of all 
the groups Hi, • • • , Hk is simply-connected (see Theorem 60) and is .locally 
isomorphic with the group H. Hence the group H* is isomorphic with the 
group H (see Theorem 63), i.e. the group H is decomposable into a direct 
product of compact, simple, simply-connected Lie groups. 

Since H f is a local group of the whole group H, there exists a natural local 
isomorphism (p r of the group H in the group G which can be extended into an 
isomorphism ip of the entire group H on the entire group G (see Theorem 63). 
We now form the direct product G* of the groups Ho and H. Every element 
g* € G* represents a pair g * = ( h , ho), where h e H and ho e Ho. We associate 
with the pair g*(h, ho) the element tig*) = <p(h)ho. It is not hard to see that 
the mapping ^ is a homomorphic mapping of the group G* on the group G , 
which becomes isomorphic in the neighborhood of the identity. Hence G is 
isomorphic with the factor group G*/N, where N is a discrete normal subgroup 
of the group G*. 

The group Ho is a connected commutative Lie group. It remains to show 
that it decomposes into the direct product of one-dimensional Lie groups 
K\, , Ki. This is done in the following proposition D). One could refer 

here to Theorem 44 of Chapter V. 
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The proof of proposition D) will complete the proof of Theorem 87. 

D) Let G be a connected commutative Lie group. Then G decomposes into 
the direct product of subgroups isomorphic with the group D and subgroups 
isomorphic with the group K } where D is the additive topological group of real 
numbers and K is its factor group with respect to the subgroup of integers. If 
G is compact, then the direct cofactors which are isomorphic with D are absent. 

Let R be the r-dimensional vector group. It is obvious that R is simply - 
connected and since the groups G and R are locally isomorphic (see Example 
56), it follows that R is a universal covering group for the group G (see Defini- 
tion 44). In this way the group G is isomorphic with the factor group R/N, 
where N is a discrete subgroup of the group R (see Theorem 61). Hence we 
have reduced this investigation to the study of a discrete subgroup N of the 
vector group R . 

We shall show that N contains a system of s g r elements 

( 6 ) x u , x* 

which are linearly independent in the vector space R } and are such that every 
element of N can be represented in the form 

(7) cliXi + • • + a*Xs, 

where ai, • • • , a, are integers. 

We shall construct the system (6) by induction. We shall suppose thatW 
contains a system 

( 8 ) yit • • • ,vl 

of linearly independent vectors having the following properties: If we denote 
by Pk the set of all elements of R which can be written in the form 

(9) d\y\ + • + dkykt 0 ^ d % ^ 1, i = 1, • • • , fc, 

where d% 9 • • • , d k are real numbers, then every element of Pk which belongs to 
N can be represented by the form (9) with integral coefficients. This means 
that only the vertices of the parallelopiped Pk belong to N. We shall now 
show that two cases are possible for the system (8) : a) the system (8) is al- 
ready the system (6), b) the system (8) can be enlarged by adjoining a single 
element of N in such a way that the hypothesis of the induction holds for this 
enlarged system. 

We denote by Rk the set of all elements of R which can be represented in the 
form 

( 10 ) diyi + • • + d k yk, 

where di, • • • , dk are ^arbitrary real numbers, and by Nk the set of all elements 
of N which can be written in the form 

(ID 


aiyi + * * • + akVkt 
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where • • • , a* are arbitrary integers. We shall show first of all that 
Nk =* AT n Rk- In fact any element x of Rk can be written in the form 
x = x 1 + x", where x' e Pk, and x" eiV*. If now x e AT, then x — x" « x' also 
belongs to N. But x' also belongs to P*. Hence x' can be represented by the 
form (9) with integral coefficients. But x" on the other hand can be repre- 
sented by the form (11) with integral coefficients. Therefore x z Nk , and hence 
If h = N n Pjfc. U N c R k , we get N - Nk, i.e., we have case a). If AT to not 
contained in P* we introduce into R the Euclidean metric. Since P* is compact 
and the subgroup N is discrete, it is obvious that the set N — P* cannot contain 
elements arbitrarily close to the set Pk. Therefore the distance p between the 
set N — Rk and the set Pk is positive. We shall show that the distance be- 
tween the sets N — R k and R k is also equal to p. Let us suppose the contrary 
to be true, i.e., that there exist elements z e N — Rk and x z Rk whose distance 
is less than p. We have x = x' + x", where x' e Pk, x n e Nk- Then the dis- 
tance between the elements z — x" zN — Rk and x' z Pk is also less than p, 
which is impossible. We denote by yk+ 1 an element of N — Rk whose distance 
from Rk is equal to p. It is not hard to see that the system 

V\, ■ , 2/a, 2/fc+i 

now satisfies the hypothesis of the induction, i.e., we have case b). 

In order to start the induction, at h = 0, it is sufficient to let No = Po = Po 

= {°}. 

Since the dimension of the space P is finite, the extension of the system (8) 
cannot continue indefinitely, and we shall finally arrive at case a). Therefore 
the system (6) exists. 

We shall now enlarge the system (6) until it becomes a complete linearly in- 
dependent system xi, • • • , x a) x a +i, • , x r , and we shall take the vectors of 

this system as the basis of the space R. The subgroup N has a special form 
in the coordinates thus defined, from which the decomposition of the group 0 
into the desired direct product follows directly. 

Example 74. Making use of Weyl’s theorem (see Theorem 80), which re- 
mains unproved in this book, and of the results of the present section, we can 
give a complete analysis of the structure of a connected compact group of 
finite dimension (see §45). 

Every connected compact topological group G of finite dimension which 
satisfies the second axiom of countability can be obtained in the following way. 
Let H be a connected simply-connected compact semi-simple Lie group, and 
let Ho be a connected compact commutative group of finite dimension. We 
form the direct product G* of the groups H and Ho, and then the factor group 
G*/N = G, where AT is a finite normal subgroup of the group G*. It turns out 
that for a proper choice of the groups H and Ho and also of the normal subgroup 
N, this method will give the preassigned group G . 

Comparing this proposition with Theorem 87 we see that for the case of com- 
pact groups the only difference between the structure of a general topological 
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group and that of a Lie group consists in the commutative factor H 0 , which, 
as we have pointed out in Chapter 5, can have a very complicated set-theoreti- 
cal structure. 

In order to prove the above proposition we make use of Theorem 65. By 
this theorem some neighborhood U of the identity of the group G decomposes 
into the direct product of a local Lie group L' and a O-dimensional central 
normal subgroup Z, while the set of all finite products of elements belonging 
to V is everywhere dense in G. On forming the factor group G/Z we obtain 
a compact Lie group, and the group L’ is mapped isomorphically on some 
neighborhood of the identity of the group G/Z. In this way the local Lie 
group L' decomposes into the direct product of a local semi-simple group H’ 
and the center Hq. The simply-connected entire group H which contains H’ 
as a neighborhood of the identity is compact. Just as in the proof of theorem 
87 we denote by <p' the local isomorphism of the group H in the group G. It 
can readily be seen that the isomorphism <p' can be extended into an isomor- 
phism <p of the whole group H in the group G. We denote by H* the set of all 
finite products of elements belonging to II o, and by H 0 the closure of the set H* 
in the space G. Let G* be the direct product of the groups H and H 0 . We 
associate with every element g* = ( h , h 0 ) c G * the element f/{g*) = <p(h)h 0 e G. 
It is not hard to see that ^ is a homomorphic mapping of the group G* on the 
group G, whose kernel of homomorphism is finite. 

56. Transformation Groups 

As we have noted before, the concept of a Lie group originally arose in the 
consideration of groups of continuous transformations. We shall first give the 
fundamental results of the theory of groups of continuous transformations in 
its classical local form, and then we shall stop somewhat to consider the theory 
in the large. 

In local considerations, which are usual for the classical approach, all the 
functions under consideration are defined not for all values of the variables, 
but only in some definite region. Therefore an accurate account would neces- 
sitate the definition of the region of existence of every function used. We shall 
not stop here to define these regions, as it is not hard to determine the suffi- 
ciently small regions in which each of these functions is defined. 

Definition 47. Let G be an r-dimensional Lie group, and T an open set of 
the n-dimensional Euclidean space. Suppose that to every element x e G cor- 
responds a transformation <p„ of the open set r which associates with an element 
$ e r some element ij t T: 

(1) v = ?*(€) = v((, x). 

We shall say that G is a transformation group of the manifold r if the following 
conditions are fulfilled : a) 

( 2 ) 


<px(<Pv(£)) — ?*»(£)» 
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i.e., the product of the elements corresponds to the product of the transforma- 
tions. From this it follows, in particular, that to the identity e corresponds the 
identical transformation <p,: 

(3) ¥>,(£) = £. 

b) Two transformations <p z and ip v coincide only if x = y. This is equivalent 
t<J requiring that the transformation <p z be the identity only when x is the iden- 
tity e of the group G. 

c) In what follows we shall suppose that the function ^(£, x), as a function 
of the coordinates of the point £ and the element x, is differentiable a sufficient 
number of times. 

Relation (1) becomes in coordinate form 


(4) v' = <p'z($) = <p\t, x) = , £*; t \ • , /), i = 1, • • • , n. 

A) Let G be a transformation group of the manifold T and x(t) a curve in G 
having the direction vector a (see §38, B)). The point p(£, x(t)) describes for a 
fixed £ a curve in the manifold T. The vector tangent to the curve </>(£, x(t)) 
at the point t = 0 does not depend on the curve x(l) itself, but is defined by the 
vector a only. We therefore denote this tangent vector by ^(£, a). In co- 
ordinate form this vector ^(£, a) can be expressed as follows: 


(5) 

^'(£. a) = X‘ a (£)a“ = \' a (£, ■ , £”)a", 

where 


(6) 

<V(£, x) 

X,({) = for x = e 

dx 1 


(see (4)). The function n = <p(£> x ) taken as a function of x for a fixed £ can 
be defined by the following system of differential equations (see (6)): 


( 7 ) 


dr]' 

dx 1 


Xl(7?)t> ,“(*), 


where vj(x) are the auxiliary functions of the group G (see §51, A)). The in- 
tegrability conditions for the system (7) are of the form (see Theorem 69) 


( 8 ) 


6X1(11) 

<5i)“ 


Xk(v) ~ 


d^k(v) 

dr] a 


X. (v) = C,/.X s (ij) 


where the dj k are the structural constants of the group G. 

We shall first prove relations (5). Differentiating relation (4) with respect 
to t we get, by putting x = x(t), 

dtp'ii, x(t)) cV(£, X ) dx a 


dt 


dx a dt 
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For t « 0, this last relation gives (5). 

In order to prove (7) we introduce, as in §51 (see §51, A)) the element 
p = (x + 82 Oar 1 . We then have 

¥?({, x + 8 x) = *?(*?, p) 

(see (1) and (2)). Passing from finite increments to derivatives we get relation 
(7) (see §51, A)). 

By Theorem 69, the integrability conditions of system (7) have the form 


d\a(v) a 
dp 


»/ uv ^ », \ », Jdv,(x) dv k (x)\ 

Vj(x)\ g (r))v k (x) ; V k (x)\ a (v )Vj(x) + Xj(tj) ( — — ) = 0. 

<V \ dx k dx’ / 


Making use of relation (8) of §51, we can write the last relation in the form 


(9) 


( 


dX a (v) y d\a(rj) y t i \ a b 

Xs(j?) X«(jj) ~ X«(’))c a aju, (x)v k (x) = 0. 


drj^ 


drj 


Since the determinant of the matrix ||t;®(a;)j| is distinct from zero, it is not hard 
to see that relations (8) and (9) are equivalent. 

B) Let G be a group of continuous transformations of the manifold T and R 
the infinitesimal group of the group G. In A) we associated with every vector 
a e R a vector field ^(£, a) defined in the manifold T. In this way we have a 
family P of vector fields of the form ^(£> a) defined on r. It follows directly 
from relation (5) that if a and /3 are real numbers, then 


(10) *(*, «a + fib) = a) + j8*(*, b). 


Hence if the vector fields X and p belong to the family P , then the vector field 
aX + Pm also belongs to P. This means that the family P is a vector space 
under addition. We define in the family P the commutator of two of its ele- 
ments X = X(£) and p = p(£) by letting 


(ID 


[X(«, p(£)] 1 


**(€) 

dp 


Pit) 


<V(£) 

dp 


X 7 (£). 


Then the following relation holds: 

(12) [*(*,«),*(«,&)] = *«, [a, b]). 

Relation (12) shows that if X e P and peP, then also [X, p] e P. This defines 
the operation of commutation in P. It follows from relations (10) and (12) 
that in passing from a vector aeflto the vector field ^(£, a) e P the operations 
of addition, multiplication by a real number, and commutation are preserved. 
This shows that the operation of commutation established in P satisfies the 
conditions of Definition 46, and that the mapping ^ which associates the field 
^(£, a) eP with the vector a e R is a homomorphic mapping of the infinitesimal 
group R on the infinitesimal group P. It appears moreover that the mapping ^ 
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is not only homomorphic, but is also isomorphic. We shall call the infini- 
tesimal group P an infinitesimal group of transformations of the manifold I\ 
Relation (10), as we have already indicated, follows directly from (5). In 
order to prove (12) we multiply both sides of (8) by a ! b k and sum over j and ft. 
The relation thus obtained gives (12) by making use of (5). 

In order to establish the isomorphism of the mapping yp it is sufficient to 
'show that the dimension of the vector space P is equal to the dimension r 
of the space R . We denote by X*(£) the vector field having the components 
Xl(£), * * • , XJ[(£). The vector fields 

(15) X*(£), ft a 1, • • • , r, 

form a basis of the space P (see (5)). Therefore it will suffice to show that the 
vector fields (13) are linearly independent, i.e.,a linear combination of these 
vector fields with constant coefficients is zero only if all the coefficients are zero. 

We now consider in G a certain one-parame\er subgroup x(t) having the di- 
rection vector a. We substitute x(t) for t in (7), multiply the resulting equa- 
tion by dx J (t)/dt and sum over j. We get 

<H> ^-x:(,K*W0)^-x:(,)a* 

dt dt 

(see §51, (9)). If we now suppose that the vector fields of the system (13) are 
linearly dependent, then there exists a vector a j* 0 such that the right side 
of relation (14) is identically zero. This shows that rj = <p(£, x(t)) is a con- 
stant, i.e., 7) = £. Hence to the element x(t) distinct from the identity corre- 
sponds the identical transformation, which is impossible (see Definition 47). 
Hence B) is completely established. 

The converse of propositions A) and B) is found in the following theorem. 

Theorem 88. Let T be an n-dimensional open set of Euclidean space. Sup- 
pose an r-dimensional linear family P of vector fields is defined on T. ( Linearity 
of the family P means that if two vector fields X(£) and ju($) are in P, then P 
also contains the field <xX(£) + ftu(£), where a and 0 are real numbers.) We 
introduce into P the operation of commuation by putting 


(15) 


[X(«, 


dV($) 

d£y 




<V(£) 

dp 


X 7 (£). 


We suppose that if the vector fields X and p are in P, then the vector field [X, p] 
is also in P. Under these conditions we shall say that an infinitesimal group of 
transformations P is defined on T. It turns out that there exists one and only one 
local Lie group G of continuous transformations of the manifold T (see A) such 
that the infinitesimal group of transformations which corresponds to it (see C)) 
coincides with the preassigned infinitesimal group P. 


Proof. We note first of all that if X, p, v are three vector fields, then the fol- 
lowing relations hold: 
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(10) [x, m] + x] = 0 

(17) [x, k j']] + [m, [v, x]j + [v, [\, jw] ] = 0 

These relations can be verified by direct calculations from the defining relation 
(15). 

We now select r linearly independent vector fields X*(£) k — 1, • • • , r, in P. 
Such a system exists and forms a basis of the family P, since the dimension of 
the family is r by assumption. We therefore have 

(18) [x,(f ),x,(?)] = c> 7 (a 

where the c] k are constants which in view of relations (16) and (17) satisfy the 
usual relations holding for structural constants (see §48, (11) and (12)). We 
construct from the structural constants c) k the local Lie group G (see Theorem 
72), and denote its auxiliary functions by t>)(x). 

We now consider the system of equations 

(19) — — = \'a{v)v“ (x) 

dx’ 

with respect to an unknown function y of the element x. We have already 
considered a system of this type (see (7)) and have shown that its integrability 
conditions are of the form (8). But (18) is merely another form of (8), so that 
the system (19) is integrable. We denote by #>(£, x) the solution of the system 

(19) which satisfies the initial condition 

(20) ¥»(?, e) = l 

In this way we have associated with every element xzG a transformation <p x 
of the manifold T which transforms the point £ e r into the point y = <p x (£) 
= </>((, x) e T. We shall show that conditions a) and b) of Definition 47 hold 
here. 

Let x and y be two elements of G. We shall consider y as fixed and a; as 
variable. Let 

f = xy, y = v>(£, y), f* = <p(y, x), f = ?(£,/). 

In order to show that condition a) holds it is sufficient to show that f* = f. 
In order to do this we proceed in the usual way and show that the functions 
i* and £ of the element x satisfy the same system of differential equations with 
the same initial conditions f*(e) = f(e) = y. 

We have 

(21) -j— = X«(f*)t>" (x) 

dx’ 

(see (7)). We denote by ||uj(x)|| the matrix inverse to the matrix ||«}(a:)||. 
Then relation (6) of §51 is transformed into 
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( 22 ) ^ = uMix). 

dx> 

From relations (22) we have 

( 23 ) T7 = ~aTc, T7 “ x r(r)wI(/)Mj(/)t»,(x) = X’«(f)i;“(x). 

* ox 1 df a ax 1 

But systems (21) and (23) coincide. Hence because of the uniqueness of the 
solution of the system, satisfying given initial conditions, we have f * = f and 
hence condition a) is fulfilled. 

In order to prove that b) holds, let us suppose on the contrary that b) does 
not hold. Then there exists a normal subgroup N of the group G to all of 
whose elements correspond identical transformations of the manifold T. We 
can conclude from this that there exists a one-parameter subgroup x(t) to whose 
elements correspond identical transformations of the manifold T, and which 
has a direction vector a distinct from zero. 

Substituting x(t) for t in relation (19), multiplying by dx’(t)/dt and summing, 
we get 

(24) — = (x(t)) = \a(v)a 

at at 

(see 51, (9)). Since yj(t) is a fixed point by assumption, the left side of relation 
(24) becomes zero, and we get the identity 

= 0 . 

This show that the vector fields X*({), k = 1, • • • , r, are linearly dependent, 
which contradicts our assumption. 

It is obvious that c) holds since the function <p(£, x) is obtained as a result 
of integrating a system of equations. Hence Theorem 88 is proved. 

We now consider a special type of transformation groups, namely the transi- 
tive groups. 

C) Let G be a transformation group of the manifold r. The group G is 
called transitive if for any two points p and q of the manifold V there exists an 
element x of the group G such that <p x (p) - Q- (We should not forget here 
that due to the local nature of the whole consideration the element x may exist 
only for points p and q which are sufficiently close to each other.) Let a be a 
fixed point of the manifold r. We denote by K p the totality of elements x e G 
for which <p x (a) = p . Then H = K a is a subgroup of the group G , and K p is a 
left coset of the subgroup H in the group G . Moreover the group H contains 
no normal subgroup of the group G distinct from the identity. If 1C is a 
left coset of the subgroup H in the group G, then for x e K, y e K, we have 
<p x (a) - <p v (a). Hence <p x (a) is a definite point ?eT, which depends on the 
class K containing x , but not on the element x itself, i.e., K = K q . We have 
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therefore established a one-to-one correspondence between points of the mani- 
fold T and left cosets of the subgroup H in the group G. If furthermore 

(25) <p k (p) = q, 
then 

(26) X K P - K q . 

Hence if we know the group G and its subgroup H we can obtain the manifold T 
as a manifold of cosets, and then define transformations in this manifold by 
means of relations (25) and (26). 

If we are given independently of the manifold T a certain local group G and 
a subgroup H of G which contains no normal subgroup of the group G distinct 
from the identity, then by the above method we can construct a manifold T 
and define in it in a natural way the transitive transformation group G. The 
manifold T will be defined as the set of left cosets of the subgroup H in the 
group G y and the transformation <p x will be defined by the relations <p x (K) = xK } 
where KzT. 

The above shows that the consideration of a transitive transformation group 
is entirely equivalent to the consideration of a local Lie group G and a subgroup 
H of G which contains no normal subgroup of the group G distinct from the 
identity. As long as we confine ourselves to a local investigation, the group G 
and its subgroup H may be defined by the corresponding infinitesimal group R 
and its subgroup S. Hence the local study of a transitive transformation 
group is reduced to the study of an elementary algebraic subject, namely the 
infinitesimal group R together with a subgroup S of R which contains no normal 
subgroup of R distinct from zero. 

In particular, in order to classify the transitive transformation groups it is 
sufficient to classify all the pairs R f S. 

I do not give here the proof of proposition C n but this proof presents no diffi- 
culties. 

D) Let G be a transitive transformation group of the manifold T (see (Defi- 
nition 47, and C)). Then we can introduce analytic coordinates in G and r, 
i.e., a system of coordinates in which the functions (4) are analytic functions of 
all of their variables. 

In order to prove D) we shall interpret the points of the manifold T as left 
cosets of a subgroup H in the group G (see C)). We introduce first of all 
canonical coordinates of the second kind in G (see §40, A)), by taking as their 
basis the one-parameter subgroups hk(t), k = 1, • • • , r. These subgroups 
we shall select in such a way that A n+ i(0, • • • , h r (t) are in H and their 
products cover H. Every element zzG can now be written in the form 
z = h\(t l ) • • • h n (t n )A n +i(t n+1 ) • • • h r (t r ). If the coordinates t l , • • ■ , t n are 
fixed, while the remaining coordinates assume arbitrary values, then the ele- 
ment z will describe a certain left coset K. We shall take for the coordinates 
of the eoset K the numbers t\ • • , t\ Since the points of the manifold T 



§ 56 ] 


TRANSFORMATION GROUPS 


293 


have been interpreted by us as cosets, this defines a definite system of coordi- 
nates in the manifold T. Let 

x = hi(x l ) • • h r (x r ) 

be an arbitrary element of the group G and 

* = W)A»+i(s M+1 ) ■ (h,(8 r ) 

be an arbitrary coset. In order to define the coset <Px(0 = 17 we form the prod- 
uct 

V = <Pz(£) = <p($, x) = 

= *l(« l ) • • • . • . KWhn+ris"*') • • • hr(#) 

= ^lO? 1 ) K(l n )hh+i(t n + l ) h r (t r ). 

If x and £ are given, the coset <p x {£) = 77 is also given, and hence t 7* = ^(£, x), 
i = 1 , • • • , n, i.e., 77* does not depend on the arbitrary coordinates $ n + l , • • • , s r . 
Since the canonical coordinates of the second kind are analytic (see Theorem 
72 and §40, A)), the functions ^>*(£, r) are analytic functions. Hence D) is 
established. 

So far we have considered only the local aspects of a transformation. The 
concept of a transformation group in the large is defined in a natural way 
analogous to Definition 47. One does not suppose in this case that the man- 
fold r is a region of Euclidean space. The statements of remark C) are carried 
over to the transformation groups in the large. In fact we have the following 
proposition. 

E) Let G be an entire Lie group and H a subgroup of G which contains no 
subgroup of the group G distinct from the identity. The set of left cosets of 
the subgroup H in the group G forms a manifold T. We now associate with 
every element x e G a transformation <p x of the manifold T by letting <p x {K) 
= xK y where K e T. From this construction we get a transitive transforma- 
tion group G of the manifold T. It is not hard to show that every transitive 
Lie group of transformations can be obtained in this way. Hence the study of 
the entire transitive Lie group of transformations is reduced to the study of the 
pair Gy H. 

Now the question arises : Is it always possible to extend a given local group 
of transformations into a transformation group? It appears that this is not 
always possible. I give here an example to the contrary. 

Example 75. We constructed in Example 68 an entire simply-connected 
Lie group G and a one-dimensional local subgroup H of G such that H contains 
no one-dimensional entire subgroup of the group G. It follows from Theorem 
85 that H is not a normal subgroup of the group G y and being one-dimensional 
H contains no normal subgroup. If <?' is a neighborhood of the identity of the 
group G then the local group G' together with its subgroup H defines a locally 
transitive group of transformations (see C)). But it is not possible to extend 
this group of transformations into an entire group, since H cannot be contained 
in an entire one-dimensional subgroup of the group G . 
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